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Abstract

In this paper we will use the degree theory to give an existence result to the boundary value problem
of nonlinear perturbations of the scapat.aplacian with the multi-point boundary condition involving
the Lebesgue-Stieltjes integral. Among the boundary conditions considered in this paper, we will find
also the optimal bounds on the growth of the nonlinear perturbations in our existence result.
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1. Introduction

In recent years, the boundary value problems (BVPs) of nonlinear differential
equations with the following multi-point boundary condition (over the interval
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J =[a, b], —00 <a < b < o) have received many studies in literature:

u(@ =0, ub)=Yy nu(), (1.2)

i=1

wherem € N,a <11 <--- <1, <b, and ally; are positive constants. See, for example,
[2,6,8,9,11,12] However, as the differential operater— —u” is not symmetric with
respect to (1.1), many problems related with (1.1) such as the structure of eigenvalues,
remain open. As for the solvability of BVPs, we say that (1.I)daresonanif

> niti—a) #b—a. (1.2)
i=1

(This will be explained later.) A particular case of interest is the case
m
> o<t (1.3)
i=1

This condition has connection with the maximum principle-af” with respect to (1.1).
In a recent worK7], Garcia-Huidobro, Manéasevich and Zhang used the observation that
if u(r) satisfies (1.1) then

T
u(f;):/ W(s)ds, i=12,....,m,m+1,
wherert,,+1 = b. Thus, (1.1) can be rewritten as
u(a) =0, / x(s)u'(s)ds =0, (1.4)
J

wherey(s) is determined from the boundary dagsandz;. It is easy to see that when (and
only when) condition (1.3) is satisfied, the kernel functjg®) is nonnegative (and is a
step function in this case). Motivated by (1.4), they then studied more general multi-point
boundary condition like

u(a) =0, / u'(s) dé(s) =0, (1.5)
7

whereé = £(s) : J — Ris anondecreasing and not identically a constant function, which
may be normalized aga)=0andi(b)=1. Theintegral in (1.5) is in the Lebesgue—Stieltjes
sensdl]. In order to avoid the meaningless case, it is also assumed that,, where

0, s=a,

Sal) = {1, s €la, b].

Such a boundary condition (BC) (1.5) may involve not only finitely many, but infinitely
many points in/. The boundary condition (1.5) may be referre&ésltjes BCWith respect
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to Stieltjes BC, they studied BVP of the vectprLaplacian-type nonlinear differential
equation

(¢ + f(t,u,u’)=0. (1.6)

Here the continuous mapping : RV — RY, which generates the differential operator,
satisfiesp(0) = 0 and

(Hy) Foranyx,y € RV, x # y, (¢p(x) — ¢(»), x — y) > 0, where(., -) is the Euclidean
inner product, and
(H2) there exists a function : [0, co[— [0, ool, a(s) — oo ass — oo, such that

(p(x), x)=a(lx])|x| forallx e RV,

It is known that¢ is an homeomorphism fror®Y onto RY and [¢p1(y)| — oo as
ly] = oo. The functionf = f(z, x, y) : J x RY x RN — R" in (1.6) is assumed to satisfy
the Carathéodory conditions.

By a solution to problem (1.6), (1.5) we understand a continuously differentiable function
u(t) defined inJ, with ¢(u") absolutely continuous which satisfies Eq. (1.6) for ae.J
and the BC (1.5). Note that the nonresonant condition (1.2) means that the equation

(pu'))' =0

has only the trivial solution verifying (1.1).
The mainresultifi7] is as follows. Suppose th#tz, x, y) satisfies, for some(z), ¢(t),
p(1) € L(J, Ry), Ry = [0, o0,

Lf (1, x, ISP+ gD + p1)

for a.e.r and allx, y. Then there exist some constantg C, (depending upoip, N, and
the boundary data only) such that if thé norms satisfy

lglziy <Cr lgllpiyy <Co2,

problem (1.6), (1.5) has at least one solution.
In this paper, we will give some sharp results to stalar, p-Laplacian conservative
case of (1.6), (1.5),i.eN =1,¢(x) = ¢, (x) := |x|"~2x, f = f(t, x), where 1< p < co'is
a fixed exponent. That is to say, we are considering the following nonlinear scalar equation

(,)) + f(t,uy=0, teJ, ueR, €7

with the BC (1.5).
Two main results for (1.7), (1.5) are proved in this paper. The first one is an existence
result, see Theorem 3.1, in whighr, x) satisfies, for some; € L1(J),

q1(1)< I‘im inf M< lim supM< q2(t) (2.8)

x|—>o00 lep(x) |x]—00 d)p(x)
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uniformly in a.e.r € J. The Theorem asserts the existence of solutions when the pair
(g1, g2) has the so-called property[®,10,17] which means that for any € L1(J) with

q1(1)<q)<qa2(t) aet e, (1.9)
the equation
(¢, +q)¢,w)=0 (1.10)

has only the trivial solution satisfying (1.5). The result will be proved using the degree
method. However, in finding the a priori estimates, our approach is quite different from
the usual ones in the literature. It is based on a principle of ZfBrigon perturbations of
families of positively homogeneous operators and all estimates will be reduced to elementary
inequalities. This principle was used successfully by[M&jfor the periodic problem. Note
also that such a nonresonant condition expressed using the property P is optimal in some
sense.

The second result of this paper is some quantitative results, see Theorems 4.1 and 4.2, in
which f (¢, x) satisfies, for some nonnegative functiars), p(z),

L (t, )< q(0)]x]P~1 + p(o) (1.11)

fora.e.r € J and allx. Then, for any exponentda< oo, we will find theoptimalbound
R(a, p, J), expressed explicitly, such that if

llgllo,s <R, p, J),

then problem (1.7), (1.5) has at least one solution. The idea is[6hfor the linear case
and[19] for generalp. Note that such a condition @r(r) guarantees that (1.7) has at least
one solution with each of the Stieltjes BCs (1.5) (depending)otin this sense, we are
considering in this paper a family of boundary value problems as a whole.

We end the introduction with some notation. Let= [a, b] be a closed interval. Then
C(J) denotes the space of all continuous functions frbta R, endowed with the sup-norm
denoted by - || 0. For 1< a< o0, L*(J) denotes the Lebesgue space with the corresponding

norm denoted by - ||, ;. In Some cases, we need also the Sobolev spaces suq}"l"a(sl).

2. Reduction to fixed point problem and homogeneity

We begin this section with the auxiliary problem
(¢,@") +h(t) =0, (2.1)

with the BC (1.5), wheré: € L1(J). It is well known that there are several methods in
reducing problem (2.1), (1.5) to a fixed point problem in some Banach space. However, we
need a reduction which will fit with the perturbation principle[fY]. To this end, let us
write down the details so that the homogeneity can be analyzed explicitly.

Givenh € L1(J). Define

t
;/f(h)(z):/ h(s)ds, e J.

a
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Suppose thai(r) is a solution of (2.1), (1.5). Then we get from (2.1),
d’,;(l/(t)) =c— A (h){@),

wherec=¢ ,(u'(a)). Write p*=p/(p—1) the conjugate exponent pf Note tha¢;1=¢p* .
So we have

u'(t) = e (c = H (W)(@)).

Then the boundary condition (1.5) means that
/J ¢ p(c — A (h)(s)) dS(s) = 0. (2.2)

It is easy to see that the left-hand side of (2.2), viewed as a functioneoRR, is a self-
homeomorphism oR. Thus there exists a unique= c¢(# (h)) =: £ (h) € R satisfying
(2.2). Using the condition(a) = 0 in (1.5), we obtain

t
u(r) :/ G (L (h) — A (h)(5)) ds =: (A u)(1).

The operator#” mapsL1(J) into C(J). We summarize these in the following:

Proposition 2.1. For anyh € LY(J), (2.1), (1.5)has a unique solution which is given by
u=AH"(h).

Following the arguments ¢13] or [14], one can prove that the operatdfis continuous
and sends equi-integrable setdlih(J/) into relatively compact sets ii(J). See alsg7].

We have introduced a linear operatst : (L1(J), || - [[1) — (C(J), | - lloo), @ NONlinear
functional £ : (L1(J), | - |l — R, and a nonlinear operato¥”: (L1(J), | - |1) —
(C(D), | - lloo)- Some properties of these are collected in the following

Proposition 2.2. (i) The functiong . : R — Ris (p* — 1)-homogenous
¢ (kx) = k" 2k e (x), k.x € R.

(i) The linear operatot : (L1(J), || - |l1) — (C(J), || - lloo) has norm||#|| = 1.
(iii) The functional? : L1(J) — R is homogenous

PLkh)y=kZLh), keR, hel').

(iv) The operator” : (LY(J), || - l1) — (C(J), || - llso) i (p* — 1)-homogenous
A (kh) = |k|P" "%k #(h), keR, heL*J).

(V) & satisfies

f;ﬂei?(%(hl) — A (h2) ()< L(h1) — L (h2)< Teiijx(«%’(hl) — A (h2))(s). (2.3)
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In particular,

|Z(h1) — L (h2) | || (h1) — H (h2) ]l oo

Proof. We need only to prove (2.3). L& (s) = #(h;)(s) € C(J),i =1,2. Then the
constantg; = % (h;) are determined by

/ q')p*(c,- — Hi(s))dé(s) =0, i=12
J
See (2.2). Thus
/J (¢, (c1 — Hi(s)) — b (c2 — Ha(s))) dE(s) =0,

Since¢ is nondecreasing and# &,, we know that there exiskg €]a, b] such that

¢ - (c1 — Hi(s0)) — ¢ (c2 — Ha(s0)) =0,

c1 — Hi(so) = c2 — H2(s0),
or
c1 — c2 = Hi(so) — Hz(s0),

which proves (2.3). O

Next, let us consider the paig1, ¢2) in LY(J) such thayy1 < ¢2. Denote
J(q1, q2) := {q € L*(J) : q satisfies (1.9)c L*(J).

We endow/ (¢1, g2) with the topology of weak convergence. Théry1, g2) is sequentially
compact. Consider now the family of equations (1.10) with a ‘parameter’'.# (¢1, ¢2).
Using the reduction above(r) is a solution of (1.10), (1.5) if and onlyif € C(J) satisfies

u=29(q,u), (2.4)
where the operata? : .#(q1, g2) x C(J) — C(J) is defined by
T(q,u) = AH(q(),w())).

Using the reduction above, it can be proved that .7 (¢1, g2) x C(J) — C(J) is uni-
formly completely continuous in the sense definefllin, p. 342] This can done asifi17,
Proposition 5.1pnd[16], where the periodic problem is studied.

By Proposition 2.2, we know that for any givere .# (q1, g2), the operatos — 7 (q, u)
is homogenous, i.e.,

T(q, ku) =kT (q,u)

forallk € Randu € C(J).
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When the pailg1, g2) has property P (see Section 1), each Eq. (2.4) has a unique fixed
pointu = 0in C(J). Thus, by[17, Theorem 3.1]we have

Proposition 2.3. Suppose the paifq1, g2) has propertyP. Then there exists a positive
constanicg > 0 such that

llu — 7 (q, w)lloo= collulloc (2.5)

forall (¢, u) € (g1, q2) x C(J). Moreover for anyqo € .#(q1, ¢2), the Leray-Schauder
degree

deg (I — 7 (qo. ). B;,0) #0, (2.6)

wherer > 0 and B, is the ball ofC(J) centered ad with radiusr.

Proof. Estimate (2.5) follows directly frofiL7, Theorem 3.1]Since the operata? (g, -)
is odd, (2.6) follows from the Borsuk theorem. Actually, det/ — 7 (qo, -), By, 0) is an
odd number. [J

3. An existence result

In this section, we consider the BVP (1.7), (1.5). et C(J) — L1(J) be the operator
defined by

Fu)@) = f(t,u@®), tel.
Following the construction in Section 2, we define an operatgr. C(J) — C(J) by
Tou)(t) == A (F () (@).

Note that7 ¢ is completely continuous. It is clear from Proposition 2.1 that C (J) will
be a solution of problem (1.7), (1.5) if and onlyuife C(J) is a fixed point of7 q:

u=9o(u). (3.1)

The main result in this section is

Theorem 3.1. Assume thaf (r, x) satisfieq1.8)for somey1, g2 € L1(J). If (41, ¢2) has
propertyP,then(1.7), (1.5)has at least one solution

To prove the theorem, we need some elementary inequalitj@§jiconcerning with the
functionsé,,.

Lemma 3.1. (i) If 1 < < 2,then

pp(u+v) — Ppp)|< 22 F|y)f~2 (3.2)

forall u,v e R.
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(i) If B> 2, then
1§ +v) — $p0I< (B — D(lul + [uhF2] (3.3)

forall u, v € R.

Proof of Theorem 3.1.Fix ago € -#(q1, ¢2). So (1.10) withg = go has only the trivial
solution satisfying (1.5). Consider then the following homotopy equation:

(¢, + f(t,u)=0 (L €l0,1]),
[t x) =2q0(0) ¢, (x) + (1= D) f (1, x). (3.4)

By the construction in Section 2, C(J) is a solution of (3.4), (1.5) if and only if is a
fixed point of the following problem in the spac&J):

u=29 ,u), (3.5)
where7 ; : C(J) — C(J) is defined by
T W) = H(fr(, u(-))).

Stepl. Decomposition of the operator ;. From the assumption (1.8), we know that for
any given O< ¢ < 1, it is always possible to decompose the nonlinear functignx) as

J(t,x) =mg(t, x)¢,(x) + p,(t, x),
where bothn (¢, x) andp,(z, x) are Carathéodory functions such that
giO<my(t, x)<q2(t), VtelJ, VxeR
and there exists (1) € L1(0, T; R.) with the property
lp (1, 0)|< el , () +1:(1), Vteld, VxeR (3.6)
Given/ € [0, 1] andu(:) € C(J). Then

Lt u@) =2qot)p, @) + (1 — 2) f(t, u(t))
=m(t)$, @) + (L= DHp,t, u))
=: h1(t) + ha(),

where

m(t) = Aqo(t) + (1 — Dymg(t, u(t)). 3.7)
It is obvious thain € .# (g1, g2). Thus

lha(®)| = Im(t) ¢, (u(@)|< max{|g1(t)], lg2(0) 1} u ()] P .
By (3.6),

lho()1< elu(®)|P~ + 1(1).
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From these, we have

1A (h) [l < Collull %™, (3.8)
whereCo = [, max{|q1(1)l, lg2(r)} dt, and

1A ) o< 1 | ellull e+ C (Co= Nl (3.9)

We can rewrite the operator ;(u) as

t
(T u)(t) = / ¢ (L (h1+ h2) — A (h1)(s) — A (h2)(s)) ds
=T (m,u)(t) + G(1), (3.10)

wherem(-) is given by (3.7) and; (¢) is

t
G = / (@« (L (h1 + h2) — A (h1)(s) — A (h2)(s))
— ¢« (L (h1) — A (h1)(5))) ds. (3.11)
Step2: Estimates of the terr@. For anys € J, we obtain from Proposition 2.2(v) that

[(ZL(h1+ h2) — A (h1)(s) — A (h2)(s)) — (L (h1) — H (h1)(s))]
= [(ZL(h1+ h2) — L(h1)) — A (h2)(s)]
S|Z(hy + h2) — L (h)| + | A (h2)(s)]
S (h2)lloo + 1 (h2) ()< 2[1 A (h2) || oo (3.12)

and
| L (h1) — A (h1) ()| 2| A (h1) ]l co- (3.13)

In casep> 2, i.e., 1< p*< 2, applying (3.2) to = p*, u = L (h1) — # (h1)(s), and
v=(L(h1+ hp) — L(h1)) — # (h2)(s), we obtain from (3.9) and (3.12),

| s (L (h1 + h2) — H (h1)(s) — H (h2)(5)) — ¢y (L (h1) — H (h1)(5))]
<22 Q2 A (h) oo)” < 20T e 55t + CoP L.

Thus, by (3.11),
1Glloo< 21711 lellell st + C)?" 72 (3.14)

In casep < 2, i.e.,p* > 2, we will apply (3.3) toff = p*, u = L (h1) — # (h1)(s), and
v=(ZL(h1+ hp) — L(h1)) — # (h2)(s). Note that, by (3.13) and (3.8),

lu| < 2| A (h1) o< 2Collull‘g<>_1 (3.15)
and, by (3.12) and (3.9),

WIS 2 (h)llo< 20 ellulls ™t + Co). (3.16)
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Thus, it follows from (3.3), (3.15), and (3.16) that
| s (L (h1 + h2) — H (h1)(s) — H (h2)(5)) — ¢y (L (h1) — H (h1)(5))]
<(p* = DI2((Co + 171 )|l %+ C1? 2121 T | ellull 57 + Co)]
= (p* = D27 U(Co+ Tl + CP 20T ellull % + Ce
<(p* = 12" H(Co+ [ DIl + C1P 72110 | ellull 2 + Cel,
because & ¢ < 1. Thus, by (3.11),
Gl IT1(p* — 127" "1(Co + ) ullZ
+ CAP A el B+ €l (3.17)

Note that(p — 1)(p™* — 1) = 1. Considering the right-hand sides of (3.14) and (3.17) as
functions of||u ||, we know that the leading terms are, respectively,

2117 &P " ulloo
and
IJ12e(p* — 1)2P ~X(Co + 1T)P 2 |lullso-

Thus we conclude that there are some constant® (independentaf € (0, 1), 4 € [0, 1],
andu € C(J)) andB; > 0 (independent of andu) such that

G lloo< Amax(e? ~2, e}l|uloo + Be. (3.18)
In fact, we can take
A=2max2lJ|”", |JP(p* — 12 X(Co + |T)" 72

by (3.14) and (3.17).

Step3: Boundedness of the fixed points®f. Suppose that € C(J) is a solution of
(3.4), (1.5) for some. € [0, 1]. That is,u satisfies (3.5). Using the decomposition (3.10)
for 7 ,, we can find some: € .7 (g1, g2), which depends upomandA/, such that

u—9 mu)=G (3.19)

for someG e C(J) which satisfies the estimate (3.18) for any 6 < 1.
Since the paicq1, g2) has property P, we know from Proposition 2.3 that there exists a
positive constantg such that (2.5) holds o@ (/). In particular, we have

lu — 7 (m, u)|l o= colltt]lco- (3.20)
By estimates (3.18) and (3.20), we obtain from (3.19) that

Amaxe, & Ylulloo + B> |Gl = llu — 7 (m, 1) |00 collu oo
Let us take, in Step 1, thate (0, 1) satisfying

A maxe, 8p**l} < cp.
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Thenu must satisfy

B;

=: Ro.
co — Amaxe, &P 1 0

[EGERES

This proves that all possible solutionf (3.5) inC(J) are a priori bounded.
Step4: Existence of solution®y the homotopy invariance of Leray—Schauder degree,

deqg! — 99, B(0, 2Rp), 0) =deg ! — 7 1, B(0, 2Rp), 0),

whereB(0, 2Ro) ={u € C(J): |lullo < 2Ro}. Note that the operataf 1 : C(J) — C(J)

is the same a9 (qo, -) in the notation of Proposition 2.3. Thus the Borsuk theorem implies
(2.6). So Eqg. (3.1), which is equivalent to problem (1.7), (1.5), has necessarily at least one
solutionu in B(0, 2Rp). Theorem 3.1 is thus proved ]

Remark 3.1. The method in Steps 1-3 for estimating solutions of the homotopy problem
(3.4), (1.5) is different from the usual ones in the literature. It is usefL&} for the
periodic problem. Besides the perturbation principlfldf Theorem 3.1]Jone sees that all
estimates in Steps 1-3 are elementary. In some sense, the prindiple ®heorem 3.1is
more convenient than that given bydtk[5].

Remark 3.2. Assume that; andg2 in (1.8) are equalyy = g2 = ¢. That is to sayf (¢, x)

is asymptotically(p — 1)-homogeneous near = co. Suppose that (1.10) has only the
trivial solution verifying (1.5) for thig. Then (1.7), (1.5) has at least one solution. Such
a solvability condition corresponds to the well-known Fredholm Principle for the linear
operators. Thus our solvability condition, property P, is a generalization of this principle to
nonlinear problems. Such a solvability condition was first found by Fonda and Mg&thin
for the periodic problem (withp = 2) and then has been extended to many different kinds
of BVPs[16-19]

4. An optimal bound on growth

Forl< p <ocoand I y< oo, letK (y, p, J) be the best Sobolev constant in the following
inequality:

Cllull? ;< eI ;. forallu e WoP(J).
That is,

1%

K@y,p.J)= (4.1)

ueWe? ()\(0} ||M||§,:J '
The explicit formula forK (y, p, J) is given by Talent[15, p. 357] That is,

K@, p, J)=K (@, p)/lJ|P~ e/ (4.2)
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where|J| is the length of the interval and

(2<1 +9/pHY7B(1/y, 1/p*)

P+ pr Y
2°r if v=o00,

p
) if 1<y < o0,

whereB(-, -) is the Beta function of Euler. Moreover, i&ly < oo, the infimum (4.1) can be
attained by some functian, (1) € Wé”’(J)\{O} which satisfies:, (1) > 0 forallz € int(J),
the interior of /. In fact, letJ = [a, b] and define the function, (1) by

E;YQ2(t —a)E,(1)/1J]) if t €la, (a+b)/2],
()= { Ef71<2<b —DE,)/IJ]) if 1 €l(a+b)/2b],
whereE, : [0, 1] — Ris given by
Ew=[ —
0 (L—un)?
Then we have
K@, p, D) =1ull} /llull?

foranyu(t) = cu,(t), ¢ # 0. However, ify = oo, infimum (4.1) is not attainable. For these
results, se§l5] and alsd19].

In the following we give some explicit conditions @n, g» so that they have property P.
To this end, we need to prove a preliminary result for the gap of zeros of solutions of the
following differential equation

(@, +w®)p,w) =0, 1€l (4.4)

wherel C R is an interval, and the coefficient(¢) is locally integrable in/. It is well-
known that the solutions of initial value problems for (4.4) are well defined.on

Proposition 4.1. Suppose that the potential(z) from (4.4) is locally L* integrable for
somel< a< co. Letr < 12 be two consecutive zeros of afnon-trivial) solutionu(z) of
(4.4).Then

||w+||d,[t1,t2]> K(POC*, P)/(fz - tl)(p“_l)/ay (45)

whereK (pa*, p,) is given by(4.3)and w4 (1) = max(w(z), 0).

Proof. Letu(r) be a solution of (4.4) such thatr1) = u(t2) = 0. Multiplying the equation
with u(7) and then integrating ovdr= (11, f2], we obtain

fluﬂpdz: —/(¢,,(u’))’udt=/w(t)|u|”dt
1 1 1
< /Iw+(t)lu|”dt<||w+||oc,1|||u|”||a*,1

» lwillr o
= ||w ullt o < ———m||u , 4.6
N e e LA/ (4.6)
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where the Holder inequality is used. This yields the desired inequality (4.5) by noticing that

K(po*, p, 1) = K (pa, p)/|1|P~YP/P%) = K (por*, p)/|11|1P~Y*. O
As a consequence, we have the following nonresonant result.

Proposition 4.2. Suppose thatthe potentialr) from(1.10)isin L*(J) for somel< o< oo.
If

lg+lle,s <277 K (por, p. J), (4.7)

then(1.10)has only the trivial solution verifying the Stieltjes BC5).

Proof. Suppose that (1.10) has a nonzero soluii¢r satisfying (1.5). It follows from
(1.5) thatu(r) satisfies

u(a) =0 andu’(t) =0 for somer €la, b].
Define then a potentiab : 7 — R and a functioni : I — R, wherel = [a, 2t — a], by

_)q@® if t €la,r1],
w(t) = {q(Z‘E —1) ifrelr,2t—a]

and

o fu if  €[a,1],
u(t) = {u(zf_ t) iftelr,2t—al.

(w(r) andu(r) are symmetric with respectie-t.) Thenw € L*(I) andu(a)=u(2t—a)=0.
Sinceu’(t) = 0, we know thatfi(¢) is C on 1. Moreover,i(r) andw(r) satisfy (4.4) on the
interval . By Proposition 4.1, we know that

lwillo,r = 2Y* [ wllo, 001> K (po, p)/ 11| P*= D/
=K (pa*, p)/(2(t — a))Pe=D/e,

This implies that

lwillo, g2 lw o fa, 01> 277 K (por, p)/(x — a) P>~ D/
> 277K (pot, p)/ ||V
This is a contradiction to assumption (4.7).1
Remark 4.1. Inequality (4.5) is strict wher = 1, because the Sobolev inequality (4.1)

cannot be attained in this case. Thus the strict inequality (4.7) can be improved as
wheno = 1.

Note that the bounds in (4.7) are independent of the boundary conditions (1.5), i.e., of
the functions? in defining the boundary conditions.
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Remark 4.2. The bounds in (4.7) are optimal among all boundary conditions of type (1.5),
in both cases = 1 and 1< a< oco.

To see this, let us consider, for instance, the casex& co. The extremal boundary
condition is the casé = &, where

_ )0, sela,bl,
() = { 1, s=b.
Now (1.5) is
u@)=0, u'(b)=0. (4.8)

In the proof of Proposition 4.1, le{ =a and, = b + |J| = 2b — a, where[a, b] = J.
Set] = [t1, 2]. One can find functiong € L%*(/) andu € C(I), u # 0, such that
lg+lle.r = K(pa*, p, I) and all inequalities in (4.6) become equalities. For the details of
the construction of thesg andu, we refer to[20] for p = 2 and to[19] for generalp.
Note thatu(z) is actually a minimizer of (4.1) witll replaced byl andq (¢) is related with
some power ofi(z). Thusg(¢) (= 0) andu(¢) are symmetric with respect to= b. Sou(r)
satisfies also the boundary condition (4.8). The equalities in (4.6) mean(thatatisfies
(1.10) onl, while the condition||q+|l..; = K (pa*, p, I) is equivalent to the equality in
4.7).

Let us consider again the problem (1.7), (1.5). As a corollary of Theorem 3.1 and Propo-
sition 4.2, we have

Theorem 4.1. Assume thatf (¢, x) satisfies(1.8) for someg1, g2 € L*(J), 1< a< oo.

Suppose thaj, satisfieq4.7),i.e.,

1(g2) 1o,y <277 K (po*, p, J). (4.9)
Then for any boundary conditiofi1.5),Eq. (1.7) has at least one solution satisfyifi}5).
A special case of Theorem 4.1 is
Theorem 4.2. Assume thatf (¢, x) satisfies(1.11) for someq € L*(J,Ry) andp €
L*(J, Ry), wherel< a< co. Suppose thaj satisfies
liglle.s <27 PK(pa, p, J). (4.10)
Then for any boundary conditiofi1.5),Eq. (1.7) has at least one solution satisfyift5).
Remark 4.3. Conditions (4.9) and (4.10) are improvements of the resul{F]inn this
case. Moreover, as mentioned in Remarks 4.1 and 4.2, the bounds in (4.9) and (4.10) are
optimal among all boundary conditions (1.5). However, for a specific boundary condition

(1.5), finding the corresponding optimal bounds like in (4.9) and (4.10) appeals the study
of the eigenvalue problem

(¢, + (+q)¢,u)=0
with the boundary condition (1.5), which is not clear even for the linear casey e2.
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