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RESONANCE POCKETS OF HILL’S EQUATIONS WITH TWO-STEP
POTENTIALS*

SHAOBO GAN' AND MEIRONG ZHANGH

Abstract. In this paper, we use the rotation number approach to study in detail the charac-
teristic values of Hill’s equations with two-step periodic potentials. As a result, the global structure
of resonance pockets is described completely. The results in this paper show that resonance pockets
behave in a sensible and fairly rich way even in this simplest case.
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1. Introduction. In this paper we are concerned with the global structure of
resonance pockets of parameterized Hill’s equations

(1.1) Z+AN+ep(t)z=0,

where p(t) is a 2m-periodic step potential of two steps. For a general 2m-periodic
potential, the resonance region R of (1.1) means the set of those parameters (), ¢)
in the (A, e)-plane such that (1.1) admits solutions x(¢) which are unbounded. The
resonance pockets of (1.1), which will be explained more clearly later, are “compact”
or “closed” parts of R.

The resonance region R of (1.1) can be described completely in theory. For any
fixed parameter ¢, R consists of the complement of all spectrum intervals of (1.1).
More precisely, let q(t) be a 2r-periodic potential such that ¢ € L'(0,27). Consider
the eigenvalue problem

(1.2) i+ (A +q(t)z =0.

By Theorem 2.1 of Magnus and Winkler [10] or Theorem 8.1, Chapter 11T of Hale [6],
it is well known that problem (1.2) has a sequence of the periodic eigenvalues

A5 () <A (@) A5 (g) <+ < A1) S Ag(g) < -+

with respect to the periodic boundary conditions (P): (0) —z(27) = ¢(0)—&(27) = 0.
Meanwhile, problem (1.2) also has a sequence of the antiperiodic eigenvalues

M) <25 (0) <+ < Aga(e) < Agpla) <o

with respect to the antiperiodic boundary conditions (A): z(0) + z(27) = #(0) +
#(2m) = 0. Let us rewrite them as

M(@) =2 (g) and N, (q) = M1 (q) when n is odd,
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M) =20 () and X,(q) = \(q) when n is even.

These eigenvalues, called characteristic values of (1.2) as a whole [10, p. 12], have the
following order (see Theorem 2.1 of [10]):

o) < A(g) S Ailg) < -+ < Au(q) < Anlg) < -

Now the resonance region R of (1.1) is given by

R = U ?LO:ORW

where
Ro={(\e): X< Xo(ep)}, R, ={(\e): N\, (ep) <A< Au(ep)}, n=1,2,....

A typical example is the Mathieu case: p(t) = cost. In this case, A, (p:) < An(pe)
holds for all € # 0, n € N. Thus each resonance region R, is like a “tongue” which
approaches to the point ((n/2)2, 0) on the A-axis. These are the so-called Arnold
tongues (resonance tongues, instability tongues); see section 25, Chapter 5 of [1] and
section IIL.8 of Hale [6]. However, for the near Mathieu case p(t) = cost + [ cos2t
or the square wave case p(t) = sign cost, besides the resonance tongues, it is also
observed that some resonance regions R,, would have some closed subregion, namely,
A, (ep) = An(ep) for some nonzero parameter €. These interesting phenomena are
called resonance pockets; see [1, 4, 6]. One may find in [3] the historical development
of the study for resonance regions of Hill’s equations. For resonance tongues of certain
nonlinear systems, one can refer to [2, 5, 7, 9, 13]. A geometric explanation using
singularity theory to the appearance of resonance pockets is given in [3] and has been
developed in [2, 4]. Such an idea is very fruitful in explaining the pockets near the
M-axis. However, so far as we know, the global structure for all resonance pockets are
not available even for the simplest case—the square wave case.

Note that the problem of resonance pockets of the Hill’s equations is just to study
the coexistence problem [10, p. 90] of characteristic values:

(1.3) An(ep) = A, (ep).

Such a coexistence problem for general potentials p(t) is extraordinarily difficult. A
preliminary idea is to approximate general potentials by step ones. In doing so, we can
give a complete analysis of the simplest case, i.e., the 2w-periodic two-step potentials:

_ L Cc1 fo<t< t1,
(14) P() = Percats (8) = { ¢ ift <t <2,

where ¢ # ¢, 0 < t; < 27. Denote to = 2w —t1. Our result is the following theorem.
THEOREM 1.1. Let p(t) be given by (1.4). Then the number of resonance pockets
in the nth resonance region R, of (1.1) is ezactly

n—1 if 2% 4s not an integer.

. t . .
n—2 if 24 4s an integer
an{ [ % ger,
27

This result shows that the coexistence problem (1.3) and the global structure of the
corresponding Hill’s equations (1.1) depend on the ratio of ¢1/27 in a very sensible
way, while the global structure of (1.1) behaves in an elegant way for “generic” two-
step potentials.
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COROLLARY 1.2. When t; in (1.4) is incommensurable with m, i.e., t1/7 is
irrational, the nth resonance region R, of (1.1) contains exactly n — 1 resonance
pockets for each n € N. Moreover, all of resonance pockets are transversal.

When the square wave potential p(t) (i.e., ¢y = —1, ca = +1, and t; =t = 7) is
considered, the structure of resonance pockets behaves as follows.

COROLLARY 1.3. The number of resonance pockets in the nth resonance region
R, of (1.1) with the square wave potential p(t) is exactly

N n—2 if n iseven,
"l n—1 if n is odd.

Note that the problem for two-step potentials is not too difficult because (1.1)
can be solved using trigonometric functions. In particular, the discriminate of (1.1)
can be computed explicitly; cf. (1.5). Now characteristic values can be determined
by

tr Py = 2 cos(t; M) cos(ta/ A + eca)
A A
(1.5) - (\/ tea + \/ +502> sin(t1 v/ A + ecq) sin(ta v/ A + eca) = £2;

A+ eco A +ec

cf. Lemma 2.3 and p. 116 of [10]. However, (1.5) is not easily analyzed. Due to
the coexistence of characteristic values, there is some difficulty in solving (1.5) even
numerically. Because of this reason, we adopt in this paper the rotation number
approach to characteristic values [8, 11, 12].

The paper is organized as follows. In section 2, the rotation number approach
to characteristic values with general periodic potentials is reviewed. Some results
concerning the coexistence and the characterization of characteristic values using the
solutions of (2.3) (see next section) are given. These results may be of some indepen-
dent interest. In section 3, we obtain the coexistence conditions and the equations for
characteristic values. The results on resonance pockets are proved in section 4.

2. Rotation number approach to characteristic values. Let P denote the
collection of all 27-periodic functions ¢(t) such that ¢ € L'(0,27).

Assume that ¢ € P and consider eigenvalue problem (1.2). We intend to use the
rotation number function to characterize all characteristic values ), (q) and \,(q).
Let y = —% in (1.2). Then (1.2) is equivalent to the following linear planar system:

(2.1) i=-y, y=A+qt)z

In the polar coordinates: x = rcosf, y = rsin#,

(2.2) 7= (A+q(t) — 1)rcosfsiné,

(2.3) 0 = (X +q(t)) cos® 0 4 sin® O =: Z(t, 6; \).

Let O(t; 0p, ) be the unique solution of (2.3) satisfying the initial condition: ©(0; 6y, \) =
Bo. As the vector field Z(¢, ; \) is 2m-periodic in ¢ and is w-periodic in 6, one has

(2.4) O(t + 2mm; 6y, \) = O(t; ©(2mm; 0, A), \)

(2.5) O(t; 0p +nm, \) = O(t; 00, \) + nw

for all ¢, 6y, A € R and m, n € Z. Thus the rotation number of (2.3)
@(t, 007 A) B 90

p(A) = p(X;q) = lim "
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exists and is independent of 6p; see Theorem 2.1, Chapter 2 of Hale [6].

The solutions O(¢; 0y, A) depend continuously on the parameter A. As Z(¢,0; A) is
nondecreasing with respect to A, then so does ©(t; 6y, A) according to the comparison
theorem. From Corollary 2.1, Chapter 2 of Hale [6], one knows that the rotation
number function p() is continuous and nondecreasing. Furthermore, it can be proved
that p(A) = 0 for A <« —1, and limy_ 4 p(\) = +00. Now all characteristic values
can be determined using p(\).

PROPOSITION 2.1. A, (¢) = min{A € R : p(A) = n/2} for all n € N, and
An(q) = max{\ € R: p(\) = n/2} for all n € 7.

Proof. The relationship between spectrum and rotation number has been well
developed in [8, 11, 12]. This characterization of characteristic values using rotation
number function is a classical result; cf. Theorems 4.3 and 4.4 of [11]. As a proof is
not given in [11], we sketch here, for completeness, the proof based on Theorem 2.1
of [10].

Let Py be the Poincaré matrix associated with the system (2.1), i.e.,

PA(%O, Z/O) = (l‘(2777 Zo, Yo, )‘)a y(27ra Zo, Yo, A)))

where (z(t; zo, yo, A), y(t; o, Yo, A)) is the solution of (2.1) satisfying

((E(O, Zo, Yo, )‘)7 y(Oa 20, Yo, )\)) = ($0»y0)~

If \,(q) < A < X(q) for some n € N, it follows from Theorem 2.1 of [10] that
[tr Py| > 2 and P, has real eigenvalues p1 21 P\v; = piv;, v; € R*\{0}, i = 1, 2. Let
0; € R be such that v; = r;(cos8;,sin6;), i = 1, 2. Then ©(27;0;,\) = ; + k;m and
p(N) = k1/2 = ka/2 = k/2, where k = ky € Z for each X € [\,(q), M(q)]. As p(}) is
continuous, k is independent of A € [A,,(¢), Au(g)]. In fact, it can be proved that

(2.6) p(A) =n/2 for all X € [\, (q), \n(q)]-

On the other hand, if X € (An(q),A,41(¢)) for some n € Z*, then |tr P\| < 2.

Therefore eigenvalues 1 2 of Py are on the unit circle: 3 = fis = ¢*V~! for some
a = ay € R\nZ. In this case, one has

(2.7) () = a/2r (mod Z) & %Z.

Now (2.6) and (2.7) show that ), (q) and )\, (g) are the endpoints of the interval
p~t(n/2) CR. O
Let h: R — R be a homeomorphism such that

(2.8) h(9 +nm) = h(9) + nr
for all ¥ € R and all n € Z. One can define the rotation number of A as

p(h) = lim W

m— oo 2mm

(independent of the choice of ¥y).
Let hy : R — R be the Poincaré map of (2.3), i.e., hy(¥) = ©(2m;9, A) for ¥ € R.
By (2.5), h) satisfies (2.8). Now the rotation number p(\) is same as p(hy).
PROPOSITION 2.2. Let h be a homeomorphism of R satisfying (2.8) and n be an
integer. Then
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(1) p(h) >n/2 iff maxger(h(¥d) — (9 4+ nm)) > 0.

(ii) p(h) < n/2 iff mingeg(h(F) — (¥ +nw)) < 0.

Proof. Let us prove (i). Assume that h(dy) > ¥¢ + n7 for some ¥y € R. Using
(2.8), it is easy to see that A" () > ¥ + mnmx for all m € N. Thus

h"™(Yg) — Yo S

n

p(h) = lim

m—+o0o 2mm

Conversely, let My = maxger(h(¥) — (¢4 nw)). If My < 0, we need to prove that
p(h) < n/2. Notice that

h(9) <9+ (nm+ Mp) for all ¥ € R
implies that
h™(9) <9 4+ m(nm + M)

for all m € N and all 9 € R. Thus

. A(9) -9 n My n
= — < _— — —.
e L
Conclusion (ii) can be proved similarly. O

PROPOSITION 2.3. Let n be an integer. Then the following hold.

(i) A= A,(q) iff maxg,(©(27;00,)) — (6o +nm)) = 0.

(ii) A = An(q) 4ff ming, (©(27;60, ) — (69 + nw)) = 0.

Proof. By the comparison theorem for solutions, it can be proved that ©(27; 0y, A)
is strictly increasing with respect to A. Now the results follow from Propositions 2.1
and 2.2. 0

It follows from Proposition 2.3 that the coexistence \,(q) = A, (¢) can be de-
scribed using the solutions ©(27; 60y, A) in the following way.

PROPOSITION 2.4. \,(q) = ), (q) (= \) iff ©(27;60,\) = 0y + n7 for all 6.

It follows also from Proposition 2.3 that if A = X,(q) or A = ), (g), then it is
necessary that there exists some 9y € R such that

dO(2m; 9, \)

(2.9) O(2m; 90, A) = Yo + nrw and 79

=1
9=0¢

We show using the Hamiltonian structure of (2.1) that condition (2.9) is also sufficient
for X\ to be a characteristic value.

PROPOSITION 2.5. X = \,(q) or )\, (q) iff X satisfies (2.9) for some ¥y € R.
0y € R.

Proof. For any fixed ¢ € R, let »r = R(t;9,\) and 6 = O(¢;9, \) be the solutions
of (2.2) and (2.3) satistying R(0;9,A) =1 and ©(0;9, A) = 9.

Let Py : R? — R? be the Poincaré map of (2.1). Then P, is area-preserving
because (2.1) is a Hamiltonian system. Using the solutions R(t; 9, \) and ©(t; 9, A),
P, is given by

(2.10) Py (rcosd, rsind) = rR(2m; 9, X)(cos O(2m; 9, ), sin O(27; 19, \))

for all r € R and all ¢.
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Let Yo be any fixed real number. For any ¢; near ¢, consider the following
sector:

S ={(rcos?, rsind) €eR?*:0<r <1, ¥y <9<}
Then S has area (1 — ¥p). The image S" = Py(S) is
S = {(r' cos?, ' sin®) € R?: 0<7' < R(2m; 071 (95 \), \),
O(2m;90,\) <9 < O(2m; 91, N},

where ©71(-; \) is the inverse of ©(27; -, A). Thus S’ has area

1 O(2m;91,)) 1 Y1 27>

f/ R22m 0 (@0, a0 = L [ B2 2m 9, ) ORI 4

2 Jo(2ri90,0) 2 J9, dy

As P, is area-preserving,

1 I R A dO(2m;9, \)

Thus
(2.11) —(2m;9, A

Assume now that 9y € R satisfies (2.9). Then O(27; 99, A) = ¢ + nw. Moreover,
by the second equality in (2.9) and by (2.11), R(2m;%p,\) = 1. Now we get from
(2.10) that

Py (cos g, sintdg) = R(27; 99, A)(cos ©(27; Jg, A), sin O(27; 99, A))
= (cos(¥g + nm), sin(dy + nw))
= (—=1)"(cos Jg, sindy).

This shows that Py has a nonzero fixed point (cos g, sindy) if n is even, which yields
a nonzero 2m-periodic solution of (2.1). Thus A is a periodic eigenvalue of (1.2). The
case that n is odd implies that A is an antiperiodic eigenvalue of (1.2). 0

3. Two classes of conditions. Let ¢(¢) € P be the 27-periodic potential given
by

N L by for0<t <ty (< 27'(')7
(31) 00 == { 1t 0 ST

Denote t; = 2m — t1. We consider the following linear equation:
Z+q(t)xr =0,
or, its equivalent system
i=-y, y=qlt)r.
As in section 2, let x = rcosf, y = rsinf. Then 6 satisfies

(3.2) 0 = q(t) cos? 0 +sin® 0 =: E(t,0).
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Let ©(t;6p) be the solution of (3.2) satisfying the initial condition ©(0;6) =
0y. Denote ©(0y) := O(2m;6y). For any fixed n € N, we want to find the explicit
conditions on by, bs, t1, ts so that

(3.3) O(6p) = 6o +nm for all 6y € R.

By Proposition 2.4, condition (3.3) is related with the coexistence of characteristic
values.

In order to study (3.3), we need not consider the trivial case by = bs. Hence we
assume that by # by in (3.1).

PROPOSITION 3.1. Condition (3.3) holds iff b1, ba, t1, to satisfy by > 0, be > 0,
and

(3.4) tiv/by = kr  and  ty\/by = (n— k)

for some integer k with 0 < k < n.

Proof. Let ©1(0y) := O(t1;00). We have four cases to be discussed.

Case 1. by = a? > 0 and by = a3 > 0. Assume that (3.3) holds. In this case,
by integrating (3.2) on [0,¢;] and [t1, 27], respectively, we have the following two
equalities:

©1(60) do
(3.5) / gz
0o aj cos? 0 + sin” 0
nmw+6g de
©1(6p) a5 cos?f +sin” 0

for all fy. Differentiating (3.5) and (3.6) with respect to 6y, one has

1 01 (6y)
(37> ) 2 D) = 5 2 D) )
a?cos? by +sin“ by afcos? O1(6p) + sin” O (o)
1 1(6

a3 cos? 0y + sin? Oy n a3 cos? 01 () + sin? O (6p)
for all 8y € R. From these we obtain
sin(@l(ﬂo) - 00) sin(@l(GO) + 90) =0.

As ©1(6p) is continuous in §y, we have either

(3.9) 01(6p) — 0y = km for some k € Z
or
(3.10) ©1(6p) + 6o = kr for some k € Z.

If (3.9) holds, then k satisfies 0 < k < n because 6y < ©1(6y) < 6y + nrw in this
case. Note that

/ BT (s
o aZcos?f+sin’f  a '
It now follows from (3.5) and (3.6) that

(3.11) arty = kr  and  agte =(n—k)w for some 0 < k < n.
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Conversely, if (3.11) is satisfied for some 0 < k < n, it is easy to see that ©1(6y) =

0o + km and O(0y) = ©1(0g) + (n — k)7 = Oy + n, i.e., equality (3.3) holds for all 6.
Assume now that (3.10) is satisfied. Let 0y = ¢m + «, where ¢ € Z and « €

[-7/2,7/2). Thus, by (3.10), ©1(6p) = (k — £)m — «. Tt follows from (3.5) that

t _/(k Z)Tr ad—e
o tr+a a3 cos? 0 + sin 0
(k—O)m (k—O)m—a do
/E‘n'+a /@ /k Z)ﬂ— m

(k—20)m 2/ do
ay o a?cos?0+ sin? 0

(k—2€)7r 2 (1 )
= -———"— — —arctan | —tana | .

ai ai ai

Namely,

1
(3.12) km — a1ty = 20w + 2arctan ( tan 90> .
aq
Note that equality (3.12) cannot hold for all 6, € R. Thus (3.10) cannot happen in
this case.
We remark here that if (3.6) is used, one can obtain

1
(3.13) asgts — (n — k)m = 24w 4+ 2 arctan (a tan 90> .
2
This also implies that (3.10) cannot happen in this case.
Case 2. by <0 and by = a3 > 0. As U() = by cos? 0 + sin? 6 has zeros 6 = 04 =
+arctan~/—by + jm, j € Z, we have ©1(0+) = 0+. Let now 0y = 01 in (3.6). Then

O +nm de nm
B
04 a3cos?0 +sin*0  az

Thus asty = nw. This condition, together with (3.6), implies that ©1(6y) = 6, for
all 8y, which is impossible because 01 (6p) = O(t1;6p) is determined by differential
equation

0 = by cos? 6 + sin’ 6, t € 0,t1].

Case 3. by > 0 and by < 0. As characteristic values are invariant under transla-
tions of potentials ¢s(¢t) (= q(t + s)), one can transfer this case to Case 2.

Case 4. by < 0 and by < 0. In this case the vector field Z(¢,60) = q(t) cos? 0 +
sin? @ < () := — 32 cos? § + sin? @, where § = min{y/—b; , v/—by }. Thus

) = 2(t,0) < —(2cos? 0 4 sin? 6 = T(0).

As U(0) has zeros 0L = +arctan 8 + jm, j € Z, the comparison theorem shows that
O(2m;04) < 604. As a result, (3.3) does not hold for all 6. |
Another class of conditions on by, by, t1, to is when the following holds:
de(9)

(3.14) 3 6y such that ©(6y) = 0p + nm and —— =1.
di |y_g,
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By Proposition 2.5, condition (3.14) is related with the determination of characteristic
values.
PROPOSITION 3.2. Condition (3.14) is equivalent to either

a1t1 (lth — nm a1t1 . agtg —nm

(3.15) a1 sin 5 COS 5 + asg cos 5 Sin 5 =0
or

t ty — t ty —
(3.16) a1 €oS a12 L gin 22 22 nr + as sin a12 L cos 22 22 T 0,

where a; = /by and as = /bs.
Proof. We consider the first case that b; = a2 > 0 and by = a3 > 0 in the proof
of Proposition 3.1. Note that the equalities (3.5) and (3.6) now read as

/@1(19) do _,
9 acos2f+sin’f

and

o(v) do
I ————
/@1(79) a3 cos? 6 + sin® 0 ?
for all 9. Differentiating these equations with respect to 1 at 4 = 0y, we can once again
obtain equalities (3.7) and (3.8) for this specific fy by simply noticing the conditions
in (3.14). Now we can proceed as in the proof of Proposition 3.1 and conclude that
either (3.11) holds or both of (3.12) and (3.13) hold for this specific 6.
Note that (3.11) is a special case of (3.12) and (3.13) with £ = 0 and 6y = 0.
Eliminating 6y from (3.12) and (3.13), we arrive at

km —ait to—(n—k
(3.17)k a1 tan %1111 = a9 tan w

Observe that if k' = k+ 2 then (3.17); is the same as (3.17). Thus (3.17); yield
actually only two equations:

ait asty — nm
a1 tan 7121 + agtan =2 " 22 =0,

and
saitq asty — nm

+agcotf20.

These are just the conditions (3.15) and (3.16), respectively, which are described in
the proposition. The converse can also be proved. These prove the proposition for
Case 1.

One can prove in the other cases similarly if the complex cosine and sine functions

are used in (3.15) and (3.16). d
Let q(t) = qp, b,.t, (t) be given by (3.1). It follows from Proposition 3.1 that the
coexistence Ay (qby by t:) = Ap(Gby bo,ty) (= A) is determined by

tl\/>\+b1:k’ﬂ' and tg\/Aﬁ*bQ:(’fL*k)’fr

for some 0 < k < n. Namely, by, by, t; satisfy
(3.18) Hpp: by—by = ((n—k)n/ta)’ — (kn/t1)?,  0<k<n.

aq cot

We will see from the next section that these surfaces Hj j in the (b1, ba, t1)-space
play a fundamental role in analyzing resonance pockets.
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4. Application to resonance pockets. Now we apply the results in section
3 to the resonance pockets of Hill’s equations (1.1) with two-step potentials, where
P(t) = Dey,eanty () is given by (1.4). Correspondingly, the parameters (by, be, t1) in
(3.1) are (c1e, cog, t1) in this case.

Fix an integer n > 2. Starting from & = 0 where \,(ep) = A\, (ep) = (n/2)2,
if € # 0 is such that (ci1€, coe, t1) hits H, j for some 0 < k < n, then one gets a
resonance pocket inside R,, of (1.1). Explicitly, (cie, cog, t1) € Hy i is given by

(4.1) S — (0 = Bym/t2)” = (hm/t2)?)

C2—C1

where A\ = )\, (ep) = A\, (ep) is

1

2
(42) A=\ K (k‘7r/t1) C1En k
Coy — C1

(C2 ((n— k)m/ts)? — 1 (kw/t1)2> :

Now we can complete the proof of Theorem 1.1. We need only to analyze (4.1).
Note that e, ;, is decreasing when k runs from 1 to n—1. If ¢; is such that nt; /27 is not
an integer, then all &, # 0 for k = 1, ..., n—1. Note that A, (ep) = A (ep) = (n/2)?
when € = 0. Thus \,(ep) = A\u(ep) iff e = epp, k=1,...,n—1,ore =0. Asa
result, R, contains exactly n — 1 pockets. When nti/2m = ko is an integer, then
0 < ko <nandéepg =0. As aresult, \,(ep) = \u(ep) iff e =, k=1,...,n—
1. Thus R,, contains exactly n — 2 pockets. This completes the proof of Theorem
1.1. ]

We remark that by Proposition 3.2, characteristic values A = A, (ep) and A =
An(ep) of (1.1) are determined by

. t1\/>\+01€ t2\/A+CQ€7TL7T
vV A+ cie sin 5 cos

2
t1vVA tovV/ A -
(4.3) + VA + e cos = 2+ A Sin 2 +;2€ T o,
tivA+cie . tovV/ A+ coe —nm
VvV A+ cie cos 5 sin 5
t1vA tavV/ A -
(4.4) + VA + coe sin = 2+ A€ cos 2 +;2€ T 0;

see (3.15) and (3.16).
Let A = Ai(e) and A = Az(e) be the solutions of (4.3) and (4.4) starting at
A1(0) = A2(0) = (n/2)?, respectively. At (X, €) = (Ank, Enk), We have

dA1 o _Clt?(’ﬂ — k)2 + CQt%kQ

4.5 - =

(45) de t3(n—k)2+ 3k
dAg Cltl + C2t2

4.6 —_— =

(4.6) de 2 ’

when k is odd, and

dAl - Cltl + Cgtg

de 2

dA2 o clt:{’(n — k)2 + Cztgkz
de — Bm-k)2+8k2

(4.7)

(4.8)
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when k is even. Similarly, at the point (A, ) = ((n/2)2, 0), we get from (4.3) and
(4.4) that

(4.9) ﬁ__cl(%lJrsin"T“)Jch("thfsin"T“)
' de nm ’

(4.10) df/b:icl("%—sin"%)—i—@(%—&—sin%)
' de nm

From (4.5)—(4.10), it is easy to check that

dA dAs
(4.11) — = — = ep1 =0
de N de N
and
dA dA t
(4.12) i sin =L = 0.
de |._g de |._g 2

Proof of Corollary 1.2. Assume that ¢; is such that ¢; /7 is irrational. Then
Enk 7 0 and sin 2 #£ 0. By (4.11) and (4.12), we have

dA; | dAs
de de
at all (A, €) = (A\uk, €nk) and at ((n/2)2, 0). This means that all resonance pockets
in this case are transversal in the (), €)-plane. 0
A typical combinatorics structure in this case is plotted in Figure 4.1. The char-
acteristic values are found by solving (4.3) and (4.4) numerically. We remark that
suitable ratios for sizes of resonance pockets need a careful choice of the irrational
number ¢1 /27 such that it is badly approximated by rational numbers. In Figure 4.1,
one of the pockets in Rj near the M-axis is very small and is almost invisible.
Assume now that ¢ /27 is rational. There are two cases to be discussed. The first
one is when n € N is such that nt; /27 is not an integer. By Theorem 1.1, the nth
resonance region R, of (1.1) has n — 1 resonance pockets, which are all transversal
by (4.11) and (4.12). The second case is when nty /27 = kg is an integer. Then all
resonance pockets inside R,,, except the two pockets

{(N &) 1 A, (ep) < A< Anl(ep), € € (0, Enko—1) }

and

{(Aa 6) :An(gp) <AL Xn(gp)a €€ (En,koJrl’ 0)}7

are also transversal.

In particular, for the square wave case, i.e., c;y = —1, co = +1 and t; = t; = 7,
we know that all pockets inside R,, are transversal if n is odd, and all pockets, except
the two pockets

{(X\ &) 1 Au(ep) < A < An(ep), 0 <e <n}
and

{(X\ &) : A (ep) < A < An(ep), —n<e <0},
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F1G. 4.1. Resonance pockets for “generic” two-step potentials. Here c1 = —1, ca = +1,
and t1 = (v/5 — 1)7.

25

20

151

101

epsilon
o
Pty

lambda

FiG. 4.2. Resonance pockets for the square wave potential.

are transversal when n is even. As —esigncost = esigncos(t + ), the resonance
pockets in the square wave case are symmetric with respect to the A-axis, because
characteristic values are invariant when the potentials are translated. This proves
Corollary 1.3.

In Figure 4.2, the resonance pockets inside R,,, n =3, ..., 8, of the square wave
Hill’s equations are plotted.
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Theorem 1.1 shows that, when p.(t) = epe, ¢,.t, (t) is dependent on ¢ in a linear
way, each resonance region of

(4.13) #4 (A +pe(t))z =0

contains at most finitely many resonance pockets. However, when general families of
two-step potentials

De (t) = Pby(e),ba(e),t1(e) (t)

are considered (which depend on € in a nonlinear way), some resonance regions R,
of (4.13) may contain infinitely many resonance pockets. One example presenting
infinitely many resonance pockets inside Ry is given in [14]. In fact, one can use
(3.15), (3.16), and (3.18) to give a global description to all resonance pockets inside
all resonance regions R,, of (4.13).

When ¢, is such that t;/7 is irrational, it follows from Corollary 1.2 that all
resonance pockets are transversal. This implies that the global structure of resonance
pockets of (1.1) is preserved when p(t) has certain kind of smooth perturbations.

Finally, we remark that even for step potentials, the structure of resonance pockets
is not easily analyzed. It seems that our approach here is not applicable even to the
case p(t) is a three-step potential.
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