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In this paper we will show that the optimal bounds for certain static and dynamic
bifurcation values of periodic solutions of some superlinear differential equations can
be expressed explicitly using Sobolev constants.

1. Introduction

Given an interval I of length |I| = 1 and an exponent o € [1, 00|, the inequality
CllelLe @ < 19122y

holds for some C' > 0 and each function ¢ in the Sobolev space Hg(I). We refer
to [2] for more information on this type of inequality. The largest admissible C' was
computed by Talenti [11, p. 357]. It will be referred to as the Sobolev constant and
denoted by

S(0) = min{|l¢' |22 o € Ho (1), [ @llLa(r) = 1}-

The purpose of this paper is to show that this number plays a role in the study of
certain nonlinear boundary-value problems. To illustrate the results of the paper,
we consider a concrete example, namely the periodic problem for

o+ [z} = f(t) +s, (1.1)

where p € (1,00), [z]; = max{z,0}, s € R is a parameter and the function fis
locally integrable, T-periodic and has zero average; in short, f € il(R/ T7Z). Also,
for p = oo, we consider

2" e = f(t)+s. (1.2)
Equations (1.1) and (1.2) are of Landesman—Lazer type. The results by Ward in [12]
imply that (1.1) has a T-periodic solution if s > 0 for p € (1,00) and s > 0 for
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p = oo. Under the more restrictive condition
0<s< X(p),

we can prove that (1.1), or (1.2), has a unique T-periodic solution. Here,

|725(20) " itpe .

)= 1 (13)
ﬁS(oo) if p=o0.
From now on, p* is the conjugate exponent of p:
1 1
p p

We also prove that there exist sequences f, € El(R/TZ) and s, € R, with s, —
XY(p), such that equation (1.1) has at least two T-periodic solutions if f = f,, and
$ = $p. This shows that the number X'(p) is sharp.

The dynamical properties of periodic solutions are also linked to Sobolev con-
stants. In fact, if s € (0, X(p)/4?"), the unique T-periodic solution of (1.1) is linearly
stable. Again, Z(p)/4p* is optimal in the same sense as before.

We can also obtain similar results for equations without uniqueness of periodic
solutions, like the superlinear Ambrosetti—Prodi problem,

2+ |zP = f(t) + s (1.4)

In any case, the class of nonlinearities considered in this paper is dictated by
the method of proof. Fortunately, this method has some flexibility and we have
adapted it to a problem of more applied nature: the system of prey and predator
under seasonal effects. In this case, we need to employ a weighted Sobolev inequality.

The rest of the paper is organized in four sections. First we discuss in §2 some
properties of linear equations that will be useful later. In the next section we con-
sider a general class of nonlinearities and obtain results on the exact number of
T-periodic solutions. Section 4 is devoted to the study of (1.4); in the process we
show the sharpness of X (p). Finally, § 5 deals with the prey—predator system.

2. Hill’s equation and Sobolev constants

To each function ¢ in L*(R/TZ), we associate a linear equation, or a Hill equa-
tion [6],
2" +q(t)z = 0. (2.1)

The next result is crucial for the paper.
PROPOSITION 2.1. Assume that ¢ € L7 (R/TZ) for some o € [1,00] and
g}l Lo oy < 4S(20%) /T (2.2)

Then every non-trivial T-periodic solution ¢(t) of (2.1) satisfies p(t) # 0 for each
teR.
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This result is a consequence of theorem 3.7 in [14], but we include a proof for
completeness.

Proof. After a rescaling in Sobolev inequality, we obtain
SOOI el Fa(ry < 1€ 1l72¢)  for all p € Hy (1),

where T is an interval of arbitrary length |I|.

Assume by contradiction that (¢) is a non-trivial T-periodic solution of (2.1)
vanishing at some 7. Then ¢(7) = p(r+T) = 0 and ¢'(7) = ¢'(r +T) # 0.
This implies the existence of 7 € (1,74 T') with ¢(7) = 0. Define I = (7,7) and
Iy = (7,7 4+ T). We multiply (2.1) by ¢ and integrate over I; to obtain

@2 = [ a¢® < | [d+¢* <Ildl+llzo o llelze- 1
I; I; I;

From the inequality above,

Ig) ¢ llLe ) = S0 1|17
Thus

la]+1lze0.1) = lla+1170 (1) + |HCI]+||20(12)]1/U

> 5(20*)[|Il|7(1+1/g*)0 + |12|7(1+1/g*)0‘]1/0'.
The equality in brackets reaches its minimum at |I;| = [I5| = 1T and we are led to
an inequality incompatible with (2.2). O

It can be proved that the constant in (2.2) is optimal, but we will not use this
fact directly.

Equation (2.1) is said to be degenerate if it has non-trivial T-periodic solutions.
The next result about degeneracy is an easy consequence of the previous proposition
(see [7, lemma 2.2] and [9, lemma 5.4] for details).

COROLLARY 2.2. Assume that q1 and g2 are two different functions in L°(R/TZ)
and both of them satisfy (2.2). In addition, q1 < g2, with strict inequality on a set
of positive measure. Then at least one of the equations " + ¢;(t)x =0, i = 1,2, is
non-degenerate.

Next we recall some standard notions in the theory of Hill’s equations. The
eigenvalues of any monodromy matrix of (2.1) are called the Floquet multipliers
and denoted by p1 and ps. They satisfy uq - po = 1. The equation (2.1) is called
elliptic if |p1| = |p2| = 1, p; # £1, hyperbolic if |u1] < 1 < |pe| and parabolic if
w1 = o = £1.

The periodic and anti-periodic eigenvalues associated to ¢(t) are a sequence of

real numbers
Xo(q) < A(g) < Milg) < Aglq) < Aalg) < -+,

Xao(q) <A
with ), (¢) — 400 as n — co. For A = )\, (¢) or A\,(q) and n even (respectively, n
odd), the equation
"+ (A+q@t)z=0 (2.3)
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has non-trivial periodic (respectively, anti-periodic) solutions of period T. More-
over, these solutions have exactly n zeros in [0,7). In the intervals between two
consecutive eigenvalues, equation (2.3) is alternatively hyperbolic or elliptic. For
instance, it satisfies 0 < p; < 1 < g if A € (Ay(q), A2(q)). The eigenvalues depend
continuously on ¢ with respect to reasonable topologies, say, L? (R/TZ), and there is
a comparison result: if g; < go, with a strict inequality on a set of positive measure,
then ), (q1) > M, (g2) and A\, (q1) > A,(g2). We refer to [6] for more details.
Given p € (1,00), the unique solution of

" +2*7 =0, z(t)>0 in(0,37), z(0)==z(3T)=0

will be denoted by .. For this function, the Sobolev inequality for o = 2p and the
interval I = (0,37) becomes an identity and, from the equation defining ¢., one

can deduce that
e 452p) 1"
/ w3p=§T{ a p)} :
0

T2
We also introduce the function

g (t) = [ ()PP72 if t € [0, 5T),
g« (t + %T) = q.(t).

Its minimal period is 17, but we will look at it as a function in C(R/TZ).
LEMMA 2.3. There exists 0 > 0 such that, if ¢ € C(R/TZ) satisfies
q = q«, with strict inequality somewhere, and q(t) < q«(t) + 6 for each t € R,
then A\y(q) < 0 < Xa(q). In particular, 0 < iy < 1 < pg.
Proof. Consider the function ¢ given by
o) {w*(t) if t € [0, 371,
—pu(—t) ift e [-3T,0),

¢(t+T) = ¢(t) everywhere.

It is a periodic solution of the autonomous equation
2+ |22 =0

and also satisfies
2" + q.(t)z = 0.

Since ¢ has two zeros in [0, T), we deduce that either A\y(q.) = 0 or Aa(g.) = 0.
The derivative ¢'(t) is a solution of

2"+ (2p — 1)g.(t)z = 0.
This function also has two zeros in [0,T), and so

M((2p—1)g) =0 or Xa((2p—1)g.) = 0.
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Since 2p — 1 > 1, by the comparison of eigenvalues, we conclude that

A5(:) = 0 < Ao ()

The lemma then follows from comparison and continuous dependence of eigenvalues.
O

We conclude this section with another result that will be useful in treating the
nonlinear problem with p = co.

LEMMA 2.4. There exists a sequence of functions q, € C*°(R/TZ), with ¢, > 0
everywhere, TfOT qn(t) dt — 16 and such that the Floquet multipliers of (2.1) with
q=qn satisfy 0 < p1 <1< po.

Proof. The optimality of Lyapunov criterion for stability (see [6]), applied to the
period %T, allows us to find ¢, € C*(R/TZ), ¢, > 0, such that ¢, also has
the period %T and the Floquet multipliers (of period %T) satisfy ji; < —1 < jis < 0.
The required example has been constructed since the multipliers (of period T') are
pi = [i3. O

The Sobolev constant S(o0) is reached at the function ¢(¢) = min{t, 1 —¢}. From
here, it follows that S(co) =4 and (1/7) fOT qn — X(00).

3. The class of nonlinearities
In this section we consider a general nonlinear equation of the type

'+ g(x) = £(0). (3.1)
where g : R — R is locally Lipschitz continuous and f € L'(R/TZ).

Given o € [l,00) and A,B € [0,00), we say that g satisfies the condition

C(o; A, B) if
{9(“9@)} S AG(g() +g(w2)) + B
Tl — X2 +

for every x1,x2 € R, x1 # xo.
The functions g(x) = |z|? and g(z) = [z]}, p € (1,00), satisfy C(o; A, B) with
o =p*, A=pP and B = 0. This is a consequence of the following inequality.

LEMMA 3.1. Givenp € (1,00), 1/p+1/p* =1,

*
p

2117 — |zo|P .
M < pP (%(|$1|p+|xz|p))7 1 # 2.

Ty — T2
Moreover, the constant p? is optimal.

Proof. The identity
1 q
21]P — |aa]? = / (A (1= ) da
0

1
= p(zy — xg)/ [Azy + (1 — )\)xQ\P_l sgn(Azy + (1 — A)xo) dA
0
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leads to

P _ p P~ . 1 p*
lz1]? — |zaf” < pP [/ a1+ (1— NzaP~tdr
0

X1 — T2
1

<pP / IAzy + (1 — A)ao|P~1P" d),
0

where the Holder inequality has been used. Note that (p—1)p* = p and the function
& — [€|P is convex. So

1
| e (= Az A< S (fn P+ P,
0
and the inequality is proved. The optimality of p?” is obtained by letting x» converge

to x7. O

As an example for ¢ = 1, g(z) = e” satisfies C(1;1,0). A perturbation like
g(z) = e* + sinx satisfies C(1;1,2).
THEOREM 3.2. Assume that g satisfies C(o; A, B) and f(t) satisfies
Af + B < (45(20%)/T%)°, (3.2)

with f = (1/7) fOT f(t)dt, the average of f(t). Then T-periodic solutions of (3.1)
do not cross. In other words, if ©1(t) and pa(t) are different T-periodic solutions,
p1(t) # @a(t) everywhere.

Proof. First of all, we integrate the equation over a period and observe that

T T
/ oli(t)) dt = / Fdt, i=1,2. (3.3)
0 0

The difference ¢ = 1 — 3 is a non-trivial T-periodic solution of the Hill’s equation
" + q(t)x = 0 with
ot) = g9(e1(t)) — g(wa(t))

P1(t) = p2(t)
This function is well defined almost everywhere and belongs to L>®°(R/TZ). The
assumption C(o; A, B) and (3.3) imply that

T T
g+ 150 0.1 < ;A( / olor) + / g(goQ)) BT = (AT 4 B)T.

The condition (3.2) implies that (2.2) holds and so, by proposition 2.1, ¢ does not
vanish anywhere. O

Once we know that the set of T-periodic solutions is ordered, it is possible to
obtain precise information on the number of periodic solutions if ¢ is monotone or
convex.

COROLLARY 3.3. Assume that g satisfies C(o; A, B) and (3.2) holds. Then we have
the following.
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(i) If g is strictly increasing, then equation (8.1) has at most one T-periodic
solution.

(ii) If g € CY(R) and g’ is strictly increasing, then equation (3.1) has at most two
T-periodic solutions.

Proof. (i) Assume that (3.1) has two T-periodic solutions ¢; and @9, with, say,

1 > 2. Then
T T
/ g(1) >/ 9(#2),
0 0

and this is not compatible with the identity (3.3), which must hold for all T-periodic
solutions.

(ii) The proof uses theorem 3.2 and corollary 2.2 and is essentially the same as
the proof of [7, theorem 2.1] or [9, proposition 5.2]. O

Statement (i) in the previous Corollary applies to e*, and statement (ii) to |z|?,
p € (1,00). For [z]} and f >0, one can modify the proof of (i), because periodic
solutions must be positive somewhere.

We finish this section with a result about the linear stability of T-periodic solu-
tions. Assume that g is C*. A T-periodic solution ¢(t) of (3.1) is said to be elliptic
if the linearized equation

a4+ g'(p(t))z =0 (34)

is elliptic. The ellipticity of ¢ implies that (3.4) is stable, but it is not sufficient
to guarantee that ¢(t) is Lyapunov stable as a solution of the original nonlinear
equation (3.1).

THEOREM 3.4. Assume g € C*(R) is strictly increasing and satisfies C(o; A, B). In
addition, f(t) satisfies )
Af+ B < (S(20%)/T%)°. (3.5)

Then, if (3.1) has a non-constant T-periodic solution, it will be elliptic.

Proof. We proceed as in the proof of theorem 3.2, with ¢(¢) = ¢’(¢(¢)), and arrive
at the inequalities

q =0, THUU*”Q”LG(O,T) < S(207%).

Moreover, ¢ is strictly positive on a set of positive measure. We can now apply
theorem 1 in [15]. The statement of this theorem says that ¢ is linearly stable, but
the proof shows that it is indeed elliptic. O

The previous result applies to ”, but not to [z]".. Again, the proof can be adapted
for this nonlinearity if f > 0.
4. The optimality of X

This section is devoted to the study of the equation

2+ 2P = () +s, (4.1)
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with p € (1,00). The results in [4] imply that, for each f € L'(R/TZ), there exists

§=5(f) > 0 such that (4.1) has at least two T-periodic solutions if s > 3, at least
one if s = § and none if s < §. We will apply corollary 3.3 to this equation to obtain
the following result. Note that |z|? satisfies C(p*; p?",0) and the parameter s is the

average of f(t) + s. So the condition (3.2) reads as
P < (45(2p) /T2
or

s < X(p),
with the constants X'(p) defined by (1.3).

PROPOSITION 4.1. Assume that s < X(p). Then (4.1) has ezxactly two T-periodic
solutions if s > § and exactly one if s = 5.

Proof. The only point that is not a direct consequence of previous results is the
uniqueness for s = §. The key observation is that, in this case, any T-periodic
solution should be degenerate, since otherwise it could be continued to s close to
§ with s < §. If ¢; and @9 were two different T-periodic solutions, they should
be ordered according to theorem 3.2, say, ¢1 > 2. Hence ¢'(p1) > ¢'(p2), with
g(x) = |z|P. Letting x5 tend to z; in condition C(p*;p?",0), or just computing, we
deduce that

[g'(0)]7 <P” glpi), i=1,2.

From s < X(p), we deduce that ¢ = ¢’(¢;) is in the condition of corollary 2.2 with
o = p*. Then either ¢; or ps should be non-degenerate, but this is inconsistent
with s = 3. O

The previous proposition was already proved in [9, proposition 5.2] for the case
p =2 and s < 64/T%, a constant smaller than X(2). In the next proposition we
show that X(p) is optimal. By the formula in [11, p. 357], the optimal constant
X(p) for p=2is

_ 48714 _ I%(3) 252
DY T R

2(2)

where I'(+) is the Euler function.

PROPOSITION 4.2. There exist sequences of functions f,, € El(R/TZ) and of num-
bers s, — X(p) such that equation (4.1) has at least four T-periodic solutions for
f=1fnand s=s,.

In the proof we employ some facts that can be deduced from the proofs in [4].
Given an isolated T-periodic solution ¢, its index of period T will be denoted
by v(p). We refer to [5], and also to [8], for more information on this notion.
Assuming that (4.1) has a finite number of T-periodic solutions, ¢1, ..., ¢y, it is
known that

> i) =0, (4.2)
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Let F(t) be a T-periodic function with F”(t) = f(¢). Then —c + F(¢) is a strict
lower solution of (4.1) for ¢ large enough. On the other hand, T-periodic solutions
for s = § are strict upper solutions for s > §. From these facts, we deduce that
if (4.1) has a finite number of T-periodic solutions, then at least one of them, ¢,
satisfies

Mo(@) 20 with §(t) = ple(t) P sgnp(t), (@) = —1.
This is a consequence of the following result.

LEMMA 4.3. Assume that g € C1(R), f € LY(R/TZ) and that there exist functions
b1, 0 € WHH(R/TZ), with ¢1 > ¢o everywhere, and a number € > 0 such that

1) +9(en(t) < f(t) e, 5(t) +9(2(t) = f(t) +e

almost everywhere. In addition, it is assumed that the equation

#" +g(x) = f(1)

has a finite number of T-periodic solutions between ¢o and ¢1. Then there exists
p(t), a T-periodic solution lying between ¢ and ¢1, such that

(g (9) =0 and ~(p) = —L1.

This result is well known, but, for completeness, we present a proof at the end
of the section.
Now we are ready to prove the multiplicity of periodic solutions.

Proof of proposition 4.2. Throughout the proof it is assumed that the number of T-
periodic solutions is finite. We start with the function ¢,, which was defined in §2.
The domain of ¢, is [0, 77, but we extend it to R by periodicity, ¢. (t+37) = ¢. (),
t € R. We notice that ¢, is in H*(R/TZ) but not in C*(R/TZ). Also,

T T/2 45(2 p*
/ (pzp — 2/ (pzp _ T{ Sjgzp):| -
0 0

1
Yu(t) = W(@*(t))Q-

Next we define

This is a non-negative function that only vanishes at %T + Z. Also,

T
[ =130,
0
For each ¢ > 0, we construct a function ¢, € C*°(R/TZ) such that
e >0 everywhere, Ye = Yy, e = ¥, uniformly.
We define f. € L'(R/TZ) and s. by the equation

YL(8) + (V) = fo(t) + se.
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Our task is to prove that (4.1) has at least four T-periodic solutions for f = f.,
s = s, and ¢ small. Notice that

1 (T 1 [T
— Yy _ y
SE_T/O wg—>T/O Yi = X(p).

By construction, we know that . is a T-periodic solution of (4.1). The linearization

o +q:(tr =0,  q(t) =p(w:(t)""

is in the conditions of lemma 2.3 for small e. Hence M\y(g.) < 0 < Aa(q.) and
~v(¢e) = —1. The value of the index is computed by the formula

V(¥e) = sen{(l — ) (1 = p2)},  valid if p; # 1.

Since 1. is non-degenerate, we deduce that s. > §( fs) and, from the discussion
before the proof, we obtain another T-periodic solution ¢ with

Ao(@) <0 and y($) = —L.

Both solutions have the same index, but the position of the eigenvalues is different.
It is known that the index of any T-periodic solution satisfies y(p) < 1 (see [8,
10]). Formula (4.2) implies the existence of at least two T-periodic solutions with
index 1. O

The results stated in §1 about the optimality of X' for (1.1) are proven in a
similar way. Now the sum of the indexes of all T-periodic solutions must be 1. For
p = 00, one uses lemma 2.4.

This proves the optimality of the constants X (p) for the existence of T-periodic
solutions of equations (1.1), (1.2) or (1.4) in §1. The optimality of the constants
X(p)/4P" for the ellipticity of T-periodic solutions of equations (1.1) and (1.2) can
be proved similarly. In the previous construction, the interval (0, %T) is replaced
by (0,T).

REMARK 4.4. For equation (1.4),if § < s < X(p)/4", it has exactly two T-periodic
solutions. It is possible to prove that one of these must be hyperbolic, and another is
elliptic and so linearly stable. The proofs are similar to those in [9, proposition 5.5].
It is interesting to notice that, for the quadratic case (p = 2), when § < s < X*
for some constant X* < £ X(2), the elliptic T-periodic solution of (1.4) is actually
of twist type, and so Lyapunov stable (see [9, theorem 5.1]). However, the optimal
bound for X* is unknown to the authors even for the case p = 2. Some preliminary
results can be found in [9, §5] (also see [13] for some improvement).

Proof of lemma 4.3. The functional
T
A H\R/TZ) 5 R,  Alz] = / {(12/(6)? — G(a(t) + f(B)x(t)} dt
0

is lower semi-continuous with respect to the weak topology (as usual, G is a prim-
itive of g). Let ¢ be a minimizer of A on the closed and convex set

N={xec H'(R/TZ)| ¢ <z < $1}.
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Working with test functions, one can prove that ¢ is in the interior of {2 and so ¢ is
a local minimizer of A and a solution of the equation. The properties of minimizers
imply that, if ¢ is isolated as a T-periodic solution, then v(¢) = —1 (see [1,8]).
Also, the second derivative D?A[p] must be a non-negative quadratic form. This
implies that A\o(g’(¢)) = 0. O

5. The prey—predator system

Consider
u = (a(t) —bt)v)u, u>0,
v = (—c(t) + d(t)u)v, v >0,

where a,c € L*(R/TZ) and b,d € LY (R/TZ). We employ the notation
LE(R/TZ) = {f € L*(R/TZ) | ess inf f > 0}.

The existence of T-periodic solutions, sometimes called coexistence states, has been
discussed by several authors (see, for instance, [3]). The necessary and sufficient
condition for the existence of such solutions is

a>0 and ¢>0. (5.2)
THEOREM 5.1. Assume that (5.2) holds and
a-c¢<(4/T)>. (5.3)
Then (5.1) has a unique T-periodic solution. Moreover, this solution is elliptic if
a-¢<(2/T)% (5.4)
Conditions (5.3) and (5.4) are optimal.
The proof relies on a result for the linear periodic system
¢=—Btm, o =), (5.5)
with 8,0 € L(R/TZ).

LEMMA 5.2. Assume that 3 -6 < (4/T)2. Then (5.5) has no T-periodic solutions
(different from & = n = 0). Moreover, if -0 < (2/T)?, then system (5.5) is elliptic.

On the other hand, there exist sequences of functions (,,6, € C®(R/TZ),
Bn >0, 8, > 0, with B, -6, — (4/T)? (respectively, (2/T)?) such that the Flo-
quet multipliers of (5.5) for 8 = Bn, 6 =, satisfy 0 < p1 < 1 < po (respectively,
po < —1 < py <0).

This result is a consequence of the very classical ideas due to Lyapunov. In fact,
for B =1, it is just a classical result for Hill’s equations. At the end of the section
we sketch a proof emphasizing the connection with Sobolev inequalities.

Proof of theorem 5.1. The change of variables U = Inu, V = Inv transforms (5.1)

into
U' = a(t) — b(t)e", }

V' = —c(t) + d(t)eY. (5.6)
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If (U(t),V(¢)) is a T-periodic solution, we integrate over a period and obtain

T T T T
/ be" :/ a, / deV z/ c. (5.7)
0 0 0 0

We prove the uniqueness by a contradiction argument. Assume that (U;(¢), Vi(¢)),
i = 1,2, are two different T-periodic solutions of (5.6). The difference, £ = Uy — Ua,
n = Vi — Va, is a T-periodic solution of (5.5) with
ﬂ:bevlfe%’ 6:deUlie
Vi—Va Ur = Uz
(the quotient (e —e¥)/(x —y) is replaced by e” if x = y). The exponential function
satisfies C(1;1,0) and so

0<B<b(3(e" +e"2)), 0<6<di(Ee” +e”2)).

Us

From (5.7), one obtains - -
0<pg<a, 0<d<eg

and we are led to a contradiction with lemma 5.2. The proof of the ellipticity is
similar, because one can use now the linearized equation as system (5.5).

Finally, we prove the optimality of the constants. The proof of the existence of
periodic solution under (5.2) implies that if (5.6) has a finite number of T-periodic
solutions, (U1, V1), ..., (Uy, V,), then

i=1

(see [3]). In particular, if (5.6) has a unique T-periodic solution, its index is one.
Let (3, and 4, be the functions appearing in lemma 5.2. We define
V,=Ing,, U, =Iné,.
By construction, (Up, V,,) is a solution of (5.6) with
b=d=1, a="U,+e", c=—V4eln.

The index v(U,, V,,) = sgn{(1 — p1)(1 — p2)} = —1, and so the uniqueness is lost.
The proof of the optimality of (2/7")? is similar. The same construction now leads
to a system having a unique T-periodic solution which is hyperbolic. O

It remains to prove the lemma. To this end, we recall the inequality
4 2 / / 2
T lellie < [ pO(#' (1) dt,
fll/pH 2= 1y ; ) (¢ (1))

which is valid for p € L (I) and ¢ € H{(I). This inequality is strict unless ¢ = cp.,
with c € R, 7 € I = (a,b) and
( /” 1) /t I
- - ifa<g<t<T,
r D) Ja P

1 b1
(/ >/ if 7 <t <b.
ap tp

Pr (t) =



Optimal bounds for bifurcation values 131

One way to arrive at this inequality is to maximize the linear functional ¢ €
H(I) — () constrained by the fI pe'? = 1. The method of Lagrange multipliers
leads to the equation (understood in the sense of distributions)

(p(t)¢") = Ao, ANER,
where 4, is the Dirac measure concentrated at 7. The solutions in Hg (I) are of the
type cor.

Proof of lemma 5.2. We prove the result stated for (4/T)?. The other case is simi-
lar.

Given £(t), n(t), non-trivial T-periodic solution of (5.5), we notice that fOT 06 =0,
and so ¢ must vanish somewhere. If £(7) = 0, by uniqueness, n(7) # 0. From the
first equation, we have that

¢
€)= [ Alsn(s)ds
and so £ changes sign at 7. Thus we find 7 < 7 < 7+ T such that

§(r) =&(7) =&t +T) =0.

Define I1 = (7,7) and Iy = (7,7 + T'). We multiply the first equation by n and the
second by &. After integrating over I;,

Aﬁﬁzﬁm%zﬁ?
(/1 5) €17 o 1y = /I %§I2~

We apply the weighted Sobolev inequality with p = 1/ to deduce that

U)2)>

Here there is a subtle point. In principle, we should have

U 2)=

but the non-strict case would imply that & = cp,, for some 7, € I;. From the first
equation of (5.5), one deduces that n should be a piecewise constant function with
a jump at 7. Of course, this is not possible since 7 is Lipschitz continuous.

The inequalities A;B; > 4, with A; = fIi B, B; = fh §, imply that

(Al + AQ)(Bl + Bg) > 16.

Thus the assumption 3 -6 < (4/T)? does not hold.
Finally, we construct 3, and §,. We take 8, = 1 so that the system is equivalent
to Hill’s equation,

These imply

&+ 6,(t)€ =0.

The condition 3,0, — (4/T)? becomes T fOT dn, — 16 and we can invoke lemma 2.4.
O
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