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Abstract

In this paper, we study positive periodic solutions to the repulsive singular perturbations of the
Hill equations. It is proved that such a perturbation problem has at least two positive periodic
solutions when the anti-maximum principle holds for the Hill operator and the perturbation is
superlinear at infinity. The proof relies on a nonlinear alternative of Leray—Schauder type and
on Krasnoselskii fixed point theorem on compression and expansion of cones.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we consider the perturbation of the Hill equation
x"+alt)x = f(t,x). (1.2)

The type of perturbationg (¢, x) we are mainly interested in is that(z, x) has a
repulsive singularity near = 0 and f (¢, x) is superlinear neat = +oo, although the
main results of this paper apply also to more general type of perturbations. The problem
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we are interested in is the existence and multiplicity of positive periodic solutions of
(1.1, i.e., positive solutions ofl(1) satisfying the periodic boundary condition

x(0) = x(1), x'(0) = x'(D). (1.2)

(We have fixed the period as 1.)
From the physical explanation].Ql) has arepulsive singularityat x = 0 if

lim f(,x) =400 uniformly in z. (1.3)
x—0t

The superlinearityof f (¢, x) nearx = 400 means that

lim f(t,x)/x = +oo uniformly in ¢. (1.49)
X—>+00

Such a type of singular equations appears in many problems of applications such
as the Brillouin focusing systerfl,6,23,24]and nonlinear elasticity4,5]. It is found
recently in[15] that positive periodic solutions of the Ermakov—Pinney equation

" +at)x = x3,

which is of the type we are considering, play the fundamental role in studying the
twist character and stability of periodic solutions of the scalar Newtonian equations.
Mathematically, Eq. X.1) is a singular perturbation of a non-autonomous (and there-
fore, non-integrable) Hill equation. The existence and multiplicity of (strictly) positive
periodic solutions of these singular equations have attracted many researches in the
recent years. See, for examp|g,5,7,10,12,13,18,205ee alsd16] for an introduction
to this topic.
For two classes of these equations, some interesting results have been proved in
literature. The first case is the perturbation of superlinear autonomous (and hence,
integrable) equations

X"+ g(x) = h(@), (1.5)

where g € C((0, o), R) has a singularity at 0 satisfying the strong force condition
(see (G3) in Section4) and is superlinear near = +oo. In this case, del Pino and
Manasevich[4] and Fonda et al[11] have obtained the existence of infinitely many
periodic solutions to X.5), and the existence of infinitely many subharmonics. These
results are obtained by using the Poincaré—Birkhoff Theorem or Moser Twist Theorem
[19]. In this sense, the dynamics of singular equatioh$)(are much similar to the
regular case.

Another case is the singular forces have semilinear growth mear+oo. In this
case, the singular forces may be non-autonomous (and hence, non-integrable):

x" 4+ g(t,x) = h(1), (1.6)
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where g satisfies some strong force condition near= 0. del Pino et al.[5] and

the third author of the present paper and his collaborg22s24] have given a de-

tailed study on the existence of at least one positive periodic solutiod. \hen

g(t, x) grows semi-linearly neax = 4oo. It is proved in[22] that the periodic and
anti-periodic eigenvalues play the same role in these existence results, which reveal
some phenomenon different from the regular case. These results are obtained using the
coincidence degree theory of Mawhjh6].

Besides the coincidence degree theory used in the existence problems, another tool—
the method of upper and lower solutiofj—is also used in some works mentioned
above. These are also basic tools in dealing with regular equdtiis

On the other hand, some fixed point theorems in cones for completely continuous
operators have been extensively employed in studying the existence of positive solu-
tions, specially to the separated boundary value problems after the early {8®ks
However, for the periodic problem, it is difficult to find much references, and only
very recently, paperfl8,20] are known to us. The reason for this contrast may be due
to the fact that it is more difficult to perform a study of the sign of the Green func-
tions for the corresponding linear periodic problems. In pd@ét, Torres succeeded
in overcoming this difficulty by using a new?-anti-maximum principle developed in
[21] and obtained some new existence results to probted)—(1.2).

The aim of this paper is to show that these fixed point theorems in cones can be
applied to the periodic problem. Based on the basic resulf2dhon the unperturbed
non-autonomous equation, i.e., the left-hand sideldl) (is zero, we will study mainly
the non-autonomous superlinear-repulsive perturbations {s8eahd (L.4)) and obtain
the existence of two different positive periodic solutions 101, See Theorems 3.3
and 4.4. The existence of the first solution is obtained using a nonlinear alternative of
Leray—Schauder, and the second one is found using a fixed point theorem in cones.

The remaining part of the paper is organized as follows. In Se@isame prelimi-
nary results will be given. In Sectiody we are devoted to the positone case, ifét, x)
is positive. In this case, we prove that the weak singularityf ¢f, x) at x = 0 is al-
lowed, as revealed ifil8,20] In Section4, the semi-positone case, i.€(t,x)> — M
for someM > 0, is studied. In this case, some strong force conditions are needed to
obtain the existence and multiplicity of positive periodic solutions Jof)(

Some illustrating examples will be given. In some sense, the results in this paper
unify some previous works such as [i20,23,24]

2. Preliminaries and notation

Throughout this paper, we assume that the unperturbed paft. Bf {.e.,
x"+at)x =0 (2.1)

satisfies the following standing hypothesis (A):

(A) The Green functionG (z, s), associated with the following probler.@), is positive
for all (z,s) € [0, 1] x [0, 1],
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where @.2) is the following non-homogeneous problem:
xX"+at)x =h(@), x0) =x1), x'(0 =x'). (2.2)

In other words, the (strict) anti-maximum principle holds f@r2). In this case, the
solution of @.2) is given by

1
x() = (Lh)(@) := / G(t,s)h(s)ds. (2.3)
0

In order to guarantee the positivity @f(z, s), it is proved recently if21] (see also
[20]) that if a(¢) satisfiesa > O then the positivity ofG(z, s) is equivalent to

Z1(a) > 0, (2.4)

where the notatiom: >~ 0 means thau(z) >0 for all r € [0, 1] anda(r) > O for t in
a subset of positive measure. The notatidgf(a) denotes the first anti-periodic
eigenvalue of

X"+ QA +a@t)x =0 (2.5)
subject to the anti-periodic boundary condition
x(0) = —x(1), x'(0) = —x'(1). (2.6)

Some classes of potentialgr) for (A) to hold have been found recently {21].
To describe these, we uge ||, to denote the usual?-norm over (0,1) for any given

exponentg € [1, oo]. The conjugate exponent af is denoted byg*:  + qi* = 1. Let
K(g) denote the best Sobolev constant in the following inequality:

ClulZ<|u'|5 for all u € Hy(0, 1).

The explicit formula forK (¢) is

on [ 2 \¥¥4 [ I(D Z.f
K(g) = ?(2+q> (r(2 ))'K"@O’ (2.7)

4 if ¢ =00

where I is the Gamma function.
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Lemma 2.1 (Torres [20]). Assume that(t) = 0 anda € L?[0, 1] for somel< p <oo.
If

lall, < K(2p™), (2.8)

then (2.1) satisfies the standing hypothe§), i.e., G(t,s) > 0 for all (¢, s) € [0, 1] x
[0, 1].

Remark 2.2. If p = 1, the corresponding condition ir2.8) can be weakened as
lall1<K(c0) = 4 by the celebrated stability criterion of Lyapunov. In case= oo,
condition @.8) reads as|alls < K(2) = 72, which is a well-known criterion for the
anti-maximum principle yet used in the related literature. In this ca&®) €an be
weakened as(r) < 7.

Under hypothesis (A), we always denote

A= min G(,s), B= max G(,s), o= A/B. (2.9)

0<s,1<1 0<s,1<1

Thus B > A > 0 and O< ¢ < 1. We also usew(r) to denote the unique periodic
solution of @Q.2) with A(z) =1, i.e., w(t) = (L1)(2). In particular, A <||w] oo < B.

In the obtention of the second periodic solution 4flf, we need the following
well-known fixed point theorem of compression and expansion of cfirfs

Theorem 2.3 (Krasnosel'skii[14, p. 148). Let X be a Banach space arfd(C X) be
a cone. Assume thd®;, Q, are open subsets of X wilhe Q1, 21 C Q, and let

T:KN(Q\Q1) — K

be a continuous and compact operator such that either

) 1Tul Zlull, u e KN0Qy and | Tull < llull, u € K N0L2; or
(i) ITull<lull, w € K N0 and ||Tul > |lull, u € K N0Lp.

Then T has a fixed point ik N (Q2\Q1).

In applications below, we tak& = C|0, 1] with the supremum nornij- || and define

K = {x € X :x(t)>=0for allt and min x(t)20||x||}, (2.10)
0<r<1

whereg is as in @.9).
One may readily verify thaK is a cone inX. If & € L1(0, 1) with 2(r) >0 a.e.t, it
is easy to see thafh € K.
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Suppose now tha# : [0,1] x R — [0,00) is a continuous function. Define an
operatorT : X — X by

1
(Tx)(t):/ G(t,s)F(s,x(s))ds (2.112)
0

for x € X andt € [0, 1].

Lemma 2.4. T is well defined and maps X into K. Moreoydr is continuous and
completely continuous

3. Positone case

In this section we establish the existence and multiplicity of positive solutions to
(1.2) in the positone case.

Recall that {.1) is positone if f(z, x) > 0 for all ¢ € [0, 1] and allx > 0. Since we
are mainly interested in the repulsive-superlinear nonlinearities (& gnd (1.4)),
without loss of generality, we may assume thfdt, x) satisfies
(F1) For each constant > 0, there exists a functiotp; > 0 such thatf (s, x) > ¢, (1)

for all (z,x) € [0, 1] x (O, L].

Motivated by the nonlinearities like (¢, x) = b(1)x >+ c(t)xP +e(t) and f(z, x) =
b)x %+ c(t)e® +e(t), o, f > 0, we introduce the following assumption gfz, x):
(F2) There exist continuous, non-negative functi@ris) andx(x) on (0, co) such that

ft,x)<gkx)+h(x) forall (z,x) € [0, 1] x (0, c0)

and g(x) > 0 is non-increasing an#él(x)/g(x) is non-decreasing it € (0, 00).

Theorem 3.1. Suppose that(r) satisfies(A) and f(z, x) satisfies(F1) and (F2). Sup-
pose further that
(F3) There exists a positive number r such that

.
g(er) A+ h(r)/g(r)

l[eoll,

wheres and w(r) are as in Sectior®.
Then Eq.(1.1) has at least one positive periodic solution with< | x| < r.

Proof. The existence is proved using the Leray—Schauder alternative principle, together

with a truncation technique.
Let No = {ng,no+ 1, ...}, whereng € {1, 2, ...} is chosen such that

lollg(or)(1+h(r)/g(r)) +1/no <.
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See(F3). Fix n € Ng. Consider the family of equations
X" +a)x = Af,(t, x(0)) +a(t)/n, (3.1)

where / € [0, 1] and f,, (¢, x) = f(t, max{x, 1/n}), (¢, x) € [0, 1] x R. Problem 8.1)—
(1.2) is equivalent to the following fixed point problem @[O0, 1]:

x =AT,x +1/n, 3.2)

where 7,, denotes the operator defined W®.X1), with F (¢, x) replaced byf,(t, x).

We claim that any fixed poink of (3.2) for any A € [0, 1] must satisfy|/x| # r.
Otherwise, assume thatis a solution of 8.2) for some 4 € [0, 1] such that||x|| = r.
Note that f,(z, x) >0. By Lemma 2.4, for alt, x(r) >1/n andr>x(#) >1/n+a|x —
1/n|. By the choice ofng, 1/n<1/ng < r. Hence, for allt,

x®)=21/n and r>x@)=1/n+aolx —1/n|>1/n+a(r —1/n) > or. (3.3)

Using 3.3, we have from condition(F), for all t,

1
x(t) = )u\/‘ G(t,s) fn(s,x(s))ds +1/n
0
1
< / G(t,s)f(s,x(s))ds+1/n
0
1
< /0 G(t,5)gx(s))(1+ h(x(s))/g(x(s))ds +1/n
1
< g+ h()/g(r) fo G(t, 5)ds +1/no
< |wllg(or)(L+ h(r)/g(r)) + 1/no. (3.4)
Therefore,
r=|xlI<llwllgler)(L+ h(r)/g(r)) + 1/no.

This is a contradiction to the choice afy and the claim is proved.

From this claim, the nonlinear alternative of Leray—Schauder guarantees3tBat (
(with A = 1) has a fixed point, denoted by, in B,, i.e., Eq. 8.1) (with A = 1) has
a periodic solutionx, with ||x,|| < r. Sincex, satisfies 8.2), x,(t) >1/n for all t and
x, is actually a positive periodic solution 08.0) (with 1 =1).
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Next we claim that these solutions, have a uniform positive lower bound, i.e.,
there exists a constait> 0, independent ofi € Ny, such that

mtinxn(t)>5 (3.5)
for all n € Np. To see this, we know froniF1) that there exists a functiog, > 0 such

that f(¢t,x)>¢,(t) for (t,x) € [0,1] x (0, r]. Now let x,(r) be the unique periodic
solution to the problem2(2) with & = ¢,(¢). Then

1
xr(r)zfo G(t,9)¢,(s)ds > Allp, Il > O.

So we have
1

1
X, (1) = / G(t,s) (s, x,(s))ds +1/n = / G(t,s)f(s,x,(s))ds +1/n
0 0

1
> / G(t,s)b,(s)ds +1/n =x.(t) + 1/n = Al|ld, |1 =: 9.
0
In order to pass the solutions, of the truncation equations3(1) (with 2 = 1) to
that of the original equationl(l), we need the following fact:
x| < H (3.6)
for some constan/ > 0 and for alln>ng. To this end, by the boundary condition

(1.2, x},(t0) = O for somerg € [0, 1]. Integrating 8.1) (with A = 1) from O to 1, we
obtain

1 1
/ a(O)xn (1) di = / Lot 30 () + a0 /] dt.
0 0

Then

!/
nll

max |x, (f)| = max

[|x
0<r<1 0<r<1

t
/ x,"(s)ds
o

t
/ Lfo (5. xn(5)) + a(s)/n — a(s)xn(s)]ds
1

0

max
0<r<1

1

1
/ [fn(s,xn(S))+a(S)/n]ds+/ a(s)x,(s)ds
0 0

N

1
= 2/ a(s)x,(s)ds < 2r|all1 =: H.
0
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The fact||x,|| < r and @.6) show that{x,},cn, is @ bounded and equi-continuous
family on [0, 1]. Now the Arzela—Ascoli Theorem guarantees that},cn, has a sub-
sequence{x,, Jren, converging uniformly on[0, 1] to a functionx € C[O, 1]. From

the fact|x,|| < r and @.5), x satisfiesé <x(r)<r for all t. Moreover,x,, satisfies the
integral equation

1
Xy (1) Z/ G(t, ) f (s, xn (s)ds + 1/ng.
0

Letting k — oo, we arrive at

1
x(t):/ G(t,s)f(s,x(s))ds,
0

where the uniform continuity off (¢, x) on [0, 1] x [J, r] is used. Thereforex is a
positive periodic solution of1(.1).

Finally it is not difficult to show that|x|| < r, by noting that if |x|| = r, the
argument similar to the proof of the first claim will yield a contradictiof.

Corollary 3.2. Let the nonlinearity in(1.1) be
F(t,x) =bO)x "+ pe)x? +e(r), 0<r<1, (3.7)

wherea > 0, >0, b(z), c(t), e(t) € C[0, 1] are non-negative functions angdr) > 0
for all t, and 1 > 0 is a positive parameter. Then

@) if <1, (1.D has at least one positive periodic solution for egch- 0; and
(i) if p=1, (1.1 has at least one positive periodic solution for ea@h< p < p,,
where i, is some positive constant

Proof. We will apply Theorem 3.1. To this end, assumpti®i) is fulfilled by ¢, (r) =
L~%.min; b(¢). To verify (F2), one may simply take

g(x) = box%,  h(x) = ucox” + eo,
where

bo = mlaxb(t) >0, c¢o= mtaXc(t) >0, ep= mtaXe(t) >0.

Now the existence conditiofF3) becomes

a"r* /|| w|| — bo — eor”

cor®th

H <
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for somer > 0. So (L.1) has at least one positive periodic solution for

are L\ w| = bo — eor®
O<p<p,:=sup /vl .
r>0 COroH_ﬁ

Note thatu, = oo if f <1 andp, < oo if f=1. We have the desired results]

Theorem3.1 applies to the example
ft,x) =bO)x™* + pc(t)e +e(r), 0<r<1. (3.8)

A result similar to Corollary3.2(ii) holds for this example.

Theorem3.1 also applies to regular examples lik&(z, x) = b(t)x? + e(r), with
b>0 ande > 0. In particular, if f(¢, x) = e(t), e = 0, the existence of positive peri-
odic solutions of {.1) coincides with our standing hypothesis, i.e., the anti-maximum
principle holds for 2.2).

Another example is the Brillouin beam focusing equation

x" +a@+cost)x =x" %

This equation has been widely studied as a model for the motion of a magnetically
focused axially symmetric electron beam with Brillouin flow (4é&¢ for a description

of the model). The existence of positive periodic solutions has been considered by
many authors. See for examj3,24], where the existence of one positive-geriodic
solution is proved whemx>1 anda > 0 is less than the first weighted anti-periodic
eigenvalue of

x”" 4+ A+ cost)x = 0.

The latter condition is equivalent to the standing hypothesis (A) her§20f Torres
studied the existence in the both strong and weak cases0. Using Theorem 3.1,
we can arrive at the same conclusion ag4f].

Next we will find another positive periodic solution to Ed..1) by using Theorem
2.3 for certain nonlinearities.

Theorem 3.3. Suppose thaA) and (F1)-(F3) are satisfied. Furthermoreassume that

(F4) There exist continuous, non-negative functignéx) and 41(x) on (0, co) such
that

ft,x)>g1(x) + h1(x) for all (z,x) € [0, 1] x (0, co0)

and g1(x) > 0 is non-increasing andzy(x)/g1(x) is non-decreasing i €
(0, 00); and
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(Fs) There exists a positive numb& > r such that

R
081(R)(1+ h1(oR)/g1(oR))

<ol

whereos and w(r) are as in Sectior®.
Then besides the periodic solution x constructed in TheoBinEg. (1.1) has another
positive periodic solutiork with r < ||X||<R.

Proof. Let X = C[0,1] and K be the cone inX in Section2. Let Q; = B, and
Q> = Bg be balls inX. The operato" : K N (£22\Q1) — K is defined by 2.11), with
F(z, x) replaced byf (¢, x). The operatofT is well defined onK N (22\2;). Note that
anyx e KN (Qz\Ql) satisfies O< or <x(t) < R by the definition ofK.

First we have||Tx| < ||x| for x € K N0Q,. In fact, if x € K N0Qq, then|x|| =r.
Now the estimatd|Tx| < r can be obtained almost following the same ideas in proving
(3.4). We omit the details.

Next we show thaf|Tx| > ||x]|| for x € K N0Q». To see this, lekt € K N0Q». Then
lx]l = R andx(¢#) >oR. As a result, it follows from(F4) and (Fs) that, for 0<r <1,

1

1
(Tx)() =/0 G(LS)f(&X(S)MS?/O G(1,5)g1(x(s) (1 + h1(x(s))/g1(x(s))) ds

WV

1
/o G(t,5)81(R)(1+ h1(oR)/g1(dR)) ds

g1(R)(1+ h1(6R)/g1(oR))w(t)
ollollgr(R)(L+hi1(oR)/g1(6R)) 2 R = | x|

WV

This implies || Tx| > x| B

Now Theorem?2.3 guarantees thal has a fixed pointr € K N (22\Q21). Thus
r<||X||<R. Clearly, ¥ is a positive periodic solution ofl(1) and actually satisfies
x| >r. O

Let consider again exampl8.¢) in Corollary 3.2 for the superlinear case, i.68,> 1.
We assume also thatz) > 0 for all t. To verify (F4), one may simply take

o

g1(x) =bix™7, hix) = ,uclx'g + eq,
where

by = mtinb(t) >0, 1= mtin c(®) >0, e1= mtin e(t)>0.
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Now the existence conditiofFs) becomes

- B (lol) — by = e1R?

> S (3.9

Sincef§ > 1, the right-hand side goes to 0 &— +oco. Thus, for any given 6< u <
W, wherep, is as in Corollary 3.2, it is always possible to find sugl>r that 3.9)
is satisfied. Thus,1(1) has an additional periodic solutioh such that| x| > r.

Corollary 3.4. Assume in(3.7) that § > 1 and b(r) > 0, ¢(t) > 0 for all t. Then for
eachp with 0 < u < p,, the corresponding equatiofiL.1) has at least two different
positive periodic solutions

Such a multiplicity result holds also for the nonlineariB.§).

Remark 3.5. In the context of repulsive singularities, it is usual to assume some kind
of strong force conditions (see, e.gG3) in the next section), which means roughly
that the potential is infinity at 0. Typically, this condition is employed to obtain a priori
bounds of periodic solutions. In fact, the strong singularly condition cannot be dropped
without further assumptions, and such a condition has become standard in the related
literature. Recently, Rachunkova et HI8] and Torre§20] have obtained the existence
results in the presence of weak singularities. In our case, we are able to deal also with
weak singularities because the strong force conditions are not needed in Theorems 3.1
and 3.3, and their corollaries.

4. Semi-positone case

In this section, we establish the existence and multiplicity of positive periodic solu-
tions of (1.1) in the semi-positone case. By the semi-positone casd ., (wve mean
that f(z, x) may change sign and satisfies

(G1) There exists a constan¥ > 0 such thatF(z,x) := f(t,x) + M >0 for all
(t,x) € [0, 1] x (0, 00).

Again we assume thaf (¢, x) is controlled as in Theorem 3.1.

(G2) F(t,x)<g(x)+ h(x) for some continuous non-negative functions) and i (x)
with the properties thafg(x) > 0 is non-increasing and:i(x)/g(x) is non-
decreasing. In the semi-positone case, some strong forg&rok) nearx = 0
is needed. A typical one is:

(G3) There exists a non-increasing positive continuous funcgigix) on (0, co) and
a constantRg > 0 such thatf (¢, x) > go(x) for (¢, x) € [0, 1] x (O, Rp], where
go(x) satisfies lim_, g+ go(x) = +oo and lim,_, g+ fXRO go(u) du = +o0.
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Theorem 4.1. Suppose that(r) satisfies conditiofA) and f (¢, x) satisfies(G1)—(G3).
In addition, suppose that

(G4) There exists > M||w||/o such that
w(t) are the same as in Sectidh

> ||w|, wheres and

,
glor=Mlwl)(A+h(r)/g(r))

Then Eq.(1.1) has at least one positive periodic solution with< ||x + Mw|| < r.
Proof. Since some parts of the proof are in the same line of that of Theorem 3.1, we
will outline the proof with the emphasis on the difference.

Let No = {no,no+ 1,...}, whereng € {1,2,...} is chosen such that/&o <
or — M||w| and

lollglor — Mlwl)(X+ h(r)/g(r)) + 1/no <r.
We will show first that
X" +at)x = F(t,x(t) — Mw(t)) (4.1)

has a solutionx satisfying (.2) and x(¢) > Mw(t) for r € [0,1],0 < x| < r. If
this is true, it is easy to see thatt) = x(r) — Mw(t) will be a positive solution of
1.)-1.2 with O < |lu+ Mo| <r.

For (4.1), we will consider, for eacth € Ny, the family of equations

x" +at)x = AF,(t,x(t) — Mw(t)) +a(t)/n, (4.2)

where F, (t, x) := F(t,maX{1/n, x}), (t, x) € [0, 1] x R, and the parametet < [0, 1].
Problem 4.2—(1.2) is equivalent to the following fixed point problem:

1
x(t) = )v/ G(t,s)F,(s, x(s) — Mw(s))ds + 1/n. (4.3)
0

Using the constructions above, it is not difficult to prove that any solutiaf (4.3
satisfies||x|| # r by the same argument as in the proof of Theorem 3.1. Using again
the nonlinear alternative of Leray—Schauder, E42)( (with A = 1) has at least one
periodic solutionx, for eachn € Ng with the property|x,| < . One has also

lx, | <H

for some constantd{ > 0 and for alln>ng by the same argument as in the proof

of (3.6).
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In the next lemma, we will show that there exists a constast0 such that
Xp(t) = Mw(t) >0 vt €[0,1] (4.4)

for n large enough.
By the standard argument as in the proof of Theorem 3.1, one can now extract a
solution x of the fixed point equation

1
x(t) = / G(t,s)F(s,x(s) — Mw(s))ds,
0

i.e., a solution of 4.1)—(1.2) with the desired propertiegx| < r andx(t) — Mw(t) >0
forall r €[0,1]. O

Lemma 4.2. There exist a constand > 0 and an integern, > ng such that any
solution x,, of (4.2) (with A = 1) satisfies(4.4) for all n>no.

Proof. The lower bound in 4.4) is established using the strong force condition of
f(,x). By condition (G3), there existsR1 € (0, Rg) and a continuous functiogg
such that

F(t,x) —a(t)x = go(x) > max{M,r|al 1} (4.5)

for all (¢, x) € [0, 1] x (0, R1], where gp satisfies also the strong force condition like
in (G3).
Chooseni € Ng such that Iny1<R; and letNy = {n1,n1+1,...}. Forn € Ny, let

0o, = Oglgl[xn(t) - Mo@®] and B, = 02”,'21“"(” — Mo(1)].

We claim first thatfs, > Ry for all n € N1. Otherwise, suppose thgt, <Ry for
somen € Ni. Then it is easy to verify

Fu(t, xy (1) — M(t)) > rlall1. (4.6)
In fact, if 1/n<x,(t) — Mw(t) < R1, we obtain from 4.5

Fu(t, x,(t) = Ma(t)) = F(t, x,(1) = Mw(1))
a(t)(x, (1) — Ma(t)) + go(xn (1) — Mw(t))
go(xa (1) — Mw(1)) > rllal1



296 D. Jiang et al. / J. Differential Equations 211 (2005) 282-302

and, if x,(t) — Mw(t)<1/n, we have
Fu(t, xy(t) — M(t)) = F(t,1/n) >a(t)/n + go(1/n) =2 go(1/n) > rlall.

Integrating 4.2) (with A =1) from 0 to 1, we deduce that
1
0= / [, (1) + a(t)x, (1) — Fu(t, x,(t) — M(1)) — a(t)/n]dt
0
1 1 1
= / a(t)x,(t)dt — (l/n)/ a(t)dt —/ F,(, x,(t) — Mw(t)) dt
0 0 0
1
< [ atm,0dr = riala<o.
0

where estimate4(6) and the fact||x,|| < r are used. This is a contradiction. Thus the
claim is proved and we have

lx, — Mo| > Ry for all n € Nj. 4.7

Now we consider the minimum values,. Let n >n1. We have two cases.

Casel: o, > R1. We have nothing to do when proving.4).
Case2: o, < Ry, i.e.,

oy = migl[xn(t) — Mw(t)] = x,(a,) — Mw(a,) < R1 (4.8)
'

O\\

for somea,, € [0, 1]. As o, = x,(a,) — Mw(a,) < Ry, by (4.7), there exists;, € [0, 1]
(without loss of generality, we assumg < ¢,) such thatx,(c,) = Mw(c,) + R1 and
xp () <KMw(t) + Ry for a, <r<c,. It can be checked that

F,(t,x,(t) — Mw(@)) > a(t)(x,(t) — Mw(t)) +M for t € [ay,, c,]. (4.9
In fact, if ¢t € [a,, ¢,] is such that In<x,(t) — Mw(t) <Ry, we have

Fu(t, x,(t) = Ma(t)) = F(t, x,(1) = M (1))

Z a(t)(xn (1) — M(1)) + go(xn(t) — M(t))
> a(t)(xp(t) = M) + M,
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and, ifr € [ay, ¢,] is such thaty,(r) — Mw(t) <1/n, we have

Fu(t, x,(t) — Mo(t)) = F(t,1/n)=a(t)/n + gola/n)
> a(t)(x,(t) —Mw(t)) + M.

So @.9) holds.
Using Eg. 4.2) (with 2 = 1) for x,(z) and estimate4.9), we have, forr € [a,, c,],

X" (1) = M (t) = —a()x,(t) + F(t, x,(t) — Mx(1)) + a(t)/n — M[1 — a(t)o(1)]
> —a(t)x, (t)+at)(x, () —Mw(t)+M+at)/n—M[1—a(t)w(t)]
= a(t)/n=0.

As x)(ay) — Mw'(ay) = 0, x,,(t) — Mo'(t) > 0 for all ¢ € (ay. c,] and the function
Yn = x, — M is strictly increasing ona,, c,]. We use¢, to denote the inverse
function of y, restricted to[a,, c,].

In order to prove 4.4) in this case, we will first show that, for € Ny,

Xu(t) — Mo (t) >1/n. (4.10)

Otherwise, suppose that, < 1/n for somen € N1. Then there would exisb, €
(ay, ¢;) such thatx,(b,) — Mw(b,) = 1/n and

xp(t) — Mo@)<1l/n for a,<t<b,, 1/n<x,(t) —Mw(@)<Ry for b,<t<c,.

Multiplying (4.2) (with A = 1) by x,, (1) — M'(t) and integrating fromp,, to ¢,, we
obtain

/ Zl P&y = [ F(t, 3,(6) = Mo®) (3, (1) — Mo (1)) dr
= /bcn Fu(t, % (1) = Mo (1)) (x, (1) — Mo (1)) dt
- /b " 0) + a0 — al)/m (0 — M (1) di
- /b " O — Mo (1)) di

+/ n (@(®)xn (1) = a()/n) (x, (1) — Mo (1)) dt.
b)'l



298 D. Jiang et al. / J. Differential Equations 211 (2005) 282-302

By the facts|x,|| < r and |lx,||<H, one can easily obtain that the second term is
bounded. The first term is

([x, () 1% =[x} (@)1?) /2 — M(x} (cn) @ (cn) — X} (an) ) (bn)) + M / "X (e’ (@) dr,

which is also bounded. As a consequence, there ekistsO such that

Ry
/ FE (). y) dy<L. (4.11)

1/n

On the other hand, byGs), we can choose; € N; large enough such that

Ry R1
/ FEn(), y)dy > / o) dy > L

1/n 1/n

for all n € Nop = {np,n2+1,...}. So @.10 holds forn € No.
As a last step, we will show thatt(4) is right in Case 2. To this end, multiplying
(4.2 (with 2 =1) by x, (1) — Mw'(¢) and integrating from, to ¢,, we obtain

Ry Cn
/ F(&,(y),y)dy = / F(t, xy(t) — M(1)) (x,, (1) — M/ (1)) dt
= /Cﬂ Fo(t, xn (1) — Mw(2))(x, (1) — M/ (1)) dt

= / " (0 + aOxa (1) — a(t)/n)(x,(t) — Mo (1)) dt.

An

(We notice that estimatet(10 is used in the second equality above.) In the same way
as in the proof of 4.11), one may readily prove that the right-hand side of the above
equality is bounded. On the other handnie N, by (G3),

R R1
/ F(,(y),y)dy< / go(y)dy + M(Ry — o) — +00

“n On

if o, — 0. Thus we know thaty, >J for some constandé > 0 in Case 2.
Combining these two cases, we have the desired statement in the lefama.

Corollary 4.3. Let the nonlinearity in(1.1) be (3.7), wherex>1, >0, b(t), c(t) €
C[0, 1] are non-negative functions aniz) > O for all t, e(r) € C[0,1] and u > O
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is a positive parameter. Then
@) if <1, 1.9 has at least one positive periodic solution for egch- 0; and
(i) if p=1, (1.1 has at least one positive periodic solution for eath< n < pu,,
where i, is some positive constant

Proof. We will apply Theoremd.1 with M = ¢g = max |e(¢)| and

o

gx) =box"", h(x)= ,ucoxﬁ + 2ep.
Then conditions(G;)-(G3) are satisfied and the existence conditi@y) becomes

r(or — Mllo|)*/llo| — (bo + 2eor”®)
U<
cor®th

for somer > ||w| /0. So @.1) has at least one positive periodic solution for

r(or — MllwD*/llwll — (bo + 2eor®)
O<u<p,:= sup prw; .
r>M|w| /o cor

Note thatu, = oo if f <1 andp, < oo if f=1. We have the desired results]

Theorem4.1 applies to the example whefi(z, x) has representatiorBg). A result
similar to Corollary4.3 (ii) holds for this example.
As an application of Theorem.1 (or Corollary 4.3), let us consider the equation

x4 a’x =bx 4 e(r) (4.12)
with a € (0, m) andb, o > 0, e(t) € C[0, 1]. Let us recall
el = mlin e(t), eyg= mfaXe(t).

In [18], it is proved that4.12) has a positive periodic solution if the following inequality
holds:

2 2\ /(D)
T “) (4.13)

e1 > —(oc+1)b(

In particular, 4.13 is fulfilled whene; > 0. In paperf20], Torres gave another existence
condition:e; < 0 and

e1
eo<

. b\
< W + (a sina) (—|> . (4.14)

lex
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Both conditions 4.13 and @.14) describe the dependence of the range @f upon
the parameter > 0. However, ifa>1, i.e., the strong force condition is satisfied, we
obtain from Corollary4.3 that @.12) always has at least one positive periodic solution
for any forcinge(t).

Next we will establish the existence of twin positive solutions to Hgl)(by using
Theorem 2.3.

Theorem 4.4. Suppose that condition@) and (G1)-(G4) hold. In addition it is as-
sumed that the following two conditions are satisfied

(Gs) There exist continuousion-negative functiongi(x) and 21(x) on (0, co) such
that

F(t,x) = f(t,x)+ M>gi1(x) + hi(x) for all (¢, x) e [0, 1] x (0, c0),

and g1(x) > 0 is non-increasing andii(x)/g1(x) is non-decreasing inx €
(0, c0); and
(Gg) There exists a positive numb& > r such that

R
081(R)(1 + h1(oR — M||lo|)/g1(6R — M||wl]))

<lloll.

Then besides the periodic solution x constructed in Theofeiy Eqg. (1.1) has another
positive periodic solutiork € C[0, 1] with r < ||X + M| <R.

Proof. As in the proof Theorem 4.1, we only need to show that Bdl) (has a periodic
solutionu € C[0, 1] with u(¢r) > Mw(t) andr < |lu|]| <R.

Let X = C[0, 1] andK be as in Sectior2. SetQ1 = Q, and 2> = Qg. The operator
T : KN(Q\Q1) — K is defined by 2.11), with F(z, x) replaced byF (¢, x — Mw(r)).
Note that anyx € K N(Q22\Q1) satisfies O< or — M| <x(s) — Mw(s) < R. ThusT is
well defined. Now the fixed points df in K N (22\Q2;) are positive periodic solutions
of (4.1). As in the proof of Theorem 3.3, Theoreth3 can be applied to thi§ in
the domaink N (Qg\Ql) because our condition&ss)-(Gg) are imposed to ensure that
the condition (ii) of Theoren®.3 is satisfied. Thusl has a fixed poinu, which lies
actually in Q,\Q1. Finally, ¥ = u — Mw will be the desired positive periodic solution
of (1.1).

We omit the details because they are much similar to that in the proof of
Theorem 3.3. [J

Let us consider again exampl8.7) in Corollary 3.2 for the superlinear case, i.e.,
f > 1. We assume also thatr) > 0 for all t. To verify (Gs), one may simply take

g1(x) = bix~*,  hi(x) = pcrxP.
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Now the existence conditiofGg) becomes

_ R @lwl) — by
" ca(0R — Mjwlh*+F

(4.15)

Since f > 1, the right-hand side of4(15 goes to 0 asR — +oo. Thus, for any
given O< p < u,, wherep, is as in Corollary 4.3, it is always possible to find such
R>r that @.19 is satisfied. Thus,1(1) has an additional periodic solutiohsuch that
x4+ Mow| > r.

Corollary 4.5. Assume in(3.7) that f > 1 and b(¢r) > 0, c¢(r) > 0 for all t. Then for
eachu with 0 < p < p,, the corresponding equatio(iL.1) has at least two different
positive periodic solutions
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