
Nonlinear Analysis 59 (2004) 319–333

www.elsevier.com/locate/na

A p-Laplacian problem with a multi-point boundary
condition

Marta García-Huidobroa, Rául Manásevichb,1, PingYanc,
Meirong Zhangc,∗,2

aDepartamento de Matemáticas, Pontificia Universidad Católica de Chile, Casilla 306, Correo 22,
Santiago, Chile

bDepartamento de Ingeniería Matemática, Universidad de Chile and Centro de Modelamiento Matemático,
UMR2071 CNRS-UChile, Casilla 170, Correo 3, Santiago, Chile

cDepartment of Mathematical Sciences, Tsinghua University, Haidian District, Beijing 100084, China

Received 7 May 2004; accepted 19 July 2004

Abstract

In this paper wewill use the degree theory to give an existence result to the boundary value problem
of nonlinear perturbations of the scalarp-Laplacianwith themulti-point boundary condition involving
the Lebesgue-Stieltjes integral. Among the boundary conditions considered in this paper, we will find
also the optimal bounds on the growth of the nonlinear perturbations in our existence result.
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1. Introduction

In recent years, the boundary value problems (BVPs) of nonlinear differential
equations with the following multi-point boundary condition (over the interval
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J = [a, b],−∞<a<b<∞) have received many studies in literature:

u(a)= 0, u(b)=
m∑
i=1

�iu(�i ), (1.1)

wherem ∈ N, a < �1< · · ·< �m <b, and all�i are positive constants. See, for example,
[2,6,8,9,11,12]. However, as the differential operatoru 	→ −u′′ is not symmetric with
respect to (1.1), many problems related with (1.1) such as the structure of eigenvalues,
remain open. As for the solvability of BVPs, we say that (1.1) isnonresonantif

m∑
i=1

�i (�i − a) �= b − a. (1.2)

(This will be explained later.) A particular case of interest is the case

m∑
i=1

�i�1. (1.3)

This condition has connection with the maximum principle of−u′′ with respect to (1.1).
In a recent work[7], García-Huidobro, Manásevich and Zhang used the observation that

if u(t) satisfies (1.1) then

u(�i )=
∫ �i

a

u′(s)ds, i = 1,2, . . . , m,m+ 1,

where�m+1 = b. Thus, (1.1) can be rewritten as

u(a)= 0,
∫
J

�(s)u′(s)ds = 0, (1.4)

where�(s) is determined from the boundary data�i and�i . It is easy to see that when (and
only when) condition (1.3) is satisfied, the kernel function�(s) is nonnegative (and is a
step function in this case). Motivated by (1.4), they then studied more general multi-point
boundary condition like

u(a)= 0,
∫
J

u′(s)d�(s)= 0, (1.5)

where� = �(s) : J → R is a nondecreasing and not identically a constant function, which
may be normalized as�(a)=0 and�(b)=1.The integral in (1.5) is in the Lebesgue–Stieltjes
sense[1]. In order to avoid the meaningless case, it is also assumed that� �= �a , where

�a(s)=
{
0, s = a,

1, s ∈]a, b].
Such a boundary condition (BC) (1.5) may involve not only finitely many, but infinitely
many points inJ . The boundary condition (1.5)may be referred asStieltjes BC.With respect
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to Stieltjes BC, they studied BVP of the vectorp-Laplacian-type nonlinear differential
equation

(�(u′))′ + f (t, u, u′)= 0. (1.6)

Here the continuous mapping� : RN 	→ RN , which generates the differential operator,
satisfies�(0)= 0 and

(H1) For anyx, y ∈ RN, x �= y, 〈�(x) − �(y), x − y〉>0, where〈·, ·〉 is the Euclidean
inner product, and

(H2) there exists a function� : [0,∞[→ [0,∞[, �(s) → ∞ ass → ∞, such that

〈�(x), x〉� �(|x|)|x| for all x ∈ RN.

It is known that� is an homeomorphism fromRN onto RN and |�−1(y)| → ∞ as
|y| → ∞. The functionf =f (t, x, y) : J ×RN ×RN → RN in (1.6) is assumed to satisfy
the Carathéodory conditions.
By a solution to problem (1.6), (1.5) we understand a continuously differentiable function

u(t) defined inJ , with �(u′) absolutely continuous which satisfies Eq. (1.6) for a.e.t ∈ J
and the BC (1.5). Note that the nonresonant condition (1.2) means that the equation

(�(u′))′ = 0

has only the trivial solution verifying (1.1).
Themain result in[7] is as follows. Suppose thatf (t, x, y) satisfies, for someq(t), q̃(t),

�(t) ∈ L1(J,R+), R+ = [0,∞[,
|f (t, x, y)|� q(t)|�(x)| + q̃(t)|�(y)| + �(t)

for a.e.t and allx, y. Then there exist some constantsC1, C2 (depending upon�, N , and
the boundary data only) such that if theL1 norms satisfy

‖q‖L1(J ) <C1, ‖q̃‖L1(J ) <C2,
problem (1.6), (1.5) has at least one solution.
In this paper, we will give some sharp results to thescalar, p-Laplacian, conservative

case of (1.6), (1.5), i.e.,N=1,�(x)=�p(x) := |x|p−2x, f =f (t, x), where 1<p<∞ is
a fixed exponent. That is to say, we are considering the following nonlinear scalar equation

(�p(u
′))′ + f (t, u)= 0, t ∈ J, u ∈ R, (1.7)

with the BC (1.5).
Two main results for (1.7), (1.5) are proved in this paper. The first one is an existence

result, see Theorem 3.1, in whichf (t, x) satisfies, for someqi ∈ L1(J ),

q1(t)� lim inf|x|→∞
f (t, x)

�p(x)
� lim sup

|x|→∞
f (t, x)

�p(x)
� q2(t) (1.8)
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uniformly in a.e.t ∈ J . The Theorem asserts the existence of solutions when the pair
(q1, q2) has the so-called property P[3,10,17], which means that for anyq ∈ L1(J ) with

q1(t)� q(t)� q2(t) a.e.t ∈ J, (1.9)

the equation

(�p(u
′))′ + q(t)�p(u)= 0 (1.10)

has only the trivial solution satisfying (1.5). The result will be proved using the degree
method. However, in finding the a priori estimates, our approach is quite different from
the usual ones in the literature. It is based on a principle of Zhang[17] on perturbations of
familiesof positivelyhomogeneousoperatorsandall estimateswill be reduced toelementary
inequalities. This principlewas used successfully byYan[16] for the periodic problem.Note
also that such a nonresonant condition expressed using the property P is optimal in some
sense.
The second result of this paper is some quantitative results, see Theorems 4.1 and 4.2, in

whichf (t, x) satisfies, for some nonnegative functionsq(t),�(t),

|f (t, x)|� q(t)|x|p−1 + �(t) (1.11)

for a.e.t ∈ J and allx. Then, for any exponent 1� ��∞, we will find theoptimalbound
R(�, p, J ), expressed explicitly, such that if

‖q‖�,J <R(�, p, J ),

then problem (1.7), (1.5) has at least one solution. The idea is from[20] for the linear case
and[19] for generalp. Note that such a condition onq(t) guarantees that (1.7) has at least
one solution with each of the Stieltjes BCs (1.5) (depending on�). In this sense, we are
considering in this paper a family of boundary value problems as a whole.
We end the introduction with some notation. LetJ = [a, b] be a closed interval. Then

C(J ) denotes the space of all continuous functions fromJ toR, endowedwith the sup-norm
denoted by‖·‖∞. For 1� ��∞,L�(J ) denotes the Lebesgue spacewith the corresponding
norm denoted by‖ · ‖�,J . In some cases, we need also the Sobolev spaces such asW

1,p
0 (J ).

2. Reduction to fixed point problem and homogeneity

We begin this section with the auxiliary problem

(�p(u
′))′ + h(t)= 0, (2.1)

with the BC (1.5), whereh ∈ L1(J ). It is well known that there are several methods in
reducing problem (2.1), (1.5) to a fixed point problem in some Banach space. However, we
need a reduction which will fit with the perturbation principle in[17]. To this end, let us
write down the details so that the homogeneity can be analyzed explicitly.
Givenh ∈ L1(J ). Define

H(h)(t)=
∫ t

a

h(s)ds, t ∈ J.
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Suppose thatu(t) is a solution of (2.1), (1.5). Then we get from (2.1),

�p(u
′(t))= c − H(h)(t),

wherec=�p(u
′(a)).Writep∗=p/(p−1) the conjugateexponent ofp. Note that�−1

p =�p∗ .
So we have

u′(t)= �p∗(c − H(h)(t)).

Then the boundary condition (1.5) means that∫
J

�p∗(c − H(h)(s))d�(s)= 0. (2.2)

It is easy to see that the left-hand side of (2.2), viewed as a function ofc ∈ R, is a self-
homeomorphism ofR. Thus there exists a uniquec = c(H(h)) =: L(h) ∈ R satisfying
(2.2). Using the conditionu(a)= 0 in (1.5), we obtain

u(t)=
∫ t

a

�p∗(L(h)− H(h)(s))ds =: (Ku)(t).

The operatorK mapsL1(J ) intoC(J ). We summarize these in the following:

Proposition 2.1. For anyh ∈ L1(J ), (2.1), (1.5)has a unique solution which is given by
u= K(h).

Following the arguments of[13] or [14], one can prove that the operatorK is continuous
and sends equi-integrable sets inL1(J ) into relatively compact sets inC(J ). See also[7].
We have introduced a linear operatorH : (L1(J ), ‖ · ‖1) 	→ (C(J ), ‖ · ‖∞), a nonlinear

functionalL : (L1(J ), ‖ · ‖1) 	→ R, and a nonlinear operatorK : (L1(J ), ‖ · ‖1) 	→
(C(J ), ‖ · ‖∞). Some properties of these are collected in the following

Proposition 2.2. (i) The function�p∗ : R → R is (p∗ − 1)-homogenous:

�p∗(kx)= |k|p∗−2k�p∗(x), k, x ∈ R.

(ii) The linear operatorH : (L1(J ), ‖ · ‖1) 	→ (C(J ), ‖ · ‖∞) has norm‖H‖ = 1.
(iii) The functionalL : L1(J ) 	→ R is homogenous:

L(kh)= kL(h), k ∈ R, h ∈ L1(J ).
(iv) The operatorK : (L1(J ), ‖ · ‖1) 	→ (C(J ), ‖ · ‖∞) is (p∗ − 1)-homogenous:

K(kh)= |k|p∗−2kK(h), k ∈ R, h ∈ L1(J ).
(v)L satisfies

min
s∈J (H(h1)− H(h2))(s)�L(h1)− L(h2)� max

s∈J (H(h1)− H(h2))(s). (2.3)
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In particular,

|L(h1)− L(h2)|� ‖H(h1)− H(h2)‖∞.

Proof. We need only to prove (2.3). LetHi(s) = H(hi)(s) ∈ C(J ), i = 1,2. Then the
constantsci = L(hi) are determined by∫

J

�p∗(ci −Hi(s))d�(s)= 0, i = 1,2.

See (2.2). Thus∫
J

(�p∗(c1 −H1(s))− �p∗(c2 −H2(s)))d�(s)= 0.

Since� is nondecreasing and� �= �a , we know that there existss0 ∈]a, b] such that
�p∗(c1 −H1(s0))− �p∗(c2 −H2(s0))= 0,

i.e.,

c1 −H1(s0)= c2 −H2(s0),

or

c1 − c2 =H1(s0)−H2(s0),

which proves (2.3). �

Next, let us consider the pair(q1, q2) in L1(J ) such thatq1� q2. Denote

I(q1, q2) := {q ∈ L1(J ) : q satisfies (1.9)} ⊂ L1(J ).

WeendowI(q1, q2)with the topologyofweak convergence.ThenI(q1, q2) is sequentially
compact. Consider now the family of equations (1.10) with a ‘parameter’q ∈ I(q1, q2).
Using the reduction above,u(t) is a solution of (1.10), (1.5) if and only ifu ∈ C(J ) satisfies

u= T(q, u), (2.4)

where the operatorT : I(q1, q2)× C(J ) → C(J ) is defined by

T(q, u) := K(q(·)�p(u(·))).
Using the reduction above, it can be proved thatT : I(q1, q2) × C(J ) → C(J ) is uni-
formly completely continuous in the sense defined in[17, p. 342]. This can done as in[17,
Proposition 5.1]and[16], where the periodic problem is studied.
ByProposition 2.2,we know that for any givenq ∈ I(q1, q2), the operatoru 	→ T(q, u)

is homogenous, i.e.,

T(q, ku)= kT(q, u)

for all k ∈ R andu ∈ C(J ).
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When the pair(q1, q2) has property P (see Section 1), each Eq. (2.4) has a unique fixed
pointu= 0 inC(J ). Thus, by[17, Theorem 3.1], we have

Proposition 2.3. Suppose the pair(q1, q2) has propertyP. Then there exists a positive
constantc0>0 such that

‖u− T(q, u)‖∞� c0‖u‖∞ (2.5)

for all (q, u) ∈ I(q1, q2)× C(J ). Moreover, for anyq0 ∈ I(q1, q2), the Leray-Schauder
degree

degLS(I − T(q0, ·), Br ,0) �= 0, (2.6)

wherer >0 andBr is the ball ofC(J ) centered at0with radiusr.

Proof. Estimate (2.5) follows directly from[17, Theorem 3.1]. Since the operatorT(q, ·)
is odd, (2.6) follows from the Borsuk theorem. Actually, degLS(I − T(q0, ·), Br ,0) is an
odd number. �

3. An existence result

In this section, we consider the BVP (1.7), (1.5). LetF : C(J ) 	→ L1(J ) be the operator
defined by

F(u)(t) := f (t, u(t)), t ∈ J.
Following the construction in Section 2, we define an operatorT0 : C(J ) 	→ C(J ) by

T0(u)(t) := K(F(u))(t).

Note thatT0 is completely continuous. It is clear from Proposition 2.1 thatu ∈ C(J ) will
be a solution of problem (1.7), (1.5) if and only ifu ∈ C(J ) is a fixed point ofT0:

u= T0(u). (3.1)

The main result in this section is

Theorem 3.1. Assume thatf (t, x) satisfies(1.8) for someq1, q2 ∈ L1(J ). If (q1, q2) has
propertyP, then(1.7), (1.5)has at least one solution.

To prove the theorem, we need some elementary inequalities in[16] concerning with the
functions�p.

Lemma 3.1. (i) If 1<��2, then

|��(u+ v)− ��(u)|�22−�|v|�−1 (3.2)

for all u, v ∈ R.
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(ii) If �>2, then

|��(u+ v)− ��(u)|� (� − 1)(|u| + |v|)�−2|v| (3.3)

for all u, v ∈ R.

Proof of Theorem 3.1.Fix a q0 ∈ I(q1, q2). So (1.10) withq = q0 has only the trivial
solution satisfying (1.5). Consider then the following homotopy equation:

(�p(u
′))′ + f	(t, u)= 0 (	 ∈ [0,1]),

f	(t, x)= 	q0(t)�p(x)+ (1− 	)f (t, x). (3.4)

By the construction in Section 2,u ∈ C(J ) is a solution of (3.4), (1.5) if and only ifu is a
fixed point of the following problem in the spaceC(J ):

u= T	(u), (3.5)

whereT	 : C(J ) → C(J ) is defined by

T	(u) := K(f	(·, u(·))).
Step1.Decomposition of the operatorT	. From the assumption (1.8), we know that for

any given 0< 
<1, it is always possible to decompose the nonlinear functionf (t, x) as

f (t, x)=m
(t, x)�p(x)+ �
(t, x),

where bothm
(t, x) and�
(t, x) are Carathéodory functions such that

q1(t)�m
(t, x)� q2(t), ∀t ∈ J, ∀x ∈ R

and there existsl
(t) ∈ L1(0, T ; R+) with the property

|�
(t, x)|� 
|�p(x)| + l
(t), ∀t ∈ J, ∀x ∈ R. (3.6)

Given	 ∈ [0,1] andu(·) ∈ C(J ). Then
f	(t, u(t))= 	q0(t)�p(u(t))+ (1− 	)f (t, u(t))

=m(t)�p(u(t))+ (1− 	)�
(t, u(t))

=: h1(t)+ h2(t),

where

m(t)= 	q0(t)+ (1− 	)m
(t, u(t)). (3.7)

It is obvious thatm ∈ I(q1, q2). Thus

|h1(t)| = |m(t)�p(u(t))|� max{|q1(t)|, |q2(t)|}|u(t)|p−1.

By (3.6),

|h2(t)|� 
|u(t)|p−1 + l
(t).
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From these, we have

‖H(h1)‖∞�C0‖u‖p−1∞ , (3.8)

whereC0 = ∫
J
max{|q1(t)|, |q2(t)|}dt , and

‖H(h2)‖∞� |J | 
‖u‖p−1∞ + C
 (C
 = ‖l
‖1). (3.9)

We can rewrite the operatorT	(u) as

(T	u)(t)=
∫ t

a

�p∗(L(h1 + h2)− H(h1)(s)− H(h2)(s))ds

=T(m, u)(t)+G(t), (3.10)

wherem(·) is given by (3.7) andG(t) is

G(t)=
∫ t

a

(�p∗(L(h1 + h2)− H(h1)(s)− H(h2)(s))

− �p∗(L(h1)− H(h1)(s)))ds. (3.11)

Step2:Estimates of the termG. For anys ∈ J , we obtain from Proposition 2.2(v) that

|(L(h1 + h2)− H(h1)(s)− H(h2)(s))− (L(h1)− H(h1)(s))|
= |(L(h1 + h2)− L(h1))− H(h2)(s)|
� |L(h1 + h2)− L(h1)| + |H(h2)(s)|
� ‖H(h2)‖∞ + |H(h2)(s)|�2‖H(h2)‖∞ (3.12)

and

|L(h1)− H(h1)(s)|�2‖H(h1)‖∞. (3.13)

In casep�2, i.e., 1<p∗�2, applying (3.2) to� = p∗, u = L(h1) − H(h1)(s), and
v = (L(h1 + h2)− L(h1))− H(h2)(s), we obtain from (3.9) and (3.12),

|�p∗(L(h1 + h2)− H(h1)(s)− H(h2)(s))− �p∗(L(h1)− H(h1)(s))|
�22−p∗

(2‖H(h2)‖∞)p
∗−1�2(|J |
‖u‖p−1∞ + C
)

p∗−1.

Thus, by (3.11),

‖G‖∞�2|J |(|J |
‖u‖p−1∞ + C
)
p∗−1. (3.14)

In casep<2, i.e.,p∗>2, we will apply (3.3) to� = p∗, u= L(h1)− H(h1)(s), and
v = (L(h1 + h2)− L(h1))− H(h2)(s). Note that, by (3.13) and (3.8),

|u|�2‖H(h1)‖∞�2C0‖u‖p−1∞ (3.15)

and, by (3.12) and (3.9),

|v|�2‖H(h2)‖∞�2(|J | 
‖u‖p−1∞ + C
). (3.16)
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Thus, it follows from (3.3), (3.15), and (3.16) that

|�p∗(L(h1 + h2)− H(h1)(s)− H(h2)(s))− �p∗(L(h1)− H(h1)(s))|
� (p∗ − 1)[2((C0 + |J | 
)‖u‖p−1∞ + C
)]p∗−2[2(|J | 
‖u‖p−1∞ + C
)]
= (p∗ − 1)2p

∗−1[(C0 + |J | 
)‖u‖p−1∞ + C
]p∗−2[|J | 
‖u‖p−1∞ + C
]
� (p∗ − 1)2p

∗−1[(C0 + |J |)‖u‖p−1∞ + C
]p∗−2[|J | 
‖u‖p−1∞ + C
],
because 0< 
<1. Thus, by (3.11),

‖G‖∞� |J |(p∗ − 1)2p
∗−1[(C0 + |J |)‖u‖p−1∞

+ C
]p∗−2[|J | 
‖u‖p−1∞ + C
]. (3.17)

Note that(p − 1)(p∗ − 1)= 1. Considering the right-hand sides of (3.14) and (3.17) as
functions of‖u‖∞, we know that the leading terms are, respectively,

2|J |p∗

p

∗−1‖u‖∞

and

|J |2
(p∗ − 1)2p
∗−1(C0 + |J |)p∗−2‖u‖∞.

Thuswe conclude that there are some constantsA>0 (independent of
 ∈ (0,1),	 ∈ [0,1],
andu ∈ C(J )) andB
>0 (independent of	 andu) such that

‖G‖∞�Amax{
p∗−1, 
}‖u‖∞ + B
. (3.18)

In fact, we can take

A= 2max{2|J |p∗
, |J |2(p∗ − 1)2p

∗−1(C0 + |J |)p∗−2}
by (3.14) and (3.17).

Step3: Boundedness of the fixed points ofT	. Suppose thatu ∈ C(J ) is a solution of
(3.4), (1.5) for some	 ∈ [0,1]. That is,u satisfies (3.5). Using the decomposition (3.10)
forT	, we can find somem ∈ I(q1, q2), which depends uponu and	, such that

u− T(m, u)=G (3.19)

for someG ∈ C(J ) which satisfies the estimate (3.18) for any 0< 
<1.
Since the pair(q1, q2) has property P, we know from Proposition 2.3 that there exists a

positive constantc0 such that (2.5) holds onC(J ). In particular, we have

‖u− T(m, u)‖∞� c0‖u‖∞. (3.20)

By estimates (3.18) and (3.20), we obtain from (3.19) that

Amax{
, 
p∗−1}‖u‖∞ + B
� ‖G‖ = ‖u− T(m, u)‖∞� c0‖u‖∞.

Let us take, in Step 1, that
 ∈ (0,1) satisfying
Amax{
, 
p∗−1}<c0.
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Thenu must satisfy

‖u‖∞� B


c0 − Amax{
, 
p∗−1} =: R0.

This proves that all possible solutionsu of (3.5) inC(J ) are a priori bounded.
Step4:Existence of solutions.By the homotopy invariance of Leray–Schauder degree,

deg(I − T0, B(0,2R0),0)= deg(I − T1, B(0,2R0),0),

whereB(0,2R0)={u ∈ C(J ) : ‖u‖∞<2R0}. Note that the operatorT1 : C(J ) 	→ C(J )

is the same asT(q0, ·) in the notation of Proposition 2.3. Thus the Borsuk theorem implies
(2.6). So Eq. (3.1), which is equivalent to problem (1.7), (1.5), has necessarily at least one
solutionu in B(0,2R0). Theorem 3.1 is thus proved.�

Remark 3.1. The method in Steps 1–3 for estimating solutions of the homotopy problem
(3.4), (1.5) is different from the usual ones in the literature. It is used in[16] for the
periodic problem. Besides the perturbation principle of[17, Theorem 3.1], one sees that all
estimates in Steps 1–3 are elementary. In some sense, the principle of[17, Theorem 3.1]is
more convenient than that given by Fuˇcík [5].

Remark 3.2. Assume thatq1 andq2 in (1.8) are equal,q1 = q2 = q. That is to say,f (t, x)
is asymptotically(p − 1)-homogeneous nearx = ∞. Suppose that (1.10) has only the
trivial solution verifying (1.5) for thisq. Then (1.7), (1.5) has at least one solution. Such
a solvability condition corresponds to the well-known Fredholm Principle for the linear
operators. Thus our solvability condition, property P, is a generalization of this principle to
nonlinear problems. Such a solvability condition was first found by Fonda and Mawhin[4]
for the periodic problem (withp = 2) and then has been extended to many different kinds
of BVPs[16–19].

4. An optimal bound on growth

For 1<p<∞and1� ��∞, letK(�, p, J )be thebestSobolev constant in the following
inequality:

C‖u‖p�,J� ‖u′‖pp,J , for all u ∈ W1,p
0 (J ).

That is,

K(�, p, J )= inf
u∈W1,p

0 (J )\{0}

‖u′‖pp,J
‖u‖p�,J

. (4.1)

The explicit formula forK(�, p, J ) is given by Talenti[15, p. 357]. That is,

K(�, p, J )=K(�, p)/|J |p−1+p/�, (4.2)
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where|J | is the length of the intervalJ and

K(�, p)=


(
2(1+ �/p∗)1/�B(1/�,1/p∗)

�(1+ p∗/�)1/p

)p
if 1� �<∞,

2p if � = ∞,

(4.3)

whereB(·, ·) is the Beta function of Euler. Moreover, if 1� �<∞, the infimum (4.1) can be
attained by some functionu�(t) ∈ W1,p

0 (J )\{0}which satisfiesu�(t)>0 for all t ∈ int(J ),
the interior ofJ . In fact, letJ = [a, b] and define the functionu�(t) by

u�(t)=
{
E−1

� (2(t − a)E�(1)/|J |) if t ∈ [a, (a + b)/2],
E−1

� (2(b − t)E�(1)/|J |) if t ∈ [(a + b)/2, b],
whereE� : [0,1] → R is given by

E�(u)=
∫ u

0

du

(1− u�)1/p
.

Then we have

K(�, p, J )= ‖u′‖pp,J /‖u‖p�,J
for anyu(t)= cu�(t), c �= 0. However, if� = ∞, infimum (4.1) is not attainable. For these
results, see[15] and also[19].
In the following we give some explicit conditions onq1, q2 so that they have property P.

To this end, we need to prove a preliminary result for the gap of zeros of solutions of the
following differential equation

(�p(u
′))′ + w(t)�p(u)= 0, t ∈ I, (4.4)

whereI ⊂ R is an interval, and the coefficientw(t) is locally integrable inI . It is well-
known that the solutions of initial value problems for (4.4) are well defined onI .

Proposition 4.1. Suppose that the potentialw(t) from (4.4) is locally L� integrable for
some1� ��∞. Let t1< t2 be two consecutive zeros of any(non-trivial) solutionu(t) of
(4.4).Then

‖w+‖�,[t1,t2]�K(p�∗, p)/(t2 − t1)
(p�−1)/�, (4.5)

whereK(p�∗, p, ) is given by(4.3)andw+(t)=max(w(t),0).

Proof. Let u(t) be a solution of (4.4) such thatu(t1)= u(t2)= 0. Multiplying the equation
with u(t) and then integrating overI = [t1, t2], we obtain∫

I

|u′|p dt = −
∫
I

(�p(u
′))′udt =

∫
I

w(t)|u|p dt

�
∫
I

w+(t)|u|p dt� ‖w+‖�,I‖|u|p‖�∗,I

= ‖w+‖�,I‖u‖pp�∗,I�
‖w+‖�,I

K(p�∗, p, I )
‖u′‖pp,I , (4.6)
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where the Hölder inequality is used. This yields the desired inequality (4.5) by noticing that

K(p�∗, p, I )=K(p�∗, p)/|I |p−1+p/(p�∗) =K(p�∗, p)/|I |p−1/�. �

As a consequence, we have the following nonresonant result.

Proposition 4.2. Suppose that the potentialq(t) from(1.10)is inL�(J ) for some1� ��∞.
If

‖q+‖�,J <2−pK(p�∗, p, J ), (4.7)

then(1.10)has only the trivial solution verifying the Stieltjes BC(1.5).

Proof. Suppose that (1.10) has a nonzero solutionu(t) satisfying (1.5). It follows from
(1.5) thatu(t) satisfies

u(a)= 0 andu′(�)= 0 for some� ∈]a, b].
Define then a potentialw : I → R and a functioñu : I → R, whereI = [a,2� − a], by

w(t)=
{
q(t) if t ∈ [a, �],
q(2� − t) if t ∈ [�,2� − a]

and

ũ(t)=
{
u(t) if t ∈ [a, �],
u(2� − t) if t ∈ [�,2� − a].

(w(t)andũ(t)are symmetricwith respect tot=�.)Thenw ∈ L�(I )andu(a)=u(2�−a)=0.
Sinceu′(�)= 0, we know that̃u(t) isC1 onI . Moreover,ũ(t) andw(t) satisfy (4.4) on the
intervalI . By Proposition 4.1, we know that

‖w+‖�,I = 21/�‖w+‖�,[a,�]�K(p�∗, p)/|I |(p�−1)/�

=K(p�∗, p)/(2(� − a))(p�−1)/�.

This implies that

‖w+‖�,J� ‖w+‖�,[a,�]�2−pK(p�∗, p)/(� − a)(p�−1)/�

� 2−pK(p�∗, p)/|J |(p�−1)/�.

This is a contradiction to assumption (4.7).�

Remark 4.1. Inequality (4.5) is strict when� = 1, because the Sobolev inequality (4.1)
cannot be attained in this case. Thus the strict inequality< in (4.7) can be improved as�
when� = 1.

Note that the bounds in (4.7) are independent of the boundary conditions (1.5), i.e., of
the functions� in defining the boundary conditions.
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Remark 4.2. The bounds in (4.7) are optimal among all boundary conditions of type (1.5),
in both cases� = 1 and 1< ��∞.

To see this, let us consider, for instance, the case 1< ��∞. The extremal boundary
condition is the case� = �b, where

�b(s)=
{
0, s ∈ [a, b[,
1, s = b.

Now (1.5) is

u(a)= 0, u′(b)= 0. (4.8)

In the proof of Proposition 4.1, lett1 = a and t2 = b + |J | = 2b − a, where[a, b] = J .
Set I = [t1, t2]. One can find functionsq ∈ L�(I ) and u ∈ C(I), u �= 0, such that
‖q+‖�,I = K(p�∗, p, I ) and all inequalities in (4.6) become equalities. For the details of
the construction of theseq andu, we refer to[20] for p = 2 and to[19] for generalp.
Note thatu(t) is actually a minimizer of (4.1) withJ replaced byI andq(t) is related with
some power ofu(t). Thusq(t) (�0) andu(t) are symmetric with respect tot = b. Sou(t)
satisfies also the boundary condition (4.8). The equalities in (4.6) mean thatu(t) satisfies
(1.10) onI , while the condition‖q+‖�,I = K(p�∗, p, I ) is equivalent to the equality in
(4.7).
Let us consider again the problem (1.7), (1.5). As a corollary of Theorem 3.1 and Propo-

sition 4.2, we have

Theorem 4.1. Assume thatf (t, x) satisfies(1.8) for someq1, q2 ∈ L�(J ), 1� ��∞.
Suppose thatq2 satisfies(4.7), i.e.,

‖(q2)+‖�,J <2−pK(p�∗, p, J ). (4.9)

Then, for any boundary condition(1.5),Eq. (1.7)has at least one solution satisfying(1.5).

A special case of Theorem 4.1 is

Theorem 4.2. Assume thatf (t, x) satisfies(1.11) for someq ∈ L�(J,R+) and � ∈
L�(J,R+), where1� ��∞. Suppose thatq satisfies

‖q‖�,J <2−pK(p�∗, p, J ). (4.10)

Then, for any boundary condition(1.5),Eq. (1.7)has at least one solution satisfying(1.5).

Remark 4.3. Conditions (4.9) and (4.10) are improvements of the results in[7] in this
case. Moreover, as mentioned in Remarks 4.1 and 4.2, the bounds in (4.9) and (4.10) are
optimal among all boundary conditions (1.5). However, for a specific boundary condition
(1.5), finding the corresponding optimal bounds like in (4.9) and (4.10) appeals the study
of the eigenvalue problem

(�p(u
′))′ + (	 + q(t))�p(u)= 0

with the boundary condition (1.5), which is not clear even for the linear case, i.e.,p = 2.
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