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Abstract

In this paper we continue to study second-order linear measure differential equations
(MDE), following the line of the recent work [13], where the dependence of solutions of
MDE on measures with the weak* topology is studied. In this part, we consider the
Dirichlet and the Neumann eigenvalues of MDE. It will be proved that these eigenvalues
are continuous in measures with the weak* topology. Such a result extends recent works
on eigenvalues of Sturm-Liouville operators with potentials or weights in [27]. As an
application, we will give a natural, simple explanation to extremal problems of eigenvalues
of Sturm-Liouville operators studied in [23, 28].
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1 Introduction

This paper is a continuation of the recent work [13] on second-order linear measure differential
equations (MDE) where the dependence of solutions of MDE on measures is studied. In this
paper we will develop the basic theory for eigenvalues of MDE and then give a deep result
on the dependence of eigenvalues of MDE on measures.

Let I = [0, 1] be the unit interval and K = R or C. We use (C(I,K),| - ||) to denote
the Banach space of continuous K-valued functions of I with the supremum norm || - ||oc. By
the Riesz representation theorem, the dual space M(I,K) := (C(I,K), || - ||s)* is the space
of K-valued measures of I. Given u € My(I,K). The second-order linear MDE with the
measure u is written as

dY+ydu(t) =0, tel. (1.1)

With any initial condition

(5(0), 9(0)) = (yo, 20) = uo € K2, (1.2)
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Eq. (1.1) has the unique solution y(t,ug, ) with the generalized right-derivative or the
velocity ?;(t,uo,u). Both are defined on ¢ € I. See [13]. Moreover, y(-,ug, i) is absolutely
continuous, while 23(, ug, 1) € M(I,K), the space of non-normalized K-valued measure on 1.
In general, Z./(, ug, ) has discontinuity.

In the space My(I,K) of measures, one has the topology induced by the norm || - ||v
of total variations. On the other hand, as the dual space of (C(I,K),| - ||oc), one has also
in My(1,K) the weak* topology w* defined using the weak* convergence in Mg (I, K). The
main results of [13] can be stated as follows.

Theorem 1.1 [13, Theorem 1.2 and Theorem 1.3] (i) Given up € K2 and t € [0,1]. The
following functionals

(MO(IvK)a H . HV) - K7 H— y(tau()a,u’)v H —>y(t,’U,07,U,),

are continuously Fréchet differentiable.

(ii) Given ug € K2. The solution mapping
(MQ(I,K),M*) - (C(I7K)7|| : HOO)7 :U’_>y(‘7u07u)
1s continuous. Moreover, the ending velocity functional
(Mo(LK),w') =K, p—i(Luo, ) (1.3)

18 also continuous.

Differentials of y(t, ug, ) and ?;(t, up, p) in p have been obtained in [13]. Examples show

that continuity result (1.3) for velocities cannot be improved as the continuity of ?;(t, U, (1)
for other times ¢t € (0,1).

In this paper, our concern is on eigenvalues of MDE and their dependence on measures.
Given a real measure € Mo(I,R). We consider eigenvalue problem

dY+ydt +ydp(t) =0, tel (1.4)

with the Dirichlet or the Neumann boundary condition. By the shooting method as in [15], it

can be proved that eigenvalues of (1.4) are well-defined. Note that when the measure u(t) is
absolutely continuous (with respect to) the Lebesgue measure with the density i(t) = q(t) €
LP(I,R), 1 <p<oo, Eq. (1.1) returns to ODE
j+alt)y=0, tel, (1.5)
while eigenvalue problem (1.4) returns to Sturm-Liouville problem of
i+ AN+qt)y=0, tel (1.6)

In [15], by expanding solutions of (1.6) as power series of potentials, it is proved that the
Dirichlet eigenvalues of (1.6) with potentials ¢ € £2(I,R) are continuous in ¢ endowed with
the weak topology of £2(I,R). Recently, using some type of families of Fredholm operators,
such a continuity result has been extended in [27] to £!(I, R) potentials with the correspond-
ing weak topology. As observed in [13, Remark 5.5], different from the weak topologies of



LP(I,R), the global weak* convergence of measures does not imply the local weak* conver-
gence. It seems to the authors that the approach of power series in [15] cannot be adopted
to the MDE in a direct way.

After introducing the arguments of MDE using a topological lifting, we will exploit the
techniques in [27] for problem (1.6) to establish the following continuity result.

Theorem 1.2 Let A7 (i) denote the mth Dirichlet or Neumann eigenvalues of MDE (1.4)
with the measure u. Then eigenvalues N7, (u) are continuous in measures p € (Mo(I,R), w*).

Note that continuity results of eigenvalues in weak topologies are important in the inverse
spectral problems [15, 22]. Since we are using the weak* topology for measures, the continuity
result of Theorem 1.2 is strongest in some sense. In fact, Theorem 1.2 has generalized the
continuity results in [12, 15, 27] for ODE. For some related results on PDE, see [1, 3, 5].

In the usual topology || - ||y for measures, one has the following result.

Theorem 1.3 As nonlinear functionals of measures,
(MO(IaR)v” : HV) _>R7 :U’_>)‘$n<:u‘)7

are continuously Fréchet differentiable. Moreover, Fréchet derivatives of A7 (u) in p will be
given in (5.15).

The structure of this paper is as follows.

In Section 2, we will recall from [4] some basic facts on measures, the Lebesgue-Stieltjes
integral and the Riemann-Stieltjes integral. The norm || - ||v of total variations and the
weak™ topology w* in the space M (I, K) will be introduced in a precise way. Moreover some
important results on solutions of MDE in [13] will be mentioned.

In Section 3, we will use the shooting method to establish the basic theory for eigenvalues
of problem (1.4) with the Dirichlet or Neumann boundary conditions, as did in [15] for
Sturm-Liouville operators with potentials. See Theorem 3.8.

In order to study the dependence of eigenvalues on measures, in Section 4, we will in-

troduce the argument of Eq. (1.1) and Eq. (1.4). Since velocities 3./(t) are in general not
continuous in ¢, the usual Priifer transformation for ODE does not work. By some topological
fact on liftings of homotopies, we will introduce the time-1 argument ©, : R — R for Eq.
(1.1). See Definition 4.2. This idea is also used in [27]. Inherited from Theorem 1.1, it will be
proved that ©, is continuous in p with the weak® topology and is continuously differentiable
in g with the norm || - ||y/. See Theorems 4.4 and 4.5.

In Section 5, we will use the techniques as in [15] to develop some important estimates
on arguments. See Lemma 5.2. By exploiting some ideas in [27], Theorems 1.2 and 1.3 will
be proved.

In Section 6, we will present some applications of the main results on eigenvalues of MDE
to extremal problems of eigenvalues of Sturm-Liouville operators with potentials in £! balls,
studied very recently in [23, 28]. By some topological facts on Lebesgue spaces LP(I,R)
and measure space My(I,R), the boundedness of eigenvalues of Sturm-Liouville operators
with potentials in £ balls can be explained by Theorem 1.2 in a natural way. Moreover,
the extremal values in [23, 28] can also be obtained from the present continuity result of
eigenvalues and the limiting techniques in [23, 28], because we will show that the weak*
limits of the £?, 1 < p < oo, critical potentials are some simple Dirac measures.



The ideas of [13] and of this paper will be extended to the study of the dynamics quantities
of MDE in future works.

2 Basics on Measures, Weak* Topology and MDE

For general theory of the Lebesgue-Stieltjes integral and Riemann-Stieltjes integral, see, e.g.,
[4]. For general theory on weak topologies and weak* topologies, we refer to [6, 11]. See also
a brief statement in [13, Section 2]. In the following we briefly review some basic facts to be
used in this paper.

Let I =[0,1] and K = R or C. As usual, C(,K) is the Banach space of continuous K-
valued functions of I, endowed with the supremum norm || - ||«. By the Riesz representation
theorem, the dual space of (C(I,K), |- |loo) is the space My(I,K) of K-valued measures of I.
More precisely,

Mo(1,K) := {,u I = K:p(04) =0, pu(t+) = p(t) for t € (0,1),and V(u, I) < +o00}.

Here, for any t € [0,1), pu(t+) := limgj p(s) is the right-limit, and V(u,I) is the total
variation

n—1
V(p,I) := sup {Z ltivn) — p(ts)]| 0=ty <ty <+ <tn1<ty=1,ne N} :
i=0
For simplicity, denote

lpllv ==V, 1), pe Mo, K).

Then (Myo(I,K),| - |lv) is a Banach space. Note that, for any subinterval Iy C I, closed,
open or semi-open, the variation V(u, Ip) of p (over Ip) is also well-defined. One has the
following result for variations

tlto tlto

The correspondence between p € (Mo(I,R), |- |v) and p* € (C(I,K),| - ||s)* is given by

W)= [ s, fecur), (22)
I
which refers to the Riemann-Stieltjes integral. More general, considering p € My(I,K) as a

measure, one has the Lebesgue-Stieltjes integrals [ I fdu for appropriate class of functions.
For details, see [4]. For Lebesgue-Stieltjes integrals, one has the following basic estimate

' / fdu' A flooto - VI, [l = sup |£(0), (2.3)
Io tely

where I has the form (a,b), (a,b], with 0 < a < b < 1, or the form [0,b), [0,b] with 0 < b < 1.
Due to the jump of measures p(t) at ¢t = 0, one has

fdu=—fOu©)+ [ fdu,  be(0,1]. (2.4)
[0,b] (0,8]



The space My(I,K) of measures is a Banach space with the norm || - |[vv. Due to the
duality relation (2.2), one has also the weak* topology indicated by w* in the space Mg(I, K).
That is, pu, — po in (Mo(1,K),w*) iff, for each f € C(I,K), one has

lim fdun—l/fduu

By the Banach-Alaoglu Theorem [11, pp. 229-230], a subset V' C My(I,K) is sequentially
relatively compact in w* iff V' is bounded in the norm || - [|v.

Given a measure p € Mo(I,K). We consider the scalar second-order linear MDE (1.1)
with the measure p. Given ug = (yo,20) € K2. By a solution of the initial value problem

(1.1)-(1.2), it means that y € C(I,K) and there exists a function Y : I — K such that
(y(t), &(t)) satisfies the following integral system

Mﬂ=%+/ s)ds,  teo,1], (2.5)
[0,1]

® 20, t= Oa

) = { 20— foqu(s)du(s),  te(0,1], (2:6)

It is proved in [13] that problem (1.1)-(1.2) has the unique solution y(t) = y(t, ug, u) € C(I,K).
Accordingly, one has also the unique function Z;(t) :?;(t,uo, w), t € I, associated with each
solution y(t). Some properties are as follows.

ey e AC(I,K) and e M(I,K), the spaces of absolutely continuous and non-normalized
K-valued measures of I, respectively.

e There holds

/ Z;(s) ds = / Z:/(s) ds = y(t2) — y(t1), 0<t <ty <1.
[t1,t2] (t1,t2]

e At any t € (0,1), the classical right-derivative ¥/, (t) := lim,; Ys)=v) yigts and 5(2&) =

s—t
Y/ (t). Moreover, for all t € (0,1) except in an at most countable subset of I, the classical

derivative §(t) := limg_¢ y(ss):ty(t) exists and z’(t) =y(t).

Due to these, ?J(t) is called the generalized right-derivative or velocity of the solution y(t).

Note that &(t) has precise meaning for all ¢t € I.
Given u € My(I,K). The fundamental solutions of Eq. (1.1) are

®Y1 (t) = (‘01(t, /'L) = y(t7 17 07 ,LL), @Q(t) - 802(t7 FL) = y(t7 07 17 ,U’)
The fundamental matrix solution of Eq. (1.1) is defined as
t t
Nu(t) = 21(f) 2t) . tel
©1(t)  ¥a(t)

By the linearity of Eq. (1.1) and the uniqueness of solutions, one has

t, Y0, 2
ylt.vo.20) ) _ o ( Yo > < Yo ) e K2 (2.7)
Y(t, yo, 20) 0 0
Note that N,(0) = I5. It is proved in [13] that the Liouville law holds for MDE, i.e.,
det N, (t) = +1, tel (2.8)



3 General Results of Eigenvalues of MDE

3.1 Definition of eigenvalues of MDE

Given a real measure p € Mo(I,R). We write py(t) := A + u(t) € Mo(I,C) for X € C.
Eigenvalue problem (1.4) can be written as

dY+yduy(t) = 0. (3.1)
The Dirichlet boundary condition is

y(0) =y(1) =0, (3.2)

9(0) =¥(1) = 0. (3.3)

Definition 3.1 Given p € Mo(I,R). We say that A € C is an eigenvalue of the Dirichlet
problem (3.1)-(3.2), if Eq. (3.1) with such a parameter A has non-zero solutions y(t) satisfying
(3.2). The corresponding solutions y(¢) are called eigen-functions associated with A\. The
eigenvalues and eigen-functions for Neumann problems (3.1)-(3.3) are defined similarly.

The following basic result from calculus is used in [13] to obtain the Liouville law and
will be used frequently in this paper. For its proof, see, for example, [21].

Lemma 3.2 (Generalized Newton-Lebniz Formula) Let ¢ € C([a,b],C). Suppose that the
right-derivative o', (t) exists for all t € (a,b) and ¢/, is integrable on [a,b] in the sense of
Riemann. Then

/ &y () dt = (b) — ().
[a,b]

In particular, if ¢ € C([a,b],C) satisfies ¢, (t) = 0 for all t € (a,b), then p(t) = const. on
[a, b].

Lemma 3.3 Given a real measure p € Mo(I,R). Then all possible eigenvalues of problem
(3.1)-(3.2) and problem (3.1)-(3.3) are real. Therefore eigen-functions are also real-valued.

Proof We first consider Dirichlet eigenvalues. Suppose that A € C is an eigenvalue of (3.1)-
(3.2) with an eigen-function y € C(I,C). Suggested by the Rayleigh form for Sturm-Liouville
operators, by introducing

§(t) == g(t)z(t) — /(0 ; z(s)z(s) ds +/ y(s)y(s)dpua(s),  tel, (3.4)

(0,¢]

we will prove that
&(t) =0, tel. (3.5)

Here z(t) :ZZ(t) and the bar denotes the complex conjugate. Note that £(0) = g(0) Z./(O) =0
by the boundary condition (3.2).

Step 1. We assert that £ € C(I,C).



Case 1. Since y € C(I,C) and y(0) = 0, it is easy to see that each term of (3.4) is small
when 0 < ¢t < 1. Hence one has £(0+) = 0 = £(0).

Case 2. 0 <tg <t <1. Then

£(t) — £(ty) = 3(to)2(to) - / As)2(s)ds + | y(s)(s) duan(s)

(to,t] (to,t]

y(t)z(t) —
- (g(t)(z(t)z(to))+/ y(s)y(s) dHA(S)>
(to,t]

" (z(to><y<t> —g(ty)) - /( IECED ds>

+ / (z(to) — 2(s))z(s) ds (by (2.5) and (2.6))

Now we have from (2.3)

[o1(B)] < Ny lloolxllv [y () = y(@)loo,(to,4-

One has limy 4, 11(t) = 0, because limyg 4, [|y(-) — y(¢)]loo (10, = 0 by the continuity of y(t).
Moreover, as t | to, 12(t) — 0, following simply from the property of Lebesgue integral. Thus
&(to+) = &(tp) for all £y € (0,1).

Case 3. 0 <t <ty < 1. By interchanging the position of ¢y and t in (3.6), similarly we
can obtain £(tg—) = &(to) for all tg € (0, 1].

In Cases 1 and 2, we have shown that ¢ is right-continuous everywhere, while in Case 3,
we have obtained the left-continuity. Thus we have £ € C(I, C).

Step 2. We assert that &, (t9) = 0 for any ¢y € (0,1). To this end, let us go back (3.6).
Since the integrand (z(tp) — 2(s))z(s) is right-continuous at s = tg, one has

Uhy (to) = (2(to) — 2(s))2(5)],_y, = 0

On the other hand, as y(s) has the right-derivative ¢/, (o) =: a at s = to, we have y(s)—y(to) =
(a+0(1))(s—to) as s | tp. Thus, as t | to,

b (t) = /( T uyts) o)
- /( (D)5~ a)yls) (),

and, by noticing 1 (tg) = 0,

1 (t) — 1(to)
t—tg

[ e st

t—to
< (lal + o) lyllsc V' (121, (to, t]) — O.

See (2.1). Thus ¢} (to) = 0. Hence we have &, (tg) = 0 for any ty € (0,1).
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Step 3. We conclude (3.5) from Lemma 3.2 because £(0) = 0.
Let t =1 in (3.5), where y(1) = 0. We can obtain

- /(071] z(5)z(s)ds + A /(071} y(s)y(s) ds + /(071] y(s)7(s) du(s) = 0.
As p is a real measure, we know that
f(071} 2(8)2(5) ds — f(071} y(S)g(S) dlu,(s)
f(0,1] y(s)y(s)ds

This is just the Rayleigh form for eigenvalues of (3.1).

A= e R.

Step 4. As for Neumann eigenvalues, one can use the ideas above to verify that the
following function

t) = 07 tZO,
“”‘{wvm—mwwm@®+mwmw@mmw te (01

is identically zero, which implies that Neumann eigenvalues are also real. O

3.2 Eigenvalues by shooting method of entire functions

There are several methods to study eigenvalues of Sturm-Liouville operators with potentials
or weights [25]. In this subsection we show that the shooting method [15] using the funda-
mental solutions can be adopted to study eigenvalues of MDE. For the argument approach
to eigenvalues of (3.1)-(3.2) and (3.1)-(3.3), see the succeeding sections.

Let us recall from [13] the variant-of-constant formula for inhomogeneous MDE

dY+ydu(t) = h(t) du(t),

—~

3.7)

where p1, v € Mo(I,K) and h € C(I,K). For any (yo, 20) € K2, the unique solution (y(t), ?;(t))
of (3.7) satisfying (y(O),Z}(O)) = (yo, 20) is given by

(“”)= <£> TN
N,(¢) (< Z(O) ) +f[07t] N (s) ( h(os) > dy(s)) for ¢t € (0,1].

Here N '(s) is the inverse of N, (s).

Given p € My(I,R). It is trivial that A € C is an eigenvalue of problem (3.1)-(3.2) iff A
satisfies

p2(1, pux) = 0. (3.9)
The basic idea is to consider MDE (3.1) as a perturbation of the following simple ODE

Y+ Xy =0, (3.10)

whose fundamental solutions are

_ o (—1)”)\nt2n B sin \/Xt B (_1)n)\nt2n+1
Ca(t) = cos VAt = NEZZ; —r Sa(t) = 5 - n§+ o




Both are entire functions of A € C. The fundamental matrix solution of Eq. (3.10) is
_ 0 1 _ [ Ca(t) Sa(t)
oo (5 9)0) = (G0 50 )

Ci(t) = —=AS\(b), Si(t) = Ca(t), NA(t)Ny(s) = Ny(t — s).

One has

We aim at giving reasonable estimates for the difference between the fundamental solutions
of MDE (3.1) and of ODE (3.10).

Let us write Eq. (3.1) as an inhomogeneous MDE

dY+iydt = —ydu(t).

From the variant-of-constant formula (3.8), ¢;(t) := ¢;(t, py) satisfy for ¢ € (0, 1],

e1(t) \ [/ Ca@) ) Sx(t — s)e1(s) )
( Bi(1) ) - ( a4 (1) ) /[o,t] < Sy(t— s)ei(s) ) duls) (3.11)
e2(t) \ [ S\t) ) Sx(t — s)pa(s) )
( 5(1) ) (50 ) L, (80020 ) o (312
Let us introduce the operator Z,, : C(I,C) — C(I,C) by
Zuy(t) == [ Sa(t—s)y(s)du(s),  tel.

By noticing that S\(t — s) = 0 for t = s, the first columns of (3.11) and (3.12) hold at t =0
as well. That is,

01 =Cx\+ Zu, 1, P2 = S\ + Zu, p2- (3.13)
For v € My(I,R), let us introduce

—|v(0)] fort =0,

o(t) = { Vv, (0,4]) fort € (0,1]. (3.14)

For example, for absolutely continuous measures with densities ji = ¢ € £!(I,R), one has

t) = /[0 lalds.

Lemma 3.4 We have v € My(I,R). Moreover, ||v|v = v(1) — ©(0) and

f(s)dw(s)

[a,b]

g/ If(s)|dis) ¥ fec(I,C), [a,b] C 1. (3.15)
0.0

Proof Step 1. We assert that o € M(I,R).
By (2.1), one has ©(0+) = 0. Let us prove

() — D(to) = V{1, (0,]) — V(1, (0,t0]) = V1, (to,t]) VO<to<t<l  (3.16)



In fact, let P/ = {0 < ¢, <t} <---<tl,_; <t, =t} be a partition of (0,t]. By inserting to,
we have a new partition of (0, t]

Pr=PU{to} = {0 <ty <t] <.ty <--<th <ty =t},

where ¢ = ty. We have then

n—1 n
Z |V(t§+1) - Z tz—i—l v(t])|
i =0
= Z\ ti1) = v + () —vto) + Y w(tle) = v(t])]
i=m+1

SV(% (0, t0]) + [v(tyi1) — v(to)l + V(v, (to, 1]).

When considering variations, we are able to assume that ¢, . ; — to is small. By taking
supremum over the partitions P’ and noticing that v(tgp+) = v(to), we can obtain

V(v (0,t]) = V(v, (0, t0]) < V(v, (to, ]).

The reversing inequality can be proved similarly. Thus we have (3.16). By (2.1) again, we
have U (to+) = D(to) from (3.16). Since ©(t) is non-decreasing in ¢t € I, one has

V(©0,1)=0(1) — 5(0) = ||v||v < 4.

Therefore, 7 € My(I,R).
Step 2. We assert that

lv(t) — v(to)| < o(t) — (o) VO<ty<t<Ll (3.17)
When tg > 0, (3.17) is the same as
lv(t) — v(to)| < V(v, (to, t]) = 0(t) — (o) VO<ty<t<l. (3.18)

See (3.16). To see this, notice that {t{,, t} is a partition of (to,t] for any t¢{, € (to,t). From
the definition of variations on subintervals, we have

v (t) = v(to)l < V(v (to, t]).
By letting t{, | to and noticing that v(to+) = v(to), we can get (3.18). Hence we have proved
(3.17) for the case ty € (0,1).
When ¢y = 0, let us notice that (3.16) is not true because v(0) may not be 0. However,

by letting ¢y | 0 in (3.18) and noticing that v(0+) = 2(0+) = 0, we have |v(t)| < ©(t) for all
0 <t <1. Thus

w(t) =v(O)] < [v@)] + v(0)] < o(t) —2(0)  Vite(0,1],

because we have defined (0) as —|v(0)|. This shows that (3.17) is also true for ¢y = 0.
Step 3. Let us complete the proof of (3.15).

Case 1. Suppose that 0 < a < b < 1. Since f € C(I,C) and |f| € C(I,R), both sides
of (3.15) are Riemann-Stieltjes integrals. Let a = t9p < t; < -+ < tp,—1 < t, = b be a
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partition of [a,b] and & € [t;,ti+1], 0 < ¢ < n — 1. We have the following estimate for the
Riemann-Stieltjes sums

n—1 n—1
D FE) W) —v(t)| < D] I(tirn) — v(t)]
=0 =0
1
<D (P(tirn) — D(t)),
=0

following from inequality (3.17). This proves (3.15).

Case 2. Suppose that b = a € [0,1]. In case a = 0, both sides of (3.15) are |f(0)||v(0)].
Hence (3.15) is true. In case a € (0, 1), both sides of (3.15) are 0. In case a = 1, (3.15) is the
same as

W) (w(1) —v(A=))] < [fMIE(1) - 2(1-)).
By letting t = 1 and ¢p 1 1 in (3.17), we know that this is also true. O

In order to establish existence of eigenvalues, we follow [15] to prove the following estimates
on fundamental solutions of (3.1). For simplicity, let us write for v € My(I,R)

R A 0 for t =0,
v(t) - 0(0) = { lv(0)] + V(v,(0,t]) fort e (0,1].

(t)
Note that 7 and U define the same measure dv = dv.

Lemma 3.5 Given p € Mo(I,R) and t € I. Then the fundamental solution pa(t, uy) of
MDE (3.1) is an entire function of X\ € C. Moreover, one has the following estimates

oot pun)| < VAR N e, tel, (3.19)
1 -
lpa(t, 110) — Sa(t)] < We“mﬁ\tﬂm, AeC\{0}, tel (3.20)

Proof Note that both (3.19) and (3.20) are trivial for ¢ = 0. In the following we assume
that ¢ € (0, 1].
The second equality of (3.13) is

02 = S\ + 2y, 2.

By iterating it, we have
N
2= ZI Sx+ ZN e, N e N. (3.21)
n=0

By the definition of Z,,, one has for f € C(I,C),

[0,¢] [0,t2]

Z5, f(t) =~ Sx(t —t2) (- Sx(ta = t1) f(t1) du(h)) dp(ta)

2
U SR (C1) ) CXCEEAL I ENS]

=1
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Inductively,

z,00= [ PO Tt tosn) dp(t) - dp(t), (3.22)
OStlg"'StnStnle::t
where .
To(tr, - tng1) = (=1)" J[ Saltirs — ta).
=1
Applying (3.15) to (3.22), we have
|2 f(t))] S/ |fEOTn (1, S tnpr) | dia(tr) - - dfp(tn).
0<ty < St St 1=t

One crucial observation on T, is as follows. Since S)(0) = 0, one has S\(t;41 — t;) = 0
whenever ¢;,;1 = t;. Hence we have

ENCIEN FEITalt e tus) dit) - dita). (3.23)

0<ty <ta <+ <tp<tp41:=t

For simplicity, in the following we write w := [Imv/A| for A € C. For the proof of (3.19),
we use the following elementary inequality

IS\ ()] < e, ANeC, tel (3.24)

From this, for 0 <t} < --- <tpy1 =t <1,

[Tty togr)] < [ et =t = i), (3.25)
=1

Let f =Sy in (3.23). By using (3.24) for ¢t = ¢; and (3.25), we obtain
[Z SO < et In(t),  In(t) ::/ dfi(tr) - - dfu(tn)-
0<ty <<t <t

Note that the integral I,,(¢) does not change under permutations of (¢1,--- ,t,). Moreover,
all permuted domains for (¢1,te,--- ,t,) are disjoint and have the union being a subset of
[0,¢]™. As fi(t) is non-decreasing in ¢, we have

In(t) < - /W Qi) -+ diftn) = — ( /[0 t] dﬂ(S)) _ O 3 9)

n!

In conclusion

120 5,()] < et PO (3.27)

n!
Note that this is also true for n = 0 by (3.24).
Now let f = 9 in (3.22). By the arguments above, we can obtain

122,0200)] < llpallooet B (3.28)

12



Let N — oo in (3.21). It follows from (3.28) that the second term tends to 0. By (3.27),
we know that the series
pa(t) = palt,n) = > Z3 Sa(t) (3.29)
nezZ+t
is convergent. Since each term of the right-hand side of (3.29) is an entire function of A € C,
we know that ¢o(t, y) is also an entire function of \. Moreover, by (3.27) and (3.29), we
have |2 (t, 1y )| < e+, This is the desired estimate (3.19).
For the desired estimate (3.20), estimate (3.24) for S)(t) can be replaced by the following

elementary inequality
ewt

|SA(t)] < W, A e C\{0}, tel

Estimates like (3.25) can be changed accordingly. We have
ewtl ew(tg—tl) n ewt

.4444444,,II(¢AM+1—Q)__ ’
VA VA Al

=2

|SA(t1)T (t1,t2, -+, tny1)] <

Hence, by (3.26),

lpa(t, pa) — Sa(t)] = Z Z, Sx(t)

< WZIn(t)

neN neN

ewt B 1 B
< —(efMt) _ 1) < —_pwtti(t)
= (40 -1) < N

g

Remark 3.6 (i) From the estimates of the proof of Lemma 3.5, it is easy to see that the
convergence of series (3.29) is uniform in ¢t € I, in A in any bounded set of C, and in x in any
|| - |[v-bounded set of My(I,R). Results (3.19) and (3.20) have been established for those
measures 4 with densities ¢ € £L2(I,R). See [15, p. 7, Theorem 1].

(ii) From the second column of (3.12), one has

Py =S4\ + Z: 0o, Z,y(t) = — o S\ (t — s)y(s) du(s) for t € (0,1].
0.t
Using some elementary estimates on S (¢) and estimates (3.19) and (3.20) for ¢s(t), we can
obtain estimates on 9.02(t, ). When X is negative, we will give in Lemma 5.1 some alternative

estimates on ¢a(t, py) and 4;32(15,,u>\).

The ideas above can be applied to estimates of ¢ (¢, 1)) and S.Ol(t, wy). For example, using
(3.11), @1(t, ux) can be expanded as

e1(t, pa) = O () + Z/ Ca(t1)T (b1, t2, -+ s tngr) dp(ty) - - - dp(tn).
SRSt < St gyi=t

Instead of estimate (3.24) for Sy(t1), one can use, for example,
‘C)\(tl)| < e|1mﬁ‘t17 A€ Ca t € I

The corresponding results are stated as in the following lemma, referring some detail to [15].

13



Lemma 3.7 Let p € Mo(I,R) and t € I. There hold

|1t pua)| < VAR,

1 mv/AJt4i(t)
lo1(t, ) — Ca(t)] < —=ell p(t),
VA
| @1, ) — Ch(8)] < fu(t)elmVAIEHA)
° 1 )
| ©a(t, ) — S4 (1) < —=ju(t) et D)
VY
where X\ € C for the first and the third estimates, while A\ € C\{0} for the second and the
fourth estimates.

We can use the shooting method to establish the structure of eigenvalues of MDE.

Theorem 3.8 Let pn € Mo(I,R). We have the following results.

(i) Problem (3.1)-(3.2) has a sequence of real (simple) eigenvalues A2 (n), m € N, in-
creasing in m € N.

(i) Problem (3.1)-(3.3) has a sequence of real (simple) eigenvalues NN (i), m € ZT,
increasing in m € Z+.

(iii) Moreover, 1im,, oo A2 (1) = limyy, 00 AN (1) = +00.

Proof Let p € Mo(I,R). Eigenvalues A € R of (3.1)-(3.2) are zeros of equation (3.9) in
the complex plane of A. When y has density ¢ € £2(I,R), the existence of A2 (q), m € N, and
the property lim,, ..o A2 (q) = +o0 can be deduced simply from estimate (3.20) for ¢2(1, ),
with the help of the Rouché theorem. See [15, p. 28, Counting Lemma]. The technique there
can be transferred to the present case word by word.

For the Neumann eigenvalues, one can use the third estimate of Lemma 3.7 to solve the

equation

SOl(L :u/\) =0,
which has a sequence of solutions, labeled as A\ (1) < AV (u) < --- < AN(u) < ---, with the
property AN (1) — 400 as m — oo. O

Like the results for eigen-functions for ODE case, one can also obtain the results on nodes
of eigen-functions of MDE (3.1).

4 Arguments and Continuity in Weak* Topology

In the next section, we will prove a deep result on eigenvalues A7, (u) of (3.1) where o = D
or N. That is, \7 (u) are continuous in u € (Mo(I,R),w*). Recall from [15] that when

i = q € L%(I,R), it is possible to use the expansions of (;(t, \+q), &i(t, A+q)) to prove that
eigenvalues A7 (q) of (1.6) are continuous in potentials g with respect to the weak topology
wo of L2(I,R). Note that the weak* topology w* is much weaker than wo and therefore the
desired continuity of A7, (u) is much stronger. It seems that the approach in [15] is not easily
be generalized to the present case. We will use the argument approach to eigenvalues to
prove this. This idea has been recently developed by Zhang [27] to obtain continuity results
for eigenvalues of Sturm-Liouville operators in potentials endowed with weak topologies.
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4.1 Definition and continuity of arguments

For any non-zero solution y(t) of (1.5), the argument of y(¢) is defined as

0(t) := arg(y(t) — iy(t)), tel, (4.1)

which is understood as a continuous representation (in time t). See [26]. In literature like
[2, 8, 9], the argument of y(¢) is also defined as

0(t) := —arg(y(t) + iy(1)).

Note that 6(t) differs from (¢) by a constant —/2. We will adopt definition (4.1), as used
in our works [24, 26, 27]. A remarkable fact for ODE case (1.5) is that the argument (¢) is

actually absolutely continuous in ¢ € I and is governed by the following first-order nonlinear

ODE 40
i q(t) cos® 6 4 sin? . (4.2)

This equation is deduced from ODE (1.5) by the Priifer transformation y = rcosf, —y =
rsinf. Hence the argument of (1.5) can be defined in an easy way.

For any ¥ € R, let § = 6,(t,9), t € I, be the unique solution of equation (4.2) satisfying
0(0) = ¥. In order to study the evolution of (1.5), for any ¢ € I, let us define the argument
of ODE (1.5) at time ¢ as the transformation ©, : R — R defined by

92(19) = 04(t,0).
Obviously, @2 = idr. As equation (4.2) is m-periodic in 6, one has
t _ ot
0, (0 +mm) = O,(9) + mm, m € Z. (4.3)
Moreover, for each t € R, @Z is an increasing C'*° self-diffeomorphism of R.

Now we are going to consider MDE (1.1). For a non-zero solution (y(t),?j/(t)) of MDE

(1.1), though y(t) is continuous in ¢, the velocity ?;(t) is in general not continuous in ¢. Hence
(4.1) fails because 6(t) cannot be continuous in ¢. In the following we use some idea on lifting
in general topology to give a natural definition for arguments of MDE, as did in [27] for
another defining way of arguments of ODE (1.5).

The topological fact we are going to use is as follows. Let
S1:={u= (cos®,sin)T € R?: ) € R} Cc R?
be the unit circle, which has the universal covering o : R — S; defined by

o(¥) = (cos 9, sin ).

Lemma 4.1 [16] Let (X, 7) be a topological space which is simply connected and path con-
nected. Suppose that
f : (X7T) ><Sl _>Sl

1§ a continuous mapping, called a homotopy of maps of S1 with the homotopy parameter
p € X. Fix pp € X. Suppose that F,, : R — R is a lifting of the map f(po,-) : S1 — Si,
i.e., Fpy : R — R is continuous and o o F,; = f(po,-) o 0. Then there exists a unique lifting
F:(X,7) xR —=R of f such that F(po,-) = Fp,. More precisely,

e F': (X,7) x R — R is continuous,
o F(po,V) = Fpy (V) for ¥ € R, and
e o(F(p,9)) = f(p,a(9)) for (p,9) € X xR.
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Note that the joint continuity of f(p,u) in (p,u) € X x S; and F(p,¥) in (p,9) € X xR
is important.

Consider MDE (1.1) with the real measures u € Mo(I,R). Define

e e
M“<t)'_<—s°01(t) Ea(1) > el

where ¢;(t) are fundamental solutions of Eq. (1.1) as before. By the Liouville law in [13] for
MDE, one has det M, (t) = +1. Note that M(t) is the fundamental matrix solution of the
system

y= —z, dz = ydu(t),

in the usual sense. This system is also equivalent to Eq. (1.1).
By Theorem 1.1, we have the following continuity results.
e Given t € I. The following mapping is continuously differentiable

R* x (Mo(L,R), || - [v) = R?,  (uo, 1) — My (t)uo.
e For t = 1, the following mapping is continuous
R? x (Mo(I,R), w*) — R?, (ug, p1) — M,,(1)ug.
In order to apply Lemma 4.1, as M, (t) is non-singular, it induces a mapping M ;i ST —$

by
M, (t)u

M (u) = u € Sy.
! | My ()u|”
Here | - | is the Euclidean norm of R2. Then each M ﬁ is an orientation-preserving diffeomor-

phism of S;.

Suppose that ¢ € I is fixed. Then Mﬁ(u) is jointly continuous in (u,u) € (Mo(I,R), || -
|lv) x S1, which is a Banach space and therefore is simply connected and path connected. In
order to apply Lemma 4.1, we need only to fix a lifting of Mﬁ for some special y. This can
be done by choosing = 0 as follows. When p = 0, MDE (1.1) is simply the ODE 3" = 0.
The arguments, denoted by ©*(¢)), are solutions of

0'(t) =sin®0(t),  0(0) = 9.
Explicitly, O satisfies (4.3), and

At Jo0 for ¥ =0,
o) = { cot™ (cot ¥ —t) for ¥ € (0,7).

Here cot : (0,7) — R and cot™' : R — (0, 7). See [27].
By Lemma 4.1, there exists a unique lifting

of ]\}[ﬁ(u) such that ©f(9) = ©!(9). Moreover, the mapping ©!,(¥9) is jointly continuous in
(u, ) € (Mo(I,R),] - |lv) x R when ¢ € I is fixed.
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Definition 4.2 The argument of MDE (1.1) (at time ¢ € I) is defined as the following map
of R
@Z R — R, 19—>®L(19).

It is obvious that ©!, is a self-homeomorphism of R and satisfies (4.3).

Remark 4.3 When p € Mo(I,R) has density p/ = ¢ € L'(I,R), ©!,(0) coincides with the
classical argument defined from ODE (4.2). See [27].

The argument of Eq. (1.1) at time 1 is denoted simply by
Ou(0) :=0,(9),  (1,9) € Mo(I,R) xR.

With respect to the weak™ topology for measures, we have the following important continuity
result.

Theorem 4.4 The following mapping is continuous

(Mo(I,R),w*) x R — R, (1, 9) — O,(0).
Proof We have known that

(Mo(I,R),w*) x S1 — Sy, (1, ) —>Mﬁ(u)

is also continuous. Applying Lemma 4.1 to the parameter space (X,7) = (Mo(I,R), w*)
which is also simply connected and path connected, we have also the unique (continuous)
lifting

(Mo(L,R),w") x R =R, (u,7) — On(0) (4.5)
such that ©y = ©'. Since the continuity of (4.5) implies the continuity of (4.4) for t = 1, it

follows from the uniqueness of liftings of homotopies that ©,,(9) = ©,(1). Hence (4.5) shows
that ©,(?) is continuous in (i, ) € (Mo(I,R), w*) x R. O

Theorem 4.4 is a generalization of [27, Theorem 4.4] where the classical measures pu = p,
are considered.

In order to study the evolution of MDE (1.1), we introduce another concept for Eq. (1.1).
Let the solution of MDE (1.1) satisfying the initial condition

y(0) = 7o cos ¥, ?;(0) = —rgsind, rg >0, ¥ € R,

be denoted by y(t, 79, ¥, 1) with its generalized right-derivative Z./(t, ro, ¥, ). The growth
function at time ¢ is defined by

R}, (1) := \/(y(t, 1,9, u))% + (?J(t, 1,9, u))% > 0. (4.6)

Obviously,
R)(¥)=1 and R,(0+mr)= R (9) for m € Z.

Now the arguments and growths are related with solutions of Eq. (1.1) via

y(t,ro,V, 1) _ roR! (¥9) cos ot (9)
( - 3;(1577“0,19, n) ) B ( ToRg(ﬁ) Sin@fj(ﬁ) ) (4.7)
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Suggested by the classical defining ODE (4.2) for arguments, it is reasonable to introduce
the following first-order nonlinear MDE

df = sin? 0 dt + cos® O dpu(t). (4.8)
Since cos? 0(t) will be discontinuous and du(t) is not the Lebesgue measure, we are not able
to find a reasonable understanding for solutions of this equation.
4.2 Properties of arguments in measures

Given t € I. Theorem 1.1 (i) asserts that the fundamental matrix solution N,(t) is con-
tinuously differentiable in p € (Mo(I,R),|| - ||v). Moreover, it is proved in [13] that the
directional derivative of N, (t) at p along the direction v is given by

0 for t =0,

_ 0 0 (
£) Jio.n N (5) < o1 (5.p) a5 1) > dv(s) for t € (0,1].

OuNu(t) -v = 4.9)

In particular, it follows from (4.6) and (4.7) that both R, () and ©,(¢}) are also continuously
differentiable in p € (Mo(I,R), || - ||v). Let us write

(y(t, 9, 1), 58, 9, 1)) 1= (y(t 1,9, ), B, 1,9, o).
Theorem 4.5 Given ¥ € R. As a functional
(MO(IaR)v” : ||V) *)]Rv :u*)@,u(ﬁ)v

it is continuously differentiable in p. Moreover, the directional derivative of ©,(¥) at p
along the direction v € My(I,R) is given by

S 2 4T
IO 2 [ s, vt (4.10

where R, (V) := R}L(ﬁ‘) and §(s,0, 1) :=y(s,9, 1)/ Ru ().

0,0,(0) v =

Proof Differentiating
y(1,9, 1) = Ru(9) cos ©,(9),  H(1,9, 1) = — Ry, (1) sin ©,,(9),
with respect to p, we know that for any v € My(I,R),
Ouy(1,9, 1) - v =acos ©,(0) — BR, (V) sin ©,(V),
O ?J(l,l?,,u) v =—asin0,(¥) — BR, (V) cos ©,(V),

where o := 0, R, (V) - v € R and 8 := 0,0,(¢) - v € R. Thus
B=- ((6“ 1.1(1,19,/1) 1) cos ©,(9) + (0,y(1,9, 1) - v) sin © ,( )

(0 50,0, 1) - V)y(1,9, 1) = Dy (1,9, 1) - v) B0, ) ) /(R (9)?
= ~UTIV/(R.(9))%
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where

1,9, Ouy(1,9, ) -
T A J:(O 1), o Obthm e
Y(1,9, ) -1 0 O Y(1,9,p) - v
Denote X = (cos ¥, sind)?. By (2.7), we have U = N,(1)X and V = (9,N,(1) - v)X. Now
(G can be rewritten as

p= —XTQX/(Ru(ﬁ))27 Q= (Nu(l))TJ(auNu(l) ‘).
Recall that the Liouville law (2.8) is the same as

(VU INUO) = T, INZ(t) = (N (). (4.11)

Using (4.9), we have

Q= ~(Nu(1) N, (1 /N (wlgm @2<2,u>>d”(3>

_ —J/N < o) mgw ) du(s)  (by (4.11))

_ N7 0 0 s
- /1( Nyu(s)) J( o1 (5.1) a5 ) dv(s)  (by (4.11))

= i (s, 1) p1(s ea(s,1) ) g0
B /I< @1(852)()02(5710 @%(s,,u) > d ( )

Therefore

@1 (s, ) ©1(8, 1)p2(s, 1)
(Bu(9)) 0 = / ( o1(s L )pa(s, 1) ©3(s, 1) >Xdy(s)

= [ sy cosd = uls ) sin0)? an(s)

- / (y(s, 9, 1))? du(s).

I
This gives (4.10). O

Formula (4.10) is a generalization of the results for arguments of linear ODE which are
used to deduce the formulas for differentials of eigenvalues in potentials [25]. It will be used
to yield differentials of eigenvalues of MDE in measures.

Note that (-, 1) in (4.10) is a non-zero solution of Eq. (1.1) and (¢(-,?, u))? is non-
negative. Formula (4.10) shows that arguments ©,(J)) are monotone in p. Precisely, let us
introduce the following ordering for real measures. We say that real measures puo > pq, if

/f ) dpua(t) /f ) dpa (¢ forall feCy:={feC(I,R): f(t)>0,tel}.
We say that puo > 1, if p; satisfy further
/f ) dps(t) /f )dpq(t) for all f € C4\{0}.

As a consequence of Theorem 4.5, we can apply the Lagrange theorem in Calculus to
obtain the following results.
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Corollary 4.6 (i) Let ¥ € R. Then
pe = 1 = O, (F) = Oy, (), p2 > pi1 = Oy, (F) > O, (7).

(ii) In particular, given p € Mo(I,R) and ¥ € R. Then, as a function of A € R,
O+ (V) is continuously differentiable and strictly increasing. Here po(t) = t.

5 Continuity and Continuous Differentiability of Eigenvalues

5.1 Continuity of eigenvalues in weak* topology

Given p € Mo(I,R). We have known that eigenvalues A% (1) are real. By (4.7) and property
(4.3) for ©,, (1), like eigenvalues for ODE (1.6), one sees that A € R is an eigenvalue of
(3.1)-(3.2) iff

O ru(—7/2) = —1/2 + o (5.1)

for some m € Z, while A € R is an eigenvalue of (3.1)-(3.3) iff
O (0) = mm (5.2)

for some m € Z. For ODE (1.6), it is well-known that (5.1) is solvable iff m € N, while (5.2)
is solvable iff m € Z*. We will show that these are also true for (3.1). In order to prove
these, we need some estimates on Oy, (7).

In the following we consider only A < 0. Denote A = —w? where w > 0.

Lemma 5.1 We have the following estimates

902(17H)\) Q(QHHHV/‘U _ 1)

pallipa) | 2(ev/e —1) |
Sa(1) 1' = l—e 2 (5.3)

L) | 2l s

S < = ellHiv/w -
Ci(1) T w € (5.4)

Proof We still use the expansion (3.29) for pa(t) := wa(t, ux). That is,

o0

p2(t) = Sa(t) + Z/(Kt . SA(t1)Tn(t, -+ s tpga) du(ty) - -+ du(tn)-

n=1

In (3.25), we have used (3.24) for S)(¢) which is true for all A € C. When \ = —w? < 0, we

can give another estimate

0 < S\(t) = (sinhwt)/w = (¥ — ") /(2w) < ' Jw, tel.

Thus
Ta(ty, - s tag1)] < e f™
Hence - - ©)
ewt 1 ewt (/l(t))n ewt(e,u t)/w _ 1)
foa(t) = S0 € 3 ST < 530 T = (5.5)
n= n=



Letting t = 1, we get
ew(GHMHV/w — 1)

lpa(1) — Sa(1)] <

w
Thus

wSH\(1) T l—ew

Sx(1)
obtaining estimate (5.3).
Note that S () = Cy(t). From (3.12), we have, for t € I,

‘@2(1,,&)\) B ‘ - ew(e”NIIV/UJ _ 1) Q(eHqu/w _ 1)

Pa(t) — CaA(t) = — o C(t — s)¢@2(s) dpu(s)

= — Cy(t — 8)Sa(s) du(s) — / Ja(t, s)du(s),

(0,4 (0,4
where
Ia(t,s) = Ca(t — s)(p2(s) — Sa(s))-
Note that - ot
0 < Cx(t — 8)Sx(s) = cosh(w(t — s))mw(“’s) < %
and, by (5.5),

ws (hi(s)/w _ wt ( pfi(t)/w _
(£ )] < cosh(w(t — 5)) @ 1) _ e¥l(e o)

w w
Now (5.6) can yield
o e
| P2(1, px) — Cr(1)] < ;6”“”"/wllﬂllv-

Note that C(1) = coshw > e¥/2. Thus

2
< 2 v /ep e
o Z it/

This proves (5.4).

g

Note that when A — —oo0, C\(1) = coshw — +oo and Sy(1) = (sinhw)/w — +o0.
Meanwhile, the errors in (5.3) and (5.4) can be well-controlled by the norm ||u|/v and have

the order O(1/w).

Lemma 5.2 There hold the following asymptotical estimates
lim ©,(-7/2,\) = —7/2,
A——00

Jim_©,(=7/2,3) = +oo.

Proof For the ODE case, both of these can be estimated from first-order ODE (4.2) for
arguments. For the MDE case, since we are not able to understand first-order nonlinear MDE

like (4.8), the proof is much complicated.
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Let A < —1. The initial argument of (2 (t, uy), — S.Og(t, wy)) at t = 0is taken as 9 = —7 /2.
Let (r9,9) = (1,—7n/2) in (4.7). We get
1
cot O, (—m/2, \) = ealln) (5.9)

902(17 ,u)\)

We argue by connecting u to the measure 0 using the homotopy 7u, 7 € [0,1]. Thus (5.9)
is also true for 7. Now the estimates (5.3) and (5.4) are true uniformly in 7 € [0, 1]. Thus,
if A < —1, one has uniformly (in 7 € [0,1])

(LA ) ea(1, A7) /Sa(1)  Sa(1)
Ea(L i) Ba(1, A7) /Ca(1) )

Sl o (1)

w
Thus, for any € € (0,1), there exists a constant Ag = Ag(e, ||p|lv) < 0 such that

cot ©,(—m/2,7N)

A< Ay = |cot Oy (—7/2,N)| < € for all 7 € [0, 1]. (5.10)
Note that cot : (0,7) — R is a decreasing homeomorphism. Denote
0 := max (7/2 — cot ' &, cot ™! (—¢) — 7/2).
Then 0 < 6. < w/4 because ¢ € (0,1). Moreover,

lim6. = 0. (5.11)
el0
Let A < Ag(e, ||ullv). For any 7 € [0,1], (5.10) implies that there exists ky , € Z such
that
|®7'M(_7r/2>)‘) +7T/2+k)\,7'7r| <0.. (5.12)

As 0. < /4 and ©,,(—m/2, \) is continuous in 7 € [0, 1], one sees from (5.12) that ky , = kx o
is necessarily independent of 7 € [0,1]. Now we can use the continuity of ©,,(—7/2,\)
is continuous in A € (—o0,Ag| to obtain from (5.12) that kg is actually independent of
(—o00, Ag]. That is, there exists some kg € Z such that

|Orpu(—=7/2,\) + 7/2 + korr| < 6 for all 7 € [0,1], X € (—o0, Ag). (5.13)

When 7 = 0, it is well-known that limy_,_ ©¢.,(—7/2,\) = —n/2. This implies that
ko =0. Let 7 =1 in (5.13). We get

|©u(—7/2,\) +7/2| < 6. for all A € (—o0, Ag].

By noticing the fact (5.11), we have proved (5.7).

Result (5.8) can be proved by developing estimates on ©,(—7/2,\) for A > 1. Since
we have the existence of eigenvalues in Theorem 3.8, (5.8) can be obtained in a simple way.
From Corollary 4.6 (ii), A — ©,(—7/2, ) is strictly increasing in A € R. Note that (5.1) is
solvable only when m € N. If (5.8) fails, (5.1) is solvable only for finitely many m € N. Hence

problem (3.1)-(3.2) would have only finitely many eigenvalues, a contradiction to Theorem
3.8. O

By Theorem 3.8, the Dirichlet eigenvalues A2 (1), m € N, are zeros of the entire function
@2(1, 1y). See (3.9). This is not convenient for us to study the dependence of AL (1) on p.
Using the arguments, we have another characterization.

22



Theorem 5.3 Let i € Mo(I,R). Then A = A2 (u) for m € N iff X satisfies (5.1) with the
same m. Similarly, A = A\ (u) for m € Zt iff X satisfies (5.2) with the same m.

Proof By Corollary 4.6 (ii) and asymptotical results (5.7) and (5.8), the range of the
function ©,(—7/2,-) is (—7/2,00). Hence (5.1) is solvable iff m € N.
For the Neumann eigenvalues, it follows from (5.7) and (5.8) that

/\EIPOO eﬂ(oa )‘) = _7T/2’ )\EI_EOO @N(Ov )‘) = +o00.
This shows that (5.2) is solvable iff m € Z*. O

Now we can give the continuity of eigenvalues in measures with the weak* topology.

Proof of Theorem 1.2. We only give the proof for 0 = D. Let y,, — po in (Mo(I,R), w*).
Denote &, := A2 (1), n > 0. By Theorem 5.3, we have

Ou, (—7/2,&,) = —7/2 + mm, Vn>0. (5.14)

We need to prove lim, .o &, = &. Otherwise, without loss of generality, assume that there
exists €9 > 0 such that |§, — &| > &¢ for all n > 1. Furthermore, we can assume &, — &y > €g
for all n > 1. By Corollary 4.6 (ii), we have

—m/24+mn =0, (—1/2,&,) > Ou,(—7/2,& + <o), n>1.
Since p, — po, by letting n — oo, we know from Theorem 4.4 that
—m/2 +mm > 0, (—7/2,& + €0)-
By Corollary 4.6 (ii) again, we get
—m/2+mm > 0,0 (—7/2,&0 + €0) > Ouo(—7/2,&0).

From (5.14) with n = 0, this is impossible. O

5.2 Continuous differentiability of eigenvalues in measures

Proof of Theorem 1.3. Since ©,(?) is continuously differentiable in p € (Mo(I,R), ||-[|v),
see Theorem 4.5, it follows from the implicit function expressions (5.1) and (5.2) that each
A2 (1) is continuously differentiable in . O

Denote 5
_ (D)
195112

Im(t) = (t, —m/2, A0 (o + 1), Ep(t,p) :

Then both §2(t) and ED(t, ) are eigen-functions associated with A2 (u). For any v €
Mo (I,R), the directional derivative of A2 (1) along the direction v is denoted by £(v) € R.
That is, for 7 € R with |7| < 1,

M2+ 1) = AP (1) + TL(v) + o(7).
Hence

AP+ oo + o+ v = (A (W)po + 1) + T(E(W)po + v) + o(7).
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By (5.1), we have

0
0= E@)\Q(M+TV)MO+M+TV(_W/2)

7=0

:/1(173(8))2 d(Lw)po(s) +v(s)  (by (4.10))
— Uy 2D 5 ,
— 1) [ (@8206)" s+ [ (880" avts)

Thus
l(v) =

dv(s)

i (amte) —— [(ER (s avts),
[ @R (s ) ds I

which is bounded linear functional of (Mg (I, R),|| - [|v) because —(EL (-, u))? € C(I,R).

The directional derivatives of the Neumann eigenvalues AY () can be found in a similar
way. We write down these as the following results.

Corollary 5.4 For eigenvalue X7, (n), p € Mo(I,R), let EZ (-, ) be an eigen-function as-
sociated with A% (1) and satisfying the following normalization condition

\W&wh—(ﬂ@mmm%QW_L

The the Fréchet derivative of A3, (u) is given by

OuAT, (1) = —(B7, (- 1)* € (C(LR), || - lloo)
= (C(LR), [ - floo)™ = (Mo(L,R), || - [lv)" (5.15)

Remark 5.5 For a general differentiable functional F' : (My(I,R),|| - [[v) — R, Fréchet
derivatives 0, F(p) are in the double-dual space (C(I,R),| - [loo)*™ = (Mo(L,R),| - [|v)*
Since (C(I,R),|| - |loc) is not reflexive, the double-dual space (C(I,R),| - ||co)** is unclear.
However, for eigenvalues A7 (1), (5.15) shows that Fréchet derivatives are of eigenvalues are
actually in (C(Z,R), || - |lcc) which is a subspace of (C(I,R), || - |loc)**. This is important when
one considers extremal problems of eigenvalues of MDE.

6 Extremal Eigenvalues of ODE with Potentials in £' Balls

6.1 More facts on weak topologies

In the Lebesgue spaces LP(I,R), p € [1,00], besides the norms || - ||, one has the following
weak topologies [6, 11]. For p € [1, 00), we use wy, to indicate the topology of weak convergence
in £P(I,R), and for p = oo, by considering £L>°(I, R) as the dual space of (L1(I,R), |- |1), we
have the topology ws, of the weak™ convergence. In a unified way, ¢, — go in (LP(I,R), w,)
iff

/f 4n(t) dt — /f w(t)dt  Vfe L’ (IR).

Here p* :=p/(p — 1) € [1, o] is the conjugate exponent of p.
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Considering ¢ € LP(I,R) as a density, one has the measure or distribution

pg(t) == /[Ot] q(s)ds, tel. (6.1)

Then py, € Mo(I,R). Moreover, ||iq|lv = |l¢|l1. That is,
(LHLR), [ 1) = (Mo(L,R), |- [Iv) (6.2)

is an isometric embedding.

The following is a direct consequence of definition of weak topologies.

Lemma 6.1 The following embeddings are continuous
(Epl(I,R),wp/) — (LP(I,R),wp) — (Mo(I,R), w™) Voo>p >p>1.
For r € [0, 00), define balls

Bylr] :={q e LP(I,R) : ||q|lp <7}, p € [1,00],
Bolr] == (s € Mo(I,R) : [l <7}

Via (6.1), by the Holder inequality and the isometrical embedding of (6.2), one has the
following results on these balls.

Lemma 6.2 Let r > 0. The following inclusions are proper
By [r] C Bplr] C Bylr] Voo>p >p>1.

As for the compactness of these balls in weak topologies, we have the following results.
Lemma 6.3 Let r > 0. Then Bp[r] C (LP(I,R),w,) with 1 < p < oo, and By[r] C
(Mo(I,R),w*) are sequentially compact, while Bi[r] C (LY(I,R),wy) is not sequentially
compact.

For LP balls B,[r], we have the following result.

Lemma 6.4 [28] Given r € [0,00). There holds

U, Bilr = Bil1)

where the closure is taken in the L' space (LY(I,R), || - |]1).

6.2 Extremal problems of eigenvalues in £? balls

For a potential ¢ € LP(I,R) where p € [1,00], we use {A2(q)}men or {AY(q)}mez+ to
denote eigenvalues of (1.6), with the Dirichlet boundary condition (3.2) or with the Neumann
boundary condition (3.3). In [23, 28], the authors have studied the following extremal values

L7, ,(r) :=1nf {\,(q) : ¢ € Byp[r]}, r € [0, 00).
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The most interesting case is p = 1.

It is proved in [27] that A7, (q) are continuous in ¢ € (LP(I,R), wy) for all p € [1, 00]. When
p € (1,00], by the compactness of Lemma 6.3, one has L7, ,(r) € R are finite. Moreover,
Ly, ,(r) can be attained by some potentials gy, ,,. € Bp[r]. When p € (1, 00), the authors have
derived in [23, 28] the critical equations for ¢, ,, and given a characterization on L, (7).
For the most interesting case p = 1, by the non-compactness of £! balls By [r], it is a question
whether L7, | (r) are finite for all r € [0,00). However, due to the denseness of Lemma 6.4,

one has
Ly 1(r) = 1;?11 Ly, (1) vV re0,00). (6.3)

Based on the characterization for Ly, ,(r) for p € (1,00) and equality (6.3), the authors
of [23, 28] have used complicated limiting techniques to prove that all L7 (r) are finite.
Moreover, these important extremal values LZ%l(T) are elementary functions of » which have
been constructed explicitly.

For example, let us consider the zeroth Neumann eigenvalues A} (q) of (1.6). By intro-
ducing the following elementary function

Zo(x) = v—xz tanh vz, x € (—00,0], (6.4)

one has actually A
LY (1) =25'(r)  Vre0,00). (6.5)

Now we apply the results of this paper on MDE to give a quite natural explanation to the
finiteness of extremal values in [23, 28]. Moreover, the extremal values there can be obtained
by finding the weak™ limits of the critical potentials g7, , . € By[r] C Mo(I,R).

Since M (I, R) is the dual space of the (separable) Banach space (C(I,R),| - ||co), it is
well-known that any ||-||v-bounded subset S C My (I,R) is relatively sequentially compact in
the weak™ topology w*. As an immediate consequence of Theorem 1.2, we have the following
results.

Corollary 6.5 (i) Let S C (Mo(I,R),| - ||v) be a bounded set. Then, for each m, both
inf es A7, (1) and sup,eg Aq, (1) are finite.
(ii) In particular, let m and r be given. Then there exist p? . fiy, . € Bo[r] such that

Ly, (r) == inf A7(n) =A% (17 ) > —o0,

peBolr] e
My, (r) == sup A7, (u) = A%, (A7, ) < +oo.
KEBolr]

For eigenvalues of Sturm-Liouville operators with £P potentials, the point is as follows.
Via (6.1), any ¢ € L£P(I,R) induces a measure p; € Mo(I,R). Using eigenvalues of MDE
of this paper, one has A,(¢) = A7,(¢q). By the inclusions of Lemma 6.2 and the finiteness
results of Corollary 6.5, we can obtain the following results immediately.

Corollary 6.6 There hold the following finiteness results
—o0o < LY (r) < L;’n’p(r) < M,‘;,p(r) < M7 (r) < +o00

for all p € [1,00] and all r € [0,00).
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6.3 Weak* limits of minimal potentials in £? balls

As mentioned before, the extremal values L, ; (r) in L1 balls, like (6.4) and (6.5), are obtained
by complicated limiting analysis. In this subsection, let us see how we can use MDE to obtain
them in a simple way. As a concise example, we only consider the minimal values Lé\,]1 (r)
of the zeroth Neumann eigenvalues A (¢). This is based on (6.3). For the zeroth Neumann

eigenvalues, it is
L{’, (r) = im L{, (7). (6.6)
p

In order to consider (6.6), let us introduce the following Dirac measures in Mq(I,R).
Given a € (0,1] and r € R. One has the following Dirac measure at ¢ = a of the total mass r

A, (t) =

)

(6.7)

0 forte]0,a),
r  fort € [a,1].

Let a = 0 and r € R. One has the following Dirac measure at t = 0 of the total mass r

—r fort=0,
Bor(t) = { 0 for ¢ € (0,1]. (6.8)

Note that both (6.7) and (6.8) satisfy the normalization condition A, ,(0+) = 0.

In the following, let » > 0 be fixed. For any p € (1,00), there exist some potentials
¢p € Bp[r] such that Lé\fp(r) = A (gp). These g, are called minimizers.

Let us recall from [28] some facts on minimizers. Basically, as we are considering the
minimal values, ¢,(t) > 0 for all ¢ € I. Moreover, they are on the £P sphere

gpllp = (6.9)

Consequently,
L{p(r) = min {A)'(¢) : lall, =7}

Due to the continuous differentiability of A}’ (q) and the L£P sphere, the minimizers g, can be
computed using the variational method. In [28], detailed computation has been undertaken
for the zeroth periodic eigenvalues. However, due to the relation between the zeroth Neumann
eigenvalues and the zeroth periodic eigenvalues, computation there can be transformed to
that for Lé\fp(r). In the following we recall some results on Lé\{p(r), with a minor change of
statements. For details, see [28, Section 6].

Let us introduce
& = =N (@) = ~LgH(r) >0, wp(t) = (g()) "2 = (). (6.10)
We know that y,(t) satisfies the following critical equation
ip—&yp Yy ' =0, tel (6.11)
Moreover, y,(t) satisfies the Neumann boundary condition
Up(0) = gp(1) =0, (6.12)
and the following condition, deduced from the constraint (6.9),

2 *
lypllae’? = . (6.13)
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By (6.10), critical equation (6.11) can be written as

Bp — EpYp + ap(t)yp(t) = 0.

Hence y,(t) is actually an eigen-function associated with \)'(g,) = —&,. Note all of these
objects are dependent on r as well.

For the phase portrait of critical equation (6.11), see [28, Figure 1]. The trick there is
to consider &, as a parameter and all solutions of the autonomous equation (6.11) satisfying
(6.12) can be analyzed in details. Finally, Lé\’fp(r) = —¢, is determined by the constraint
(6.13).

Note that for the Neumann eigenvalues A\Y (q) of a potential ¢, by introducing the reflection
of q as §(t) == q(1 — ), we have ||g]l, = [|qll, and AJ(q) = AT (q).

Lemma 6.7 [28] Given r € (0,00). We have the following results.

o There exists some P, > 1 such that if p € [P,,00), the only solution y,(t) of (6.11)-
(6.13) is constant. In this case, one has q,(t) =r and L(])\{p(r) = —r.

e On the other hand, there exists some 1 < P! < P, such that if p € (1, P.), problem
(6.11)(6.13) has two non-constant solutions. If one is y,(t), another is the reflection g,(t) :=
yp(1 —t). In this case, by (6.10), Lé\fp(r) has two non-constant minimizers, correlated by the

reflection. Moreover, Lé\fp(r) < —r.

In order to study Lé\jl (r) using (6.6), we may assume that p is sufficiently near 1. Hence
we need only to consider the second case of Lemma 6.7. For definite, let us choose ¢, and y,
such that

ap := miny, (t) = yp(0). (6.14)

From the phase portrait of (6.11), y,(¢) is strictly increasing in ¢ € I. Therefore

by = e p(t) = gy (1). (6.15)

In fact, as (6.11) is autonomous and y,(t) satisfies (6.12), y,(t) can be considered as a (posi-
tive) periodic solution of (6.11) of the minimal period 2.

Some estimates on y,(t) are as follows. Note that (6.11) has the unique (positive) equi-
5;/(210**2) _ 51()1)71)/2

librium y = , we have
0<ap<&PD2<, (6.16)
From the conservative law for (6.11), one has also
—§pa]29 + a]%p* /p* = —§pb]23 + bf,p*/p*.
This implies that b, actually satisfies
P2 <, < PP, = ()P, (6.17)

Lemma 6.8 We assert that
lim ||gp|1 = r. (6.18)
pll
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Proof By the Holder inequality, one has |gl[1 < [|gyll, = 7. Hence limsup,; [|gp|l1 < 7.
On the other hand, condition (6.13) is

* 2p*
/1 (D)% dt = |25 = 17,

Thus
“— (y(£))*”
q 1:/3/ t))%P th:/dt
|| PH I( p( )) I (yp(t))g
1 9p* rP
> — )P dt = —. 6.19
> [ at = (619
Since lim,,|; &, = —L(])\fl(r) € (0,00) and limy|; b, = 1, we have from (6.17) lim,|; b, = 1.
Now (6.13) shows that liminf,; ||gp|l1 > 1. Hence we have (6.18). O

Via (6.1), g, induces a measure Q, = g, € Bo[r]. Note that ||Q,|lv = [/gpll1. By (6.18),
one has lim,|; [|@p||v = 7. We will find the weak* limits of lim,|; @, in Lemma 6.10 below.
To this end, let us recall the Alexandroff Theorem [6, p. 316] for weak™ convergence.

Lemma 6.9 Let py, po € Mo(I,K). Suppose that

o {||unllv}nen is bounded, and

e for any open subset B C I satisfying po(B) = po(B), one has p,(B) — po(B).
Then one has pn, — po in (Mo(I,K), w*).

Lemma 6.10 Let r > 0 be fized. As p |1, Qp — Ay, in the space (Mo(I,R),w*), where
Ay, is the Dirac measure given by (6.7).

Proof Since {Q, : p € (1, P))} C By|[r], for any sequence {p,} C (1, P)) such that p, | 1,
by the compactness of Lemma 6.3, one has a sub-sequence {p},} such that Q, , — . € B[]
in the weak™ topology w*. We will prove

Mx = Al,r- (620)

The only estimate for y,(t) in [28] to be used is as follows. For any § € (0, 1), there exists
some pg € (1, P) such that
sup yp(t) < 1. (6.21)
t€[0,8], pe(l,ps)
This can be obtained from the qualitative analysis for critical equation (6.11). By (6.10),
ap(t) = (yp(t))® =2 As p | 1, we have p* 1 oo and (6.21) implies

gp — 0 in (C([0, B, R), [ - llo) VG €(0,1). (6.22)

Now we are going to apply Lemma 6.9 to i,y := Qp , and g := Ay ;. Let B be an open
interval of the closed interval I. We distinguish B in several cases.

Case 1. B = [0,b) for some b € (0,1). In this case Ay ,(B) =0 = Ay,(B), while (6.22)
shows that

Qp, +(B) = /qu;”r(t) dt — 0. (6.23)
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Case 2. B = [0,1). In this case, one has Ay, (B) = 0 # r = Ay, (B). We need not to
consider.

Case 3. B = (a,b) for some 0 < a < b < 1. In this case A1,(B) =0= Ay ,(B). One has
also (6.23), following from (6.22).

Case 4. B = (a,1) for some 0 < a < 1. In this case, one has Ay ,(B) =0 # r = Ay ,.(B).
We need not to consider.

Case 5. Finally, B = ga, 1] is also an open interval of I where 0 < a < 1. In this case, one
has Ay ,(B) =1 = Ay ,(B). We have

Qpa,r(B)z/( , Gy, +(8) At = [|qpr

following from (6.18) and (6.23).

In conclusion, Lemma 6.9 shows that (6.20) holds. Since the limit A, of (6.20) is
independent of the choice of subsequences p, and p),, we have proved that @, — Ay, in
(Mo(I,R),w*) as p | 1. O

Note that, as p | 1,

1 —/ Gpy, r(t) At — 7,
[0,a)

yp() T&Xyp() p — 1,

while

r?glxqp(t) =qp(1) = bf,pLQ — +00.

See Figure 777
As a consequence of Theorem 1.2 and Lemma 6.10, we conclude from (6.6) the following
explanation to the extremal values LéY 1(7r).

Corollary 6.11 There holds the following equality
Loy (r) = inf{A)(q) 1 g € Bilr]} =AY (Ary),  r>0. (6.24)
Due to the reflections, one has also
Loy (r) = inf{Ag'(q) - ¢ € Bilr]} = AJ (Do), 720, (6.25)

where Ay, is given by (6.8). The MDE (1.1) with the Dirac measures y = A, with a =0
or 1 have be analyzed explicitly in [13]. The result is

MV (Aar) =25t (r), a=0, 1, (6.26)

where the homeomorphism Zg is as in (6.4). Now results (6.24)—(6.26) have given a clear
explanation to (6.4)-(6.5).

This idea also applies to minimal values in [23] of higher-order eigenvalues of Sturm-
Liouville operators with potentials in £ balls.

Remark 6.12 The minimal problem Lé\f () of the zeroth Neumann eigenvalues has minimal
potentials g, € Bp[r] when 1 < p < oco. However, in case p = 1, it has no any minimal
potential in Bj[r], due to the non-compactness of By[r]. In the ball By[r] of measures, LY (r)
has also the minimal measures. See Corollary 6.5. These observations on minimizers also
apply to minimal values L7, ,(r) and Lg (r) for all m € N. Different from the minimal
problems, the maximal problems M7, ,(r) always have maximizers in the £ balls, including
the case p = 1. See [23, 28]. In this sense, the maximal problems in £P balls are relatively
simple than the minimal problems.
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Since we have extended Sturm-Liouville theory to MDE, the following extremal values
for eigenvalues of MDE
LY (r) :== min {\)' (1) : p € Bo[r]}

are well-defined and can be attained by some measures in By[r]. See Corollary 6.5. As
By [r] C By|r], one has
LY (r) < Loy (7).

We conjecture that
Lo (r) = A (Do) = A (Ary) = Zg' (r) = Lo, ().

That is, the minimal values of A\)(g) in £!(I,R) balls coincide with the minimal values of
AV (1) in Mo(I,R) balls. For the minimal values of higher order eigenvalues, we conjecture
that the analogous results hold as well.
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