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We will find a positive constant 32 such that for any 27-periodic function h(t) with zero mean value, the
quadratic Newtonian equation "’ + 2% = & 4 h(t) will have exactly two 27-periodic solutions with one being
unstable and another being twist (and therefore being Lyapunov stable), provided that the parameter o is bigger
than the first bifurcation value and is smaller than the constant ¥>. The construction of ¥, is obtained by
examining carefully the twist coefficients of periodic solutions.
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1 Introduction

The Lyapunov stability of periodic solutions is one of the most important problems in the theory of ordinary
differential equations. However, it is very difficult to study the stability for conservative systems such as the
Lagrangian equations.

A classical idea to deal with this issue is the so-called Birkhoff normal forms. Once this can be constructed, it
is possible to give the stability result based on the Moser twist theorem [21]. Moreover, the Moser twist theorem
asserts also a complicated dynamics near the periodic solution such as the existence of infinitely many subhar-
monics with minimal periods tending to infinity and the existence of infinitely many quasi-periodic solutions.
However, it is still a difficult problem to analyze the normal forms of the Poincaré maps associated with the
Lagrangian equations of degree of freedom of 3/2. Recently Ortega [15]-[17] systematically developed the third
approximation to the Lagrangian equations and then gave an “explicit” expression for the twist coefficients. See
also the survey article [18]. After these works, there have been some important stability results for several types
of Lagrangian equations. For example, for the forced pendulum, see [4], [6], [13]. For the singular equation, see
[22]-[24], [26]. See also [5], [7]-[10], [12] for some related works. It is worth pointing out that the third approx-
imation method can yield a complete understanding for the equilibrium of the swing equation [14], [16], [17].
That is, the equilibrium is Lyapunov stable if and only if the linearization equation, or the first approximation, is
stable [18]. Note that the result for the swing does not involve any small parameter.

In this paper, we will continue this study and focus on the quadratic second-order scalar differential equation

" 4+ 2% = o + h(t), (1.1)
where o € R and

he L' :={h e L'(R/27Z,R) : h has the mean value zero} .
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Equation (1.1) is of the Ambrosetti—Prodi type [1]. It consists of two parameters 0 € R and h € L', where o
denotes the mean value of the external forcing. The existence and multiplicity of 27-periodic solutions of (1.1)
have been studied extensively in literature [20]. It is well-known [2] that for any given h € il, there exists
E(h) € R such that Equation (1.1) has no, at least one, or at least two periodic solutions when o < E(h),
o = E(h), or ¢ > E(h), respectively. We call E(h) the first bifurcation value of (1.1). As a function of h € L,
E(h) is continuous in & in the L!-topology. Obviously, by integrating the equation over one period, F(0) = 0
and E(h) > 0 for any h # 0. The constant E(h) may be large for general h € L'. However, it is not difficult to
construct such examples that E'(h) is small, while |2 ]|« is large.
In a very recent work by Ortega and Zhang [19], it was constructed explicitly a constant 2y > 0 such that if

E(h) <o < X, (1.2)

then Equation (1.1) has exactly two 27-periodic solutions, denoted by 1 (¢). It is remarkable that the constant
Yo is optimal in the sense that one has sequences {0, } and {h,, } such that o,, — ¥, while Equation (1.1) with
0 =op,and h = h,,n = 1,2,..., has at least four periodic solutions. See [19, Propositions 4.1 and 4.2].
Furthermore, it was also proved there that if condition (1.2) is replaced by a more strict condition

E(h) <o <X 220/16, (1.3)

then one of the 27-periodic solutions, say ¢~ (t), is hyperbolic and is therefore unstable, and another periodic
solution )T () is elliptic and is therefore linearly stable. Moreover, the constant 31 is also optimal in the sense
as before.

It is then an interesting to study the Lyapunov stability of ) (¢) when (1.3) is satisfied. Some preliminary
result was obtained by Ortega [17] when he was studying the third approximation. After rewriting the twist
coefficients in another form, Zhang [30] obtained some twist result [30, Theorem 1] which is stated using the
rotation number of Hill’s equations [29]. Note that the rotation number cannot be computed explicitly.

Very fortunately, in a recent work by Feng and Zhang [3] (see also [30, Section 3]), some optimal estimates
on the rotation number have been obtained when the L? norms of the potentials are known [3, Theorem 2.3]. The
combination of the results in [30] and [3] can yield the following result on the Lyapunov stability of 1T (¢). If

BE(h) < 0 <S5 = (7 arccos(—1/4)) " £y € (0,%1), (1.4)

then 1)~ (¢) is unstable and ¥ (¢) is Lyapunov stable. See Proposition 3.2.

In this paper we will show that the condition (1.4) can be improved. The main result is that we can find a
bound X5 € (X3, %) such that if

E(h) <o < X, (1.5)

then the solution ¥ (¢) of (1.1) is twist and is therefore Lyapunov stable. See Theorem 4.3.

These results are illustrated in Figure 1.

It is remarkable that the constant 35 is independent of i and thus the problem does not involve of small
parameters, as in the study of the swing. However, in the obtention of condition (1.5), we make use of a lot of
important results on Hill’s equations [11] such as the eigenvalue theory [11], [29], the estimates in [27], [28]
for periodic solutions of the Ermakov—Pinney equations [31], the estimates on rotation number in [3], and the
reformulation of the twist coefficients and the known results in [4], [30] as well.

The paper is thus organized in the following way. In Section 2, we will introduce some Sobolev constants to be
used and give many facts on Hill’s equations and their related equations such as the Ermakov—Pinney equations.
In Section 3, we will derive an estimate for the twist coefficients of ¢+ (t). In Section 4, we will finally prove the
stability result (1.5) based on the important estimates in Section 2.

Throughout this paper, we use LP(R/27Z), 1 < p < o0, to denote the Lebesgue spaces of 2m-periodic
functions, with the norms denoted simply by || - ||,

It remains an open problem that what is the optimal constant with the property as in (1.5).
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Fig.1 (online colour at: www.mn-journal.org) The illustration of the results

2 Preliminaries and facts

2.1 Sobolev constants

Let [ be a finite interval with the length denoted by |I|. Given any exponent p € [1, oo], the inequality
Cllolzoy < ¢ 72r)

holds for some C' > 0 and each function ¢ in the Sobolev space H{ (I). The largest admissible C' is denoted by
K (p,|I|), that is,

K(p, 1)) = min {|6/[[321)| 6 € H3 (1), 6lloqr) = 1}
Using a scaling technique, if one denotes K (p) = K (p, 1), then
K(p, 1)) = K(p)/|1]"*/7.

These Sobolev constants were computed explicitly in literature. See [32, Formula (8)]. In fact,

P - € B L B

4, p = 00,

where I'(+) is the I'-function of Euler. For example,

K1) =12, K(@)=7" K#)=((1/4)"/(4rV3).
Thus one has the following Sobolev inequalities

K@ IDN0ILery < 1€/ Z2¢r) for all ¢ € Hy(D). 2.
2.2 Hill’s equations
Let a(t) € L*(R/27Z) and consider Hill’s equation [11]

" +a(t)x = 0. (2.2)

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-joumal.com
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Denote by W(t) = ¢1(t) + i¢2(t) the complex-valued solution of (2.2) with the initial data: U(0) = 1 and
U’(0) = 4, where ¢ and ¢ are respectively the real and imaginary parts of ¥. The monodromy matrix, or the
Poincaré matrix, associated with (2.2) is

_ ¢1(27T) ¢2(27T)
M= ( g(2m) gh(2m) ) |

Then M is symplectic, i.e., det M = +1. The eigenvalues 1;, i = 1,2, of M are called the Floquet multipliers
of (2.2). They satisfy pi1 - 1o = 1. We say that (2.2) is hyperbolic, elliptic or parabolic if |p;| # 1, p; € SY\{%1}
or 1 = po = %1, respectively.

Associated with (2.2) is a so-called rotation equation

¥ = cos? 9 + a(t) sin V. (2.3)
The rotation number of (2.2) is then defined by
p= tlim I(t)/t,

where 9(t) is any solution of (2.3). It is independent of the choice of solutions 9J(¢). It is well-known that p > 0.
The relationship between the ellipticity of (2.2) and the rotation number p is as follows. Equation (2.2) is elliptic
if and only if p € ((n — 1)/2,n/2) for some n € N. See [29]. In this case, the Floquet multipliers of (2.2) are
given by
Hi2 = et 0 =2mp. (2.4)
The angle 6 in the Floquet multipliers (in the elliptic case) is always determined uniquely by (2.4). It is a very
important parameter for (2.2) in our discussions below. In case p € ((n — 1)/2,n/2),i.e., 0 € ((n — 1)m, nw),
we say that (2.2) is in the nth stability zone. In our works below, only the elliptic case of (2.2) in the first stability
zone is involved.
Now we introduce an estimate on the rotation number p given by [3, Theorem 2.3], where the L norms of
a, ay(t) = max(a(t),0), can yield an upper bound for p. We need only the corresponding result for the L2

case. Notice that, using the present norm || - ||2, the L? norm in [3, Theorem 2.3] is ||p||2/(27)'/2. Thus
Lemma 2.1 ([3]) If a € L*(R/27Z), then
p< oV larlz < GVllallz, G =277 KT2(4) = 1) (2K %(4, 2m)). (2.5)

The coefficient in (2.5) is optimal. This estimate can yield also the upper bound on @ in the elliptic case. In
the elliptic case, by (2.4) and (2.5), we have the estimate

0=2mp<Clall2, ¢ =2 =n/KY?(4,2n). (2.6)

2.3 Ermakov-Pinney equations

Associated with (2.2) is a so-called Ermakov—Pinney equation [31]
' +a(t)r =1/r. (2.7)

It is an equation with a singularity at 0.
There has been a nice relation between the ellipticity of (2.2) and the existence of positive 27-periodic solu-
tions of (2.7). See [4], [31].

Lemma 2.2 ([31, Theorem 2.1]) Equation (2.7) has a unique positive 2m-periodic solution, denoted by r(t),
if and only if Equation (2.2) is elliptic.

www.mn-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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In the elliptic case, the angle 6 can be recovered using the solution r(t), i.e.,

2m dt
A ﬂm:a 2.8)

See [4, Formula (3.22)]. We introduce the following function

tods
ﬂﬂ:é;qg,teR (2.9)

Then ¢(t) satisfies
o(t+2mm) = p(t) + mb, m e Z.

Summarily, for a Hill’s equation (2.2), we have introduced the following quantities: The Floquet multipliers
1,2 and the rotation number p for general case; and the angle ¢, the periodic solution r(¢) of (2.7) and the
function p(t) for the elliptic case. Note that # and (¢) can be derived from the periodic solution r(¢) which is
the most important object to be used. These quantities cannot be computed explicitly, but some estimates have
been given.

3 Twist coefficients

In this section we will derive the twist coefficient of the periodic solution 1™ (¢) of (1.1) and give an estimate.
Note that ¢)*(¢) depends upon o and h. By integrating Equation (1.1) over one period, we get || 7|3 = 270
which is independent of h. This is an important observation.

Setx = y + 1T (¢) in (1.1). Then the solution 3™ is transformed to 4 = 0 and the equation for y is

y' +altly +y* =0, 3.1)
where a(t) = 217 (t) (depending on o and h as well) and one has an important equality
lallz = 2 [[*]|2 = (870)*/2. (3.2)

Equation (3.1) in nonlinear. The first-order approximation of (3.1) is Hill’s equation (2.2) with the choice of
a(t) above. The third-order approximation ([17]) of (3.1) is (3.1) itself. Let P be the Poincaré map associated
with (3.1). Then P is defined in a neighborhood of (0,0), D, of R? = C. Obviously, P(0,0) = (0,0). In the
following we write P in the complex form: P = P(z, z).

When the corresponding Hill’s equation (2.2) is elliptic and has no resonances up to orders 4, i.e., the Floquet
multipliers p; satisfy uf # 1 for 1 < k < 4, which is equivalent to p # m/k forall1 < k <4andm € Z*, P
is conjugate, in some neighborhood D of 0, to the so-called Birkhoff normal form

N(z2) = p(z+iBl? 2+ O(12*), zeD,

where p is the Floquet multiplier. The coefficient (3 is a real number which is an invariant of conjugacy. It is
called the twist coefficient of the solution 1™ of (1.1). See [17]. We say that o)™ is twist if 3 # 0. By the Moser
twist theorem [21], a twist periodic solution is necessarily stable in the sense of Lyapunov. Moreover, a KAM
scenario appears in the neighborhood of %)™ As the form of (3.1) is simple, the formula for 3 is, up to a positive
factor related with some critical value of r(t),

- - S T3 ’I”3 S s |
= //[0,277]2 Xo(le(t) = @(s)))r° (t)r°(s) dt ds, o

where 0, r and ¢ are as in Section 2, and the kernel yg is

_ 3cos(y —0/2) | cos3(y—6/2)
xo(y) = 16sin(6/2) 16sin(36/2)

y € [0,0].

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-joumal.com
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See [4, Formula (3.11) and Proposition 3.2].
By the change of variables & = ¢(t), n = (s) in (3.3) and using (2.9), one sees that

5= // o(€ — nl) RS (€) RS (n) dé diy, (3.4)
where

R(E) =r(¢7 (), €£€10,0]. 3.5

Formula (3.4) is a quadratic form of the function R®(¢). Hence we introduce, in the Hilbert space L?(0, ) with
the inner product denoted by (-, ), a linear operator L : L?(0,6) — L?(0,0) by

0
(Ly)(€) = / xo (€ — nl)y(n) dn.

Then L is a compact, symmetric, linear operator. Moreover, the twist coefficient 3 is given by
B=(LR° R°).

It is an interesting fact that all eigenvalues and eigenfunctions of L can be computed explicitly. However, we will
not use these in this paper.
An important equality on g is

/ xo(|& —nl)dn = 1—52 £€[0,0].

s

Hence
56
// Xo(|€ = nl) d€ dn = 5. (3.6)
[0,6]2
Let us recall some known important constants and results. The constants in (1.2) and (1.3) are
K*(4)
Y = Yo = 163;.
1 64mt 0 1

Note that, by (2.6) and (3.2),

0 < G/llallz = Go'/t, G = (8m)4¢. (3.7

We remark that if we set ©p = 27 and ©, = 7, then ¥; are determined by
GE/t =0, i=0,1. (3.8)

Thus o < ¥; is the optimal condition to guarantee that < ©; fori = 0, 1.
Define

©3 = arccos(—1/4) € (w/2,2m/3). (3.9)

It is proved in [30] that the kernel xg(&) > 0 for all € € [0, 6] if and only if 0 < 6 < ©3. Under this condition, if
0 # 7 /2 (the fourth-order resonance), 5 > 0 by (3.4). If § = /2, the twist coefficients are different from (3.4).
However (3.1) is also twist. This fact is proved in [17].

Proposition 3.1 ([30]) The solution ™ is twist if the angle 0 satisfies
0<60<0s. (3.10)

www.mn-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Note that § depends upon both o and h and cannot be computed explicitly. However, using (3.7) and (3.9), we
have

Proposition 3.2 [f
E(h) <o < 53:=(03/()" = (03/m)'%y, (3.11)

then (3.10) is satisfied and ™ is twist.

Remark 3.3 As ¢ is continuous in (o, h) € R x L, so is the twist coefficient (3. By Proposition 3.2, for
any given h € L1, it is always possible to find some §(h) > 0 such that if

E(h) <o < X3+ 4d(h),

then ¢ is also twist. However, it cannot be immediately derived from the continuity the existence of X5 > 33
which possesses the property (1.5). In this sense, our Theorem 4.3 is a surprising result because we will infer that
inf, .. 0(h) > 0 and some lower bound can be found.

In the following we assume that 6 € (O3, ©4), where ©4 = 27/3. Define
1
0o = 0p(0) = arccos ( —(3/2) cos@) =5 arccos(—1 — 3cosf).

Then 0 < 0y(0) < /2. Define then 0 = 0/2 — 0y and 02 = 0/2 + 0.
Lemma 3.4 One has

x0(§) >0 for 01 <& <0,
xo(§) <0 for 0<E<O or 0 <EL0.

Let x0(&,m) = xo(|€ — 1)), x5 (&,n7) = max(xe(&,n),0) and x, (£,7) = —min(xa(&,n),0) for (§,1) €
[0, 0]%. Define

cro = [ xiemdsan o) = [ gemdean (3.12)
0,6]2 [0,6]2
By (3.6),
50
TO)=C () + .
CHO)=C(0) +
The functions C*(#) in (3.12) can be computed explicitly. Actually one has
ct() 21/2(2 + 3 cos 0)3/?
C=(0)  21/2(2+3cos0)3/2 — 5sin(30/2)

Finally, define

if 0 <
R0(9)={+OO if 0<6<0s;3, (.13)

(CH(0)/C~ ()Y if O3 <0< Oy

Note that Ry (f) > 1. When 6 goes from 0 to ©4, Ro(6) runs from +oco to 1 in a decreasing way.
For the solution r(¢) of (2.7), denote rmax = max; 7(t) and rp;, = ming 7(¢). We have a generalization of
Proposition 3.1, which is stated using both 6 and r(¢).

Proposition 3.5 If ¢ satisfies

6 e (0,0,) (3.14)
and
:mz.xx < Ro(6), (3.15)

then ™ is twist.

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-joumal.com
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Proof. By (3.4),

ﬁ//m $(€ R (€) RO (n) de d — //{0 5 (€, MR (€) R (n) de dn

2, [ e mdean—ri [[ xqemacan

=R () — RS _C(0),

max

where C~(0) = 0 for 6 € (0, ©3]. Note from (3.5) that Ryax = Tmax and Ryin = 7min. By definition of Ry (6)
in (3.13), condition (3.15) implies that 3 > 0 and 1T is thus twist. Ll

Note that condition (3.14) can be guaranteed by assuming

E(h) <o <%y :=(04/0)" = ﬁzl (3.16)

See (3.7) and (3.8). Now condition (3.15) in Proposition 3.5 asserts that if the relative amplitude of the positive
27r-periodic solution r(¢) of (2.7) can be well controlled, then ¢ will be twist.
4 Stability results

In this section we will work out some estimates on i, and ry,x. The ideas of the following estimates are
basically from [27], [28], [32]. These estimates will be used to derive out the desired twist result for Equation
(1.1).

First, by (2.8), one has some ¢y such that 277/ r2(t0) = 6. Without loss of generality, we assume that ¢y = 0.
Thus r(0) = ro := (27/6)/2.

Let u(t) = (r(t) — ro)/ro, i.e., r(t) = ro(1 + u(t)). Then u(0) = u(27) = 0. From (2.7), one has

o 113 = 117113

= / i (a(t)yr® —1/r*)dt
0

= /027T a(t)r® — 6

:ro/o a(t)(u+1)° —0.

That is
27
W= [ att)u+ 12 - 6/(2m). @1
0
Let us introduce
2\ /% Ro(0) — 1
Ry (0) = (;) Ro(0) + 1 0 € (0,04). (4.2)

Lemma 4.1 Under the assumption (3.14), if u(t) defined above satisfies
lu'll2 < Ra(6), (43)

then ™ is twist.

Proof. By the Sobolev inequality (2.1), ||ulc < |Ju/||2/(K (00, 27m)) /2 = (2/7)"Y2||u/||2. If (4.3) is
satisfied, we have, by the definition (4.2) of R1(0), ||u]lec < (Ro(0) —1)/(Ro(d) + 1) < 1. Hence

Tmax < 7‘0(1 + (R0(6‘) — 1)/(R0(9) + 1)) = 2TQRQ/(RQ + 1),

www.mn-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Tmin > ’f‘o(l — (R0(6‘) — 1)/(R0(9) + 1)) = 2’(‘0/(R0 + 1)
Thus Tmax/Tmin < Ro, i.€., (3.14) is satisfied and ¢ is twist by Proposition 3.5. 1

Since our construction for ¥ is dependent on the estimates on r(¢) and u(¢) in a critical way, we will examine
equality (4.1) carefully.

Lemma 4.2 Under the assumption
llalle < K4 := K(4,27), ie, o <3y, 4.4)
there exists Ro(||al|2, 0) such that the function u(t) in (4.1) satisfies
[u'][2 < Ra([|al2, 6). (4.5)

Proof. From the construction of r(t), the function u(t) in (4.1) is in the space H}(0,27) N W41(R/27Z).
By (4.1), we use the Holder inequality and the Sobolev inequalities (2.1) to obtain

[o/[13 < llallz || (u+1)%||, — 62/(2n)
1/2

27 27 27 27 27
:||a||2(/ u4+4/ u3+6/ u2+4/ u—l—/ 1) —6%/(27)
0 0 0 0 0 (4.6)

1/2
< llallz (Il + 4llwll3 + 6]lull3 + 4lfull + 27) "~ — 62/(2n)
< llall2S1(||u'l|2) — 62/ (27),

where

1/2
xt 423 622 4z
Si(z) = (K_42+@+E+F+2ﬂ—> , x€]0,00), “4.7)

and K; = K(i,27), i = 1,2,3,4. Since the leading term in the right-hand side of the inequality (4.6) is
llal|2]|u’[|3/ K 4, under the assumption (4.4), the equation

Sa(@) =27 — ||a]|2S1 () + 62/(27) = 0 (4.8)

must have nonnegative roots. We use Rs(]|al|2, 6) to denote the largest nonnegative root. By (4.6) and (4.8), we
have the desired estimate (4.5). L

The explicit formula for Ra(]|al|2, ) can be given. However, we need not to compute it explicitly.
The following is the main result of this paper.

Theorem 4.3 There exists X € (X3, %) such that for any h € L* with E(h) < o < X, the solution 1 is
twist and therefore is also Lyapunov stable.

Proof. We always assume that o satisfies (3.16) which shows that (3.14) holds.
By Lemmas 4.1 and 4.2, the solution P is twist if

Ry([lall2,0) < Ra(0). (4.9)

It is not difficult to verify that, under (3.16), the function Ss(z) defined by (4.7) and (4.8) is convex. In fact
one has

Sy (z) >0, x€[0,400).
Now the largest root Ry of (4.8) satisfies (4.9) if and only if Ry (0) satisfies

SQI(Rl (6‘)) >0 and Sg(Rl (9)) > 0.

(© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-joumal.com
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By (4.8), these conditions are

2R1(0)

A TAQ)

=: R3(h), 4.10)

and

21(R1(0))? + 02

lall2 < 2m51(R1(0))

=: Ry(0). (4.11)

Note that both R3(¢) and R4 (0) are elementary functions which can be computed explicitly. Let us introduce
R5(0) = min (R3(0), Ra(0)), 0 € (0,04).

Now (4.10) and (4.11) can be combined as a single condition
lall2 < Rs(6). (4.12)

Together with (3.16), condition (4.12) is a twist condition which involves of only [|allz = (87¢)'/? and the
angle 6.

Now we show that the estimate (4.5) on ||u’||2 is good enough so that we can use (3.16) and (4.12) to obtain
the existence of the desired constant Y5 stated in the theorem.

To this end, two important observations are needed. Note that

] 23/2
18 1) = g < 020

. 4 + (arccos(—1/4))?

lim R4(0) = ~ 0.1728.
o Ra0) = — e s

The first observation is
R5(03+) = Ry(03+) ~ 0.1728 > (03/(1)? ~ 0.1698. (4.13)

The second one is that there exists ©21 € (O3, 04) such that R5(0) = R4(0) for 0 € (O3,021) and R5(0) is
decreasing in 0 € (O3, O21). In fact,

Rs(0) ~ 0.1728 — 0.1002(f — ©3)Y/° as 6 — Os+,
and

lim RZ(0) = —oo.
0105

For these, see Figure 2.
Now we use (3.7) to introduce the function

RG(O') = R5(<20’1/4), o€ (23724).

From the second observation above, by setting Y97 := (02, /(2)* € (23, X4), we know that Rg(o) is decreasing
ino € (X3, X21). Next, we use (3.2) to introduce the function

Rq:(0) = 8m0)Y?, o€ (¥3,%4).
Note that
;}@S(Rﬂo) — Rg(0)) = (87%3)"/? — R5(03+) = (03/(1)* — R5(O3+) < 0.
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0.19¢

0.18
0.17f
0.

0
0

1.824 1.826 1.828 1.832

Fig.2 The functions R3(0) and R4(6), where only when 6 is close to O3 is plotted.

See (3.7), (3.11) and (4.13). Moreover,

01111514(}%7(0) — Rg(0)) = (8724)Y2 =0 > 0.

Hence the equation
Rg(0) = R7(0) (4.14)

has solutions in the interval (X3, ¥4). We use Yoo to denote the smallest solution of (4.14) in (X3, X4).
Now we define

Yo = min(zgl, 222) S (23724).

It is time to prove that such a X is a desired constant. Assume that (o, h) satisfies E(h) < o < 3. The
condition (3.16) is satisfied automatically. We need only to verify the twist condition (4.12) is satisfied as well.

If ¢ < Y3, then 4T is twist by Proposition 3.2. In the following we assume that o € (X3, Y5). Note that we
have the following two cases for the angle § = (o, h).

Case 1: 6 < ©3. The solution ™ is twist by Proposition 3.1.

Case 2: §# > Os. By 3.7), 0 < (ot < CQE;M < @2%4 = ©y;. Since R5(0) in decreasing in
0 € (©3,0491), we have R5(0) > Rs ((201/4) = Rg(0). In order to ensure the twist condition (4.12), it suffices
that o satisfies (870)'/? < Rg(0), i.e.,

R7(U) < RG(U).

Aso € (X3,32) C (X3, Xa2), the inequality does hold by the construction of Yos.
We have thus completed the proof of the theorem. ]

Note that the construction of the constant X5 in Theorem 4.3 depends upon the estimate (4.5) on ||u/||2 we
have obtained. Improvements on (4.5) will yield better constructions of 2. There are several ways to improve
(4.5). One way is to notice that, under the assumption (3.16), for the linear operator associated with the left-hand
side of the Ermakov—Pinney equation (2.7), there holds the anti-maximum principle [25]. This may be used to
derive better estimates on the solution 7(t). A better way is to maximize ||u’||2 under the constraint (4.1). This
will lead to an interesting variational problem.

Remark 4.4 Further analysis shows that the constant 35 in the proof of Theorem 4.3 is actually the smallest
solution of the following elementary equation

(870)Y/? = Ry (C201/4)
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in the interval (X3,3%,). Numerical computation reveals that the constant o is close to ¥3. It will then be
an interesting question to find the exact value of the optimal constant 5 (independent of h € L) such that
E(h) < o < X3 will guarantee that ¢ is always twist.

Remark 4.5 In Equation (1.1), if & is T-periodic, then by a scaling technique, the bounds on ¢ are then

(27T)4Ei

Eh) <o <Xi(T):= i

i=0,1,2.
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