THE ROTATION NUMBER APPROACH TO EIGENVALUES
OF THE ONE-DIMENSIONAL p-LAPLACIAN WITH
PERIODIC POTENTIALS
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ABSTRACT

The paper studies the periodic and anti-periodic eigenvalues of the one-dimensional p-Laplacian with
a periodic potential. After a rotation number function p(4) has been introduced, it is proved that for any
non-negative integer n, the endpoints of the interval p~!(n/2) in R yield the corresponding periodic or
anti-periodic eigenvalues. However, as in the Dirichlet problem of the higher dimensional p-Laplacian, it
remains open if these eigenvalues represent all periodic and anti-periodic eigenvalues. The result obtained
is a partial generalization of the spectrum theory of the one-dimensional Schrodinger operators with
periodic potentials.

1. Introduction

Let 1 < p < oo be fixed. The p-Laplacian —A,, acting on a function u(x),
xeQcRY is

—Apu = —div(|Vu[P 2 Vu),

where Vu is the gradient of u. The eigenvalues of the p-Laplacian A, with the zero
Dirichlet boundary condition are, as in the usual Laplacian —A,, those 4 such that
the following problem

Apu+ AuPu=0 inQ

1.1
u=0 on dQ (LD

has non-zero solutions.

Such an eigenvalue problem was first proposed by Otani [21] and has received
much attention recently. Many generalizations to various classes of eigenvalue
problems with certain homogeneity have been developed, see [1, 3, 14] and the
references therein. However the structure of eigenvalues of (1.1) with a general
domain Q@ = IRY has not been understood completely even when the dimension
N is 2. For general domains, it is known that (1.1) has a smallest eigenvalue /i,
which is positive, simple and has an eigenfunction strictly positive in the domain
[14]. Recently, the second eigenvalue /7, (> ;) has been characterized using the
variational method [1]. It is also well known that (1.1) has a sequence of so-called
variational eigenvalues 7,, which are characterized using the minimax principle.
However, it is not known if this sequence presents a complete list of eigenvalues of
(1.1). Some properties of the p-Laplacian have been revealed. These results show
that the p-Laplacian has some different properties from its linear counterpart —A,.
For example, the Fredholm alternative may not hold for —A,, see [2, 5, 8, 10]. On
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the other hand, many applications of eigenvalues of the p-Laplacian, for example,
to the non-resonance problem, have been developed in the literature; see [4, 6, 7,
18, 19, 23, 24].

When the dimension N is 1, eigenvalues of (1.1) can be given explicitly because
(1.1) is now integrable. In fact, if Q = (0, T) = R, (1.1) has a sequence of eigenvalues
given by

Jn=(nmy/TF, n=1.2,...

where

2 f o & 2m(p — 1)V7
T, = = T s
’ o (I—=s/(p—1)r  psin(n/p)
cf. [19].
Let ¢,(s) be the mapping from R to R defined by s — |[s|"~%s. For the
one-dimensional case, the structure of eigenvalues of

(@o(X)) + (4 a(0)py () = 0 ( R jt) (12)

with more general two-point boundary conditions can be characterized completely,
although equation (1.2) may be no longer integrable. See Theorems 4.1 and 4.2
below.

For the one-dimensional case, it is more interesting to consider eigenvalues of
(1.2) with respect to the periodic boundary condition:

x(0) — x(T) = x'(0) — x'(T) =0, (1.3)
or to the anti-periodic boundary condition:
x(0) + x(T) = x'(0) + x'(T) = 0. (L.4)

Again, when no potentials are present in (1.2): q(t) = 0, the periodic or the anti-
periodic eigenvalues of (1.2) are known because (1.2) is integrable. However, when
some potentials are present in (1.2), the (anti-) periodic eigenvalues have not been
studied adequately. In fact, I think this problem, which may be referred as the
11-dimensional problem, is the first non-trivial one in studying eigenvalues of p-
Laplacian. Let us introduce some notation. Denote by £ and ./ the eigenvalues of
the problem (1.2) 4 (1.3) and the problem (1.2) 4 (1.4), respectively. Let 2. = 22U .«/.
Before explaining the difficulty in understanding the structure of Z£., let us recall
some classical results for the linear counterpart of (1.2), that is, the periodic and
anti-periodic eigenvalues of the following linear Schrodinger operator

(Lx)(t) == —x"(t) — q(t)x(t) = Ax(1), (1.5)

where ¢(t) is 2m-periodic and q € L'(0,27). (We assume here that the period
is T = 2n.) Then one has the following classical result, which is part of [16,
Theorem 2.1].

THEOREM A [16]. There exist two sequences {1,(q) : n € N} and {1,(q) : n € Z*}
of the reals with the following properties:
(i) They have the following order:

Z0(q) < 24(q) < 71(q) < 2o(q) < 7a2(q) <o < Zy(q) S @) <....  (1.6)
(ii) 4 is an eigenvalue of (1.5) + (1.3) if and only if A = A,(q) or i,(q) for some
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even integer n; and A is an eigenvalue of (1.5)+ (1.4) if and only if 2 = 4,(q) or Au(q)
for some odd integer n.

The proof of Theorem A is essentially based on the Floquet theory for linear
periodic equations [11] and on the classification of symplectic 2 X 2 matrices.
Returning to the 11-dimensional problem, we know that there is no hope of giving
the complete structure of #., because a Floquet-like theory for periodic equations
(1.2) of the p-Laplacian-type is not available, although the Floquet theory has been
generalized to various linear systems such as functional differential equations [17]
and differential algebraic equations [13]. On the other hand, unlike the Dirichlet
problem, there would be a coexistence problem for eigenvalues 4,(¢) and ,(¢):

in(q) = Tn(Q)

Such a coexistence problem is extraordinarily difficult for general potentials ¢(t).
This also adds to the difficulty in understanding the structure of #..

In this paper, we try to give a partial generalization of Theorem A to eigenvalues
2. of (1.2) for p-Laplacian using a more geometric approach, that is, the rotation
number approach, which has been well developed for linear periodic systems; see
Johnson and Moser [12] and Moser [20]. This approach applies also to (1.5) with
quasi-periodic or almost periodic potentials and is very useful in understanding the
spectrum and the dynamics aspect of (1.5).

For the linear case (1.5) with periodic potential ¢(t), the rotation number function
in [12] is an analytical function on the upper half-plane. When real parameters are
considered, the rotation number function p(1) is as follows. Let x = rcosf and
X' = —rsin@ in (1.5). Then 0 satisfies the following equation:

0 = (A + q(t)) cos® 0 + sin> 0 =: O(t,0; 1). (1.7)

As ®(t,0; /) is 2n-periodic in both ¢ and 0, it is well known from [11, Theorem 2.1,
Chapter 2] that the rotation number of (1.7)
p(i) = plis) = lim NEA =00
—00 t

exists and is independent of 8y, where 0(t; 6y, 4) is the solution of (1.7) satisfying the
initial condition: 6(0; 6y, 1) = 0y. Using the function p(4), all eigenvalues 4,(g) and
Ja(q) can be characterized in the following way [12, 20]. A simple proof based on
[16, Theorem 2.1] is given in [9].

THEOREM B [20, Theorem 4.3]. Let q and p(4;q) be as above. Then
2n(q) =min{l : p(A;q) =n/2}, neN,

Jn(q) = max{A : p(A;q) =n/2}, nelZ". (1.8)

In fact, the graph of p(1) looks like a staircase which is continuous and is strictly
increasing except on the possible platforms p~'(n/2), n € Z*, while the endpoints
of the platforms p—'(n/2) are exactly the periodic and anti-periodic eigenvalues of
(1.5).

In this paper, when ¢(t) is a periodic potential, we follow the idea in [9, 20, 25]
of introducing a rotation number function p(A) for (1.2). Then we use (1.8) and (1.9)
to define two sequences {Z,(q) : n € N}, {4,(q) : n € Z*}. It will be proved that
{2,(q); Zn(q) : n is even} are the periodic eigenvalues of (1.2)+(1.3) and {4,(q), Za(q) :
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n is odd} are the anti-periodic eigenvalues of (1.2) + (1.4). Namely, the ‘if” part of
Theorem A(ii) holds for such a 11-dimensional problem (Theorem 3.3). Differently
from the variational structure of (1.1) in defining the variational eigenvalues of higher
dimensional p-Laplacian, we extensively make use of the Hamiltonian structure of
(1.2) for the 1}-dimensional problems (1.2) + (1.3) and (1.2) 4+ (1.4). However, as
in the higher dimensional Dirichlet problem for p-Laplacian, it remains open as
to whether the ‘only if* part of Theorem A(ii) also holds for the 11-dimensional
p-Laplacian, namely, whether those eigenvalues 4,(¢q) and 4,(q) represent a complete
list of eigenvalues of (1.2) 4+ (1.3) and (1.2) 4+ (1.4). For this reason, we will call these
periodic and anti-periodic eigenvalues 4,(q), Z.(q), constructed using the rotation
number function, the rotational periodic eigenvalues of (1.2).

This paper is organized as follows. In Section 2, we will introduce the p-polar
coordinates and then derive the counterpart of (1.7) for (1.2). The rotation number
function p(4) of (1.2) will be introduced. Some properties of p(1) will be proved.
In Section 3, the (anti-) periodic eigenvalues of (1.2) will be studied. The ‘if” part
of Theorem A(ii) for p-Laplacian with periodic potentials will be proved in this
section, see Theorem 3.3. In Section 4, we study the eigenvalues of the Sturm-—
Liouville problems of (1.2) and will give another characterization of rotational
periodic eigenvalues using eigenvalues of Sturm-Liouville problems. In Section 5,
we present some examples which show that the ‘only if” part of Theorem A(ii) also
holds.

2. p-polar coordinates and rotation number functions

Let 1 < p < oo be fixed. Define ¢,(s) = |s|"~2s, s € R. Then ¢, is an odd
homeomorphism of the real line IR and is (p — 1)-homogeneous in the following
sense:

Pplks) =K' gy(s), k=0, s€R.

The inverse of ¢, is ¢,+, where p* = p/(p — 1) is the conjugate exponent of p.

Let ¢(t) in (1.2) be a periodic function such that ¢ € L. .(IR). We always assume
that the period of q(t) is T = 2m,. Before studying eigenvalues of (1.2), we introduce
some coordinates in the plane R?, which may be called the p-polar coordinates. This
will be realized using the solutions of the following differential equation:

(¢p(x)" + ¢p(x) =0. 2.1)
Set ¢,(x') = —y in (2.1). Then (2.1) is equivalent to the following planar system
X'=—=¢p), ¥ =¢px), (22)

which is an integrable Hamiltonian system with the Hamiltonian

H(x,y)=IxI"/p+IyI" /p".
Let (Cy(t), Sp(t)) be the unique solution of (2.2) with the initial value (x(0), y(0)) =
(1,0). Then C,(t) and S,(t) are well defined on the whole line IR. These functions
C,(t) and S,(¢) are called the p-cosine and the p-sine, respectively, because they share
many similar properties of the cosine and sine functions [15]. Some properties of
C,(t) and S,(t) are summarized in the following lemma.

LemMa 2.1 [15].  The functions Cy(t) and S,(t) have the following properties:
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(i) Both Cy(t) and Sy(t) are 2m,-periodic.

(i) Cp(t) is even in t and Sy(t) is odd in t.

(iil) Cp(t+mp) = —Cp(t), Sp(t + m,) = —=Sp(¢).

(iv) Cp(t) =0 if and only if t = n,/2 +mn,, m € Z; and S,(t) = 0 if and only if
t=mm, m¢€ Z.

(V) Cp(1) = =y (Sp(1)) and Sy(1) = ¢p(Cp(1)).
(vi) ICp(t)\”/erlS O /p* = l/p

Let us define the p-polar coordinates in R? by
x =1PCy(0), y=r""S,(0). (2.3)
Using Lemma 2.1, it is easy to check that
dx Ndy = (2/p)rdr A dO. (2.4)

Now we consider differential equation (1.2). As before, let

¢p(x') =—y (2.5)
n (1.2). Then (1.2) is equivalent to the following Hamiltonian system:

aH([s X:J’) yl aH([7 X,,V)

¥ =) == =

= (4 +q()Py(x) = (2.6)

where the Hamiltonian is

H(t,x,y;7) = (A +q@)xI?/p+ yI” /p".

In the p-polar coordinates (2.3), it is not difficult to check that r and 0 satisfy the
following equations:

= (p/2)(4+ q(6) = Dp(Cp(0)) P (Sp(0))r = ¥(1, 0,7 4), (2.7)

0" = p((2+q@)ICO /p + S, /p") =2 E(1,0;4). (2.8)

Note that system (2.6) preserves the area dx Ady. Hence system (2.7) 4+ (2.8) preserves
the area rdr A df because of the equality (2.4).

For any (xo, yo) € IR?, let (x(t;xo, yo, 4), ¥(t; X0, Vo, 4)) be the unique solution of
(2.6) satisfying the initial condition (x(0),y(0)) = (xo,yo). Similarly, for 0y € R,
let (r(t; 00, 1), 0(t; 0o, 1)) be the unique solution of (2.7) + (2.8) satisfying the initial
conditions r(0) = 1, 6(0) = 6. As Z(t,0; 4) is bounded in 6, we know that r(¢; 0, 1)
and 0(t; 6y, 4) are defined on the whole line R. Due to the oddness of (2.6) in
(x,y) and the homogeneity of (2.7) in r, we have the following relation between the
solutions (x(t; xo, Yo, 4), ¥(t; X0, Yo, 4)) and (r(t; 0o, 2), 0(t; 0o, 4)):

(x(t5 0p(ro)Cp(00), @ (r0)Sp(0o), 2), y(t5 (o) Cp(6o ), @ (10)Sp(0o), 2))
= (p(ro)r™/?(t; 00, 2)Cp(0(t; 00, 2)), @pr (ro)r™/?" (t500, )Sp(0(t3 00, 7)) (2.9)
for all ry, Oy € R, where

@p(ro) = |ro|*? signrg, 19 € R.
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In particular, the Poincaré map P; of (2.6) is given by
Pi(@p(ro)Cp(bo), @p+ (r0)Sp(00))
= (x(27p; 9p(r0)Cp(00), @p: (r0)Sp(6o), 2), Y21y ; @p(ro) Cp(6o), @+ (r0)Sp(0o), 1))

= (9p(r0)R"(B0)Cp(®;(00)), 9 (ro) RS (00)S,(©,(60))) (2.10)
for ro, 0o € IR, where R;(0o) :=r(2m,; 0o, ), and
©,(00) := 0(27y; 09, ). (2.11)

Thus ©,(0p) is the corresponding Poincaré map of (2.8).

Note that Z(t,0; 1) is 2mp-periodic in both 6 and t. In fact, Z(t, 0; 4) is actually 7,-
periodic in 0, cf. Lemma 2.1(iii). Equation (2.8) is a family of 27,-periodic equations
on the circle § := R/n,Z. By the periodicity of Z(t,0; 1), we have the following
equalities on the solutions 0(t; 0y, 4) of (2.8):

0(t + 2mmy; 0o, 2) = 0(t; 0(2mmy; 0o, 1), 1) (2.12)
0(t; 0o + mmy, A) = 0(t; 0o, A) + mm, (2.13)
for all 6y € R and all m € Z. In particular, the rotation number of (2.8)
. 0(t;00,2)— 0
o) = (i) = fim AEA =0
©7(0) — o

= lim

2.14
[m|—o0 Zmn,, ( )

exists and is independent of 6y; see [11, Theorem 2.1, Chapter 2].

Notice that the vector field E(t, 0;4) is increasing when A increases. We have
the following monotonicity result on the solutions 6(t; 60y, 4) of (2.8), which is a
consequence of the comparison theorem for differential equations.

LEMMA 2.2. If 21 > Ao, then 0(t;00,41) = 0(t;00,4) for all t = 0 and all 6.
Moreover, 0(t; 0o, 21) > 0(t; 00, 22) for all t = 2m, and all 0.

Proof. This is essentially similar to [24, Lemma 2.2]. O

For later purposes, we give here another preliminary result. Let w(t) be a 2m,-
periodic function such that w € L'(0,2x,). Consider the equation

0" = p(w(D)|Cp(O)/p + IS,(0))" /p*) =: E(t,0) (2.15)
and its solutions 0(t; 0y) satisfying 6(0; 0y) = 6.
LemMA 2.3. (i) if 0o = m,/2+mm, for some m € Z, then 0(t;00) > n,/2+mm, for

all t > 0. (ii) Assume that w(t) < 0. If Oy < mm, for some m € Z, then 0(t;0y) < mm,
for all t > 0.

Proof. For the exponent 1 < p < oo, let us introduce the p-tangent and the
p-cotangent functions

70y = 4150 160 .16

=427 G )=
g O F s
where the signs + are determined on which quadrant (C,(0),S,(0)) lies; see [15].
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Using the properties in Lemma 2.1, one has

dTy0) _ 1 dGy(0) _ 1 (217)
do- (GO do (p/p")ISpO)F '
The result (i) follows essentially from the fact that the vector field Z(t,0) > 0 at
0 = np, +mmn,, m € Z. By (2.13) we need only to prove (i) for the case 0y > n,/2. We
first prove that there exists some dy > 0 such that

0(t;00) > m,/2 for all 0 < t < . (2.18)

It is obvious that (2.18) holds if 6y > m,/2, so let us assume that 0y = m,/2 at the
moment. Choose dy > 0 such that

0 < 0(t;00) <m, forall 0<t< .
Then the function
(1) = —G,(0(t; 600))

is well defined on [0, dy). Moreover, by (2.15), &(¢) satisfies, for almost everywhere
t € [0, ),

&0 = (" /pw@IEOI" + 1= a(t)é(t) + 1, (2.19)
where

a(t) = (p"/p)w()p((1)).

Since £(0) = 0, we get from (2.19)

o t
)= Jo exp (f a(r)dr) ds >0

for all t € (0,d¢). Thus (2.18) is proved.
Suppose that 0(t; 0y) > n,/2 fails for some ty > 0, that is, 0(to; 0p) < m,/2. Using
the fact (2.18) we can define

t. = min{t > 0 : 0(t;0p) = m,/2}.

Then t. > 0 and 0(t.;0y) = m,/2. Let 6. € (0, ¢.) be such that n,/2 < 0(t; 0) < 3m,/2
for all t € [0-,t.). Then the function {(t) = —T,(0(t; 0o)) is well defined for t € [0+, t.).
By (2.15), we have, for almost everywhere t € [., t.),

(1) = —w(t) = (p/p")IL(OF < —w(1).
Thus N
L(t) < L(0+) +f [w(s)| ds < +o0
5

for all t € [J.,t.). This contradicts the fact that lim,_,,,_ {(t) = +o0.
The conclusion (ii) can be proved similarly. O

Now we give some properties of the rotation number function p(A).

THEOREM 2.1.  The rotation number has the following properties:
(1) p(2) is continuous in 1 € R.

(i1) p(A) is non-decreasing in A € R.

(iii) p(4) =0 if A < —1, and lim)_, 1, p(4) = 0.
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Proof. (i) Note that the vector field E(t,0; 1) depends on A continuously. Then
so does the Poincaré map ©®;(6y). Now the continuity of p(1) follows from [11,
Corollary 2.1, Chapter 2].

(i) The monotonicity of p(/) follows simply from Lemma 2.2.

(iii) Let us first prove that lim,,, ., p(1) = +oco. To this end, assume that 4 > 0.
Let us consider differential equation (1.2) again. Let X = x, § = —A7/7"¢,(x). Then
(1.2) is equivalent to the following system:

K ==2"¢,(9), 7 =0+ 277 q(1)$,(3). (2.20)

Let & = #/7Cy(0), § = #¥/7"S,(A) in (2.20). Then #, § satisfy the following
equations:

P = (/20277 q(0)p(Cp(0)) by (Sp(0))P, (2.21)
0 =217 4 577 g(0)1C0)F /p. (2.22)

_ As before, let 9(t;@o,i) denote the solution of (2.22) with the initial condition:
0(0) = 9. By (2.22), one has

A

t t
MM — )ﬁ“ﬂ‘foq,(s) ds < 0(t;00,7) — 0y < 2Vt + )rl/l”’foq+(s) ds (2.23)

for all t = 0 and all @0 € IR, where
q+(t) = max{q(t),0}, q-(1) = max{—q(1),0}.
Comparing (2.20) with (2.6), we have the following relation:
(x.y) = (%417 ).
In the corresponding p-polar coordinates, we have
PPCy(0) = PPCy(D), 1P S,(0) = VPR S, (D).

As a result,
o) P L) — (2.24)
(ICp ()P + (p/p*)AIS,(0)p*) /P

_ 27 C,(0)
(IC(O)P + (p/p*) IS, (B)|p*) VP

Let us define a homeomorphism #; : R — IR, where 0 = Jﬁ(@) is determined by
(2.24) and (2.25). Note that #, fixes the points {mn,,n,/2+mn, :m € Z} < R and

S,(0) (2.25)

lim 200 (2.26)

Comparing (2.22) with (2.8), s, preserves solutions
0(t 4 (Bo), 2) = A 1(0(t; 0o, 7)), (227)
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By (2.26) and (2.27) we have

L0 (Do), 2)
p(2) = lim —

t——+0

A 3(0(t; 00, 1))

A (0t 00, 2)) 0(¢; 00, 2)
=t (t; 00, 4) t

— lim 22%4 (2.28)
because, when 1> 1,

t
0(t; 00, 7) = 09 + 217t — ;rl/l’*f g_(s)ds —» +o0 ast — +o.
0

Next, by (2.23), we get from (2.28)
0002

A= li Mg
p(2) = lim —— q-2—"",
where
1 2m,
4-=75- q—(s)ds
TpJo

is the mean value. Now it is obvious that p(1) — 400 when A — 4-c0.
Next let us prove that p(4) = 0 for all A. Applying Lemma 2.3(i) to w(t) = A+4(t),
we have 0(t;n,/2,A) > n,/2 for all t > 0. Thus

p(A) = lim 05 my/2,7) > 0.

t—+0 t
Finally we prove that p(4) = 0 if 4 < —1. For simplicity, let us assume that
the potential ¢(t) is bounded on IR, that is, there is some M, > 0 such that
lq(t)] < My,t € R. Suppose that 1 < —Mj. Then w(t) = 4+ q(t) < O for all ¢. It
follows from Lemma 2.3(ii) that 6(¢;0,4) < O for all ¢t > 0. Thus
0 .
o(3) = lim 7(“:“) <

t——+00

0.

This, together with the conclusion p(A) = 0, shows that p(4) = 0 for all 2 <« —1. For
general periodic potentials g(t) € Llloc(]R), the result can be proved similarly by using
some similar transformation as in the proof of the conclusion lim;_, 1., p(41) = +c0.

O

REMARK 2.1. It follows from (2.23) that the rotation number function has the
following estimates:
AP —q a7V < pQ)y <AV g 2TV >0, (2.29)

where g4 are the mean values of 2m,-periodic functions g (t).

3. Periodic eigenvalues of the p-Laplacian

In this section we will use the rotation number function p(4) to study the main
problem in this paper, that is, the periodic eigenvalues 2 of (1.2) + (1.3) and the
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anti-periodic eigenvalues .7 of (1.2) + (1.4). We always assume that T in (1.3) and
(1.4) is 2m,,.

Note that (x(z; xo, vo, 4), y(t; X0, yo, A)) is a solution of (1.2) 4+ (1.3) or (1.2) + (1.4)
if and only if (xo, yo) is a fixed point of the Poincaré map P;:

P;(x0, y0) = (x0, yo)s

or an anti-fixed point of P;:

P;(x0, y0) = —(x0, yo).

Using expression (2.10) for P;, the following result is obvious.

THEOREM 3.1. L € 2. if and only if there exist some 6y € R and some n € Z+
such that

0(2my:00,2) = 0o + nm, and r(2my;00,4) = 1. (3.1)

Moreover, the case n is even (n is odd, respectively) in (3.1) corresponds to the periodic
eigenvalues (the anti-periodic eigenvalues, respectively).

Note that the vector field Z(t, 0; 1) is differentiable in 0. Thus the Poincaré map
®,(0y) of (2.8) (cf. (2.11)) is also differentiable in 6. The following proposition,
which is a result of the area-preserving property of P;, is fundamental in obtaining
some eigenvalues in Z..

ProposITION 3.1.
d®,(6y) 1

= , bheR. 32
d0o RX0) 32

Proof. Consider the space S = (0,00) x (R/2n,Z) with the area rdr Ad0. Let 0
be any fixed real number. For any 6; (> 6y) which is near 6, consider the following
domain in S:

@Z{(V,O) 0<V<1,00<0<01}
With respect to r dr A df, & has area
1 91
19| = f f rdrdf = 1(6; — 0y).
0J 0,
Note that the Poincaré map P;, in the (r, )-coordinates, is
P;(r,0) = (rR;(0), ©,(0)).

The image & of & is the following domain in S:

7 ={(70):0<F<R(0;(0)),0,(00) <0 < O,;(01)},
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cf. (2.10). Here ©7 () is the inverse of @,(:). Thus < has area

. ©(01) _ rRy(©7'(0)
|2| = f d@f F dF
©:(00) J 0

0;(0:) -
= %J R}(©7(0))d0

9;(0o)
0
' d®;(0)
=1| R} .
1, RO
As P preserves rdr A df, we have
o d0,(0
o -0 =1 O .
0o

Differentiating this equality with respect to 0y at 0; = 0y, we get the desired equality
(3.2). O

ReEMARK 3.1. The equality (3.2) can be also proved using equations (2.7) and
(2.8).

By Proposition 3.1, we can state an equivalent form of Theorem 3.1.

THEOREM 3.2. /. € 2. if and only if there exist some 6y € R and some n € Z+
such that
do,(0)
do  |y_y,

©,(00) = 0 + nm, and =1 (3.3)

Moreover, the case n is even (n is odd, respectively) in (3.3) corresponds to the periodic
eigenvalues (the anti-periodic eigenvalues, respectively).

We will establish some relation between condition (3.3) with the rotation number
function p(4). To this end, we need the following result.

PROPOSITION 3.2.  Let h be a homeomorphism of R satisfying
h(0 +mmn,) = h(0) +mn,, 0 €R, meZ. (3.4)
Define the rotation number of h by

p(h) = lim w.

Iml—co  2mm,

Suppose that n is an integer. Then
(i) p(h) = n/2 if and only if maxger (h(0o) — (6o + nm,)) = 0;
(i) p(h) < n/2 if and only if ming,er (h(0o) — (0o + nm,)) < 0.

Proof. This is [9, Proposition 2.2]. O

Now we introduce for (1.2) two sequences {,(q) : n € N} and {Z,(q) : n € Z*}
using the rotation number function p(4).
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DEFINITION 3.1.  Let ¢(f) be a 2m,-periodic potential with ¢(t) € L(0,2m,).
Define

Jn(q) =min{A € R : p(1;q) =n/2} forneN, (3.5)
Jk(q) =max{Z € R : p(A;q) =n/2} forneZ". (3.6)

Note that these sequences are well-defined by Theorem 2.1. Now we prove the
main result in this paper.

THEOREM 3.3. If n € Z" is even, then 4,(q) and Jn(q) are eigenvalues of (1.2) +
(1.3), and if n € N is odd, then 1,(q) and 1,(q) are eigenvalues of (1.2) + (1.4).

Proof. Let us consider the family of Poincaré maps @, of (2.8). By (2.13), ©,
satisfies (3.4) for each A. By Lemma 2.2, for any fixed 6y, the function ®,(0y) — 6y is
strictly increasing in A. Thus the functions

Ielolean)é((%'(e()) — bo),
and
glelﬂg(@)a(@o) — bo)
are strictly increasing in 4. Now it follows from (3.5) and (3.6) and from Proposition
3.2 that A = 4,(¢q) if and only if 4 satisfies
5?3%(62(90) — bo) = nmy, (3.7)
and that 1 = Z,(q) if and only if A satisfies
(g?ellg((%,(ﬂo) — Oo) = nm,. (3.8)

2,(q) or Z,(q), we know from (3.7) or (3.8) that there must be
some 0y € R such that (3.3) is satisfied. Now the result follows from Theorem 3.2.
O

As a result, if 1 = /

REMARK 3.2. We do not know that if the converse of Theorem 3.3 also holds,
that is, if all eigenvalues of (1.2)4(1.3) and (1.2)+(1.4) are necessarily given by those
Jq(q) and Z,(q). The gap from this problem is that all eigenvalues are characterized
by (3.3), while rotational eigenvalues 4,(q) and /4,(¢) are characterized by (3.7) and
(3.8).

REMARK 3.3. Since p(4) is non-decreasing, one sees that the order (1.6) holds
also for the p-Laplacian. As p(4,(q)) = p(.(q)) = n/2, it follows from the esti-
mates (2.29) that one has the following asymptotic formula for rotational periodic
eigenvalues Z,(q) and ,(q):

2n(@), 2n(q) = (n/2)" as n — +oo. (3.9)

4. Sturm—Liouville problems

In this section we will give another characterization of rotational periodic eigen-
values using the eigenvalues of (1.2) with respect to certain two-point boundary
conditions. To this end, we consider the Sturm—Liouville problems of (1.2).
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Before considering general two-point boundary conditions, we consider the
eigenvalues of (1.2) with respect to the Dirichlet boundary condition:

x(0) = x(2m,) = 0. (4.1)

THEOREM 4.1. Eigenvalue problem (1.2) 4 (4.1) has a sequence of eigenvalues:
—0 <P <) <...<Pg)<....

Moreover, all eigenvalues 2(q) are simple, and associated with the first eigenvalue
(or the principal eigenvalue) AP(q), there is an eigenfunction @i(t) such that ¢i(t) is
strictly positive on (0,2m,).

Proof. Note that if x(t) is a solution of (1.2), then so is mx(t) for any m € R. In
order to consider eigenvalue problem (1.2)4(4.1), we need only consider the solution
(x(2), y(t)) of (2.6) satisfying (x(0), y(0)) = (0,1). Now 4 is an eigenvalue of problem
(1.2) + (4.1) if and only if x(27,;0,1,4) = 0, which, in the p-polar coordinates (2.3),
is equivalent to

02ny;m,/2,A) = my/2 + nm, for some n € Z, (4.2)
cf. (2.9). By (2.13), it follows from (4.2) that
0@2mmn,;mn,/2,A) = n,/2 + nmm,
for all m € Z. As a result,

o(J) = lim 0Q2mmy;my/2,2) — mp/2 _
m—00 2mm,

n/2.

Now Theorem 2.1 shows that n in (4.2) is necessarily non-negative. Furthermore, it
is also necessary that n in (4.2) is positive because 0(2n,;m,/2, 1) > m,/2 by applying
Lemma 2.3(i) to w(t) = 4+ q(¢).

Next let us prove that for any integer n € N, (4.2) has a unique solution 2 = A2(q)
which yields an eigenvalue of (1.2) 4 (4.1). Let us keep the notations in the proof of
Theorem 2.1(iii). By (2.23), if 2 > 0 then

N L (2
02m,;m,/2,2) — m,y/2 = 2m, 1P — )71/P J q_(s)ds.
0

Thus
Jim (02np;mp/2,2) = 7p/2) = 0.
Now it follows from (2.26) and (2.27) that
;l_iglw(@(2np;np/2, A)—my/2)
= il_i)rf@(%ﬂ@@np; /2, 2)) —mp/2) = 400, (4.3)

because the convergence in (2.26) is in fact uniform in 4 > 1.
On the other hand, as in the proof of Theorem 2.1(iii), if 1 < —1, then
0Q2my;mp/2,A) < mp < y/2 + N1y (4.4)

By Lemma 2.2, 0(2r,;7,/2,2) is strictly increasing in 4. Now the existence and
uniqueness of solution of (4.2) follows from the intermediate value theorem and
from (4.3), (4.4).
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The simplicity of all eigenvalues AP(¢) can be obtained by the uniqueness result
for solutions of (1.2).
As for the principal eigenvalue A = 1P(q), we will prove that

0<0(t;mp/2,4) —mp/2 < m, forallte(0,2m). (4.5)

Thus 4P(g) has an eigenfunction x(t) = —r*?(t;7,/2,2)C,(0(t;m,/2,4)) > 0 for all
t € (0,2my). The left inequality in (4.5) follows from Lemma 2.3(i). If the right
inequality in (4.5) fails at some t = ty € (0,2m,), that is, 0(to;7,/2,4) — 7, /2 = 7,
then we consider the equation

0" = p((7 + qiy (D) Co(0)7 /p + IS,(D)F" /p"), (4.6)

where ¢y, (1) = gq(t+1o). Let 0(t: 0o, 2) be the solution of (4.6) with the initial condition
0(0) = 0y. By the uniqueness result of solutions, one has the following equality

0(t; 00, 2) = 0(t — to; 0(to; 0o, 1), 1.
Applying Lemma 2.3(i) to w(t) = 4 4 q,,(t), we have
0Q2n,;7my/2,A) = é(an —to;0(to;mp/2,A), A) > mp /2 + mp,
because we have assumed that 0(tg;7,/2,4) = n,/2+ 7, As a result, 2 = AP(q) does

not satisfy (4.1) (with n = 1), which is a contradiction. O

REMARK 4.1. The Dirichlet eigenvalues of the p-Laplacian with weights are
studied in [24]. Some application of weighted eigenvalues to non-resonance of
semilinear equations of the p-Laplacian-type is given in [24].

The general two-point boundary conditions are of the form

¢x(0) +nx'(0) =0, ox(27y) + tx'(27,) = 0, 4.7)

where &, 1, o, T are constants such that ¢2 45> > 0 and ¢ + > > 0. The conditions
(4.7) can be rewritten as the following concise form:

by (Sp(2))x(0) + Cp(@)x'(0) = 0, P (Sp(B)x(2mp) + Cp(f)x'(2m,) =0, (4.8)

where g, § € [0,7,). Under transformations (2.3) and (2.5), the first condition in (4.8)
is equivalent to

®p (Sp(2))x(0) — Cp() by (¥(0)) = 0
= x(0) = @p(r0)Cyl(@).  ¥(0) = ¢, (r0)S,(2) ~for some rg
<= 0(0) = o +mmn, for some me Z.
Similarly, the second condition in (4.8) is equivalent to
02n,) = f +¢m, forsome/ € Z.
By (2.13), one knows that 4 is an eigenvalue of (1.2) + (4.8) if and only if
0Q2ny;0,4) = +nm,, nel. (4.9)

Note that n in (4.9) is non-negative.
In the following, we are only interested in the case f = o € [0,7,) in (4.8):

$pr (Sp)X(0) + Cp@)¥'(0) = 0. by (S,(2)x(2my) + Cplo)x'(2my) = 0. (4.10)
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Hence 4 is an eigenvalue of (1.2) 4+ (4.10) if and only if
0Q2m,;0,2) =0 +nn,, neZ'. (4.11)

Note that the case o = 7,/2 in (4.10) corresponds to the Dirichlet condition
(4.1), and the case o = 0 in (4.10) corresponds to the Neumann condition. As in the
Dirichlet case, one has the following result for eigenvalue problem (1.2) 4 (4.10). The
only difference is that (1.2) 4 (4.10) has also a zeroth eigenvalue 4 = 23(q).

THEOREM 4.2. Let o € [0,7,/2) U (n,/2,7p) in (4.10). Then eigenvalue problem
(1.2) 4+ (4.10) has a sequence of eigenvalues

—00 < A(g) <A (g) <...<iq)<....

Moreover, all eigenvalues A%(q) are simple.

REMARK 4.2. It follows from (4.11) that p(4%(q)) = n/2. Thus one has the
following relation between A%(q) and the rotational periodic eigenvalues, which is
well known for the linear case p = 2:

2o(q) < 23(q) < 7n(q), o € [0,my), n€N. (4.12)

By the asymptotic formula (3.9) for 4,(¢) and ,(q), one has the following asymptotic
formula for A%(q):

() = (n/2)Y asn— +oo. (4.13)

Now we give the following characterization of rotational periodic eigenvalues
using the eigenvalues of Sturm—Liouville problems.

THEOREM 4.3. For any n € N,

2n(q) = min 27(qs), (4.14)
seR

Jn(q) = max A%(qs). (4.15)
seR

The eigenvalue Z(q) can be characterized using the Neumann eigenvalues
Z0(q) = max 4g(qs). (4.16)
selR
Here q4(t) are translations of q(t), that is, q,(t) = q(t + s).

Proof. For any fixed s € R, let 6(t; 00, 4,q5) be the solution of the following
equation

0" = p((A+ g,))IC,O) /p + [S,(O) /")
satisfying the initial condition 0(0) = 0y. Then one has the following equality:
H(ta 9(_57 907 ;“7 qS)7 ;La q) = G(t -, 00a /L qS)

for all ¢, s, 6y and 4. Hence p(4;q9) = p(4;qs) for all 1 and all s. Consequently,
2n(qs) = A,(q) and A,(qs) = Ax(q) for all s. By (4.12), one has

2,(q) < 2%(qs) < Zu(q), forall s e R.

Moreover, the eigenvalues 4%(gs), as functions of s, are continuous in s, cf. (4.11).



140 MEIRONG ZHANG

Now we are going to prove (4.15). Assume first that n € IN in even. Then
A = Jn(q) 1s an eigenvalue of the periodic problem (1.2)+(1.3), that is, equation (1.2)
has a non-zero 2m,-periodic function x(t). We claim that there exists sop € R such

that
Gy (Sp()x(s0) + Cp(2)x'(s0) = . (4.17)

Case 1: a = 0. As x(t) is 2m,-periodic, there exists so such that x'(sp) = 0. Thus
(4.17) is satisfied.

Case 2: o = m,/2. If (4.17) does not hold, then either x(¢) > 0 for all ¢ or x(t) < 0
for all t. Let ry (# 0) and 0y be such that

x(0) = @p(ro)Cp(bo),  ¥(0) = —¢p(x'(0)) = @ (r0)S,(6o).

Then 0(t; 0o, 4,q) is bounded because x(t) # 0 for all t. As a result, we have p(1) = 0.
This is a contradiction because p(4) = p(4,(q)) = n/2 > 0.

Case 3: o € (0,m,/2) U (7p/2,7,). If (4.17) does not hold, then the function
&(t) = x'(1) + yx(t) (4.18)

is a 2m,-periodic function and satisfies £(t) # 0 for all ¢, where y = ¢,(S,(«))/Cp(2)
# 0. Without loss of generality, we assume that &(t) > O for all ¢. It is easy to prove
that for any given 2m,-periodic function &(t), the linear equation (4.18) has a unique
2m,-periodic solution x(t). In fact, such a 2m,-periodic solution is given by

0
X0 = [ &+ nexp(ds

where e = — if o < m,/2, or e = 4+ if a > m,/2. As £(t) > O for all ¢, we have x(t) > 0
for all ¢t if o < m,/2, or x(t) < O for all ¢ if o > 7,/2. Now we can use a similar
argument as in case 2 to prove that (4.17) holds for some sy € R.

Let now z(t) = x(t + so), where sy satisfies (4.17). Then z(t) satisfies differential
equation

(@p(2(1)) + (2 + a5 (1) p(2(2)) = 0. (4.19)

Moreover, by condition (4.17) and the 2m,-periodicity of x(t), z(t) satisfies the
boundary condition (4.10). This means that 4 = /,(q) is an eigenvalue of (4.15) +
(4.10). As we have shown n/2 = p(7,(q); q) = p(Z(q); g5, ), therefore Z,(q) = 2%(gs,)-
This proves that the maximum in (4.15) can be attained when n > 0 is even.

The characterization (4.16) also holds because we have (4.17) in this case.

Now we consider (4.15) when n € N is odd. In this case, for 1 = ,(q), (1.2)
has a non-zero solution x(t) satisfying the anti-periodic boundary condition (1.4).
As (1.2) is odd in x, it is easy to check that x(t) satisfies x(t + 2m,) = —x(t) and x(t)
is a 4m,-periodic solution of (1.2). Now a similar argument shows that (4.15) holds
also in this case.

Equality (4.14) can be proved similarly. O

REMARK 4.3. Let us write q; < ¢ if q1(t) < g2(t) for almost everywhere ¢ €
[0,27,] and ¢1(f) < ga(t) for ¢ in some subset of [0,2r,] of positive measure. One
has the following comparison results for eigenvalues 2%(q), 4,(¢), 4.(q) with respect



EIGENVALUES OF THE ONE-DIMENSIONAL p-LAPLACIAN 141

to the potentials g. If gq; < ¢», then

Zalq1) > Zn(q2)s
in(ql) > in(qz)5
Zn(q1) > 7n(q2),

for all n € N. The reason is that the following monotonicity of solutions 6(t; 6y, 4, q)
of (2.8) on the potentials q, that is, if q; < ¢a, then 6(¢; 60, 4,q1) < 0(t; 6o, 4, ) for
all t = 2m, and all 0, cf. Lemma 2.2. Now the comparison results follow from (4.11)
and (3.7), (3.8). These comparison results for eigenvalues are useful in the study of
non-resonance of non-autonomous equations of the p-Laplacian-type, see [18, 24].

5. Examples and concluding remarks
In this section, we present some examples such that the converse of Theorem 3.3
holds.

ExampLE 5.1. Let ¢(¢) in (1.2) be a constant, say ¢q(¢t) = 0. Then (2.8) is

0" = p(ACHO) /p + 1S, /p*).

In this case, p(A) = 0 if 2 < 0, and p(1) = AP if 2 > 0, cf. (2.22). Thus we can
recover the classical eigenvalues of the p-Laplacian without potential: 4¢(0) = 0 and

&,,(0) = }Z(O) = In(o) = (n/z)p, ne N, o e [O, 7'Ep).

In this case, one sees that the converse of Theorem 3.3 holds.

ExamPLE 5.2. Let us consider the 2-step potential g(t):

q(t):{ C1 IE[O,[1),

¢t E [ty,2my),

where ¢; # ¢; and 0 < t; < 2m,. When p = 2, the eigenvalues 4,(q) and Jn(q) have
been studied in detail so that the global structure of resonance pockets of Hill’s
equations can be given [9, 25]. For general p, equation (2.8) reads as

0" = (A4 c)ICHO)F /p+IS,(0)1" /p"), 1 €[0,11), (5.1)
0" = p((2+ )ICON /p + IS,(0)7 /p*), ¢ € [t1,2m). (5.2)

Using the p-tangent function T,(0) in (2.16) and the formula in (2.17), equations
(5.1) and (5.2) can be written as

d . .
2 1o(0) =+ c) +p/PIT,O1,  t€[0,n), (5.3)
%TP(Q) = (4 )+ @/PNTON, 1€ [t,2m,), (5.4)

respectively. Equations (5.3) and (5.4) can be integrated as for the case p = 2. Using
a similar technique as in [9], one can prove that the converse of Theorem 3.3 also
holds in this case. We will not give the details here and refer the interested reader
to [9].
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ExaMPLE 5.3. Let ¢(t) = cos(nt/mp) in (1.2). Then q(¢t) is 2m,-periodic. In this
case, a numerical simulation shows that the converse of Theorem 3.3 also holds.

We conjecture that the converse of Theorem 3.3 holds for general potentials, that
is, the sequences {4,(¢q) : n € N} and {1,(q) : n € Z*} represent all periodic and anti-
periodic eigenvalues of (1.2). As explained in the introduction, this is an interesting
problem. As (1.2) is an ordinary differential equation, it would be a relatively easier
problem than the famous problem of the higher dimensional Dirichlet eigenvalues
of the p-Laplacian.

We end the paper with two remarks.

REMARK 5.1. The approach developed here also applies to the eigenvalues of
the following type:

(r(0)p(x") + (Aw(t) + q(t)pp(x) = O, (5.5)

where r(t), w(t), q(t) are 2m,-periodic and r(t) > 0, w(t) > 0. Note that the radial
eigenvalues of higher dimensional p-Laplacian (1.1) will lead to (5.5). Therefore, by
Theorem 4.2, the radial Dirichlet eigenvalues of (1.1) is clear when Q is an annulus.

REMARK 5.2. The idea in this paper is also useful in another famous spectrum
problem, that is, the Fulik spectrum of

X"+ (At + g+ (0)x4 — (- + g-()x- =0, (5.6)

where g4(t) are 2m,-periodic potentials. The spectrum of (5.6) 4- (1.3) has not been
well understood. We will develop the rotation number approach and give a partial
understanding of (5.6)4(1.3) in [22]. Because of the asymmetry in (5.6), the spectrum
of (5.6) + (1.4) is more complicated.
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