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In this paper, we study the Fucik spectrum of the problem: (¥*) X+ (4; +
q+(D)xy + (A- + g_())x_ = 0 with the 2n-periodic boundary condition, where ¢ (¢)
are 2n-periodic. After introducing a rotation number function p(Zy,4_) for (*), we
prove using the Hamiltonian structure and the positive homogeneity of (*) that for
any positive integer 1, the two boundary curves of the domain p~'(1/2) in the
(A4, A-)-plane are Fucik curves of (*). The result obtained in this paper shows that
such a spectrum problem is much like that of the higher dimensional Fucik spectrum
with the Dirichlet condition. In particular, it remains open if the Fucik spectrum of
(*) is composed of only these curves. © 2002 Elsevier Science (USA)

1. INTRODUCTION

Fucik spectrum, a generalization of eigenvalues to asymmetric non-
linearity (jumping nonlinearity), was introduced in 1970s by Fucik [11] and
Dancer [5]. By definition, the Fucik spectrum of the Laplacian with the
Dirichlet boundary condition means those (/;,4_)eR? such that the
following problem

Au+Ayuy +Au- =0 in Q, (L)

u=20 on oQ '
has nonzero solutions, where Q is a domain in R, and uy = max{u,0},
u_ = min{u,0}. As the equation in (1.1) has only the positive homogeneity,
not the linearity, the structure of the Fucik spectrum of (1.1) with a general
domain Q is not known completely even when the dimension N is 2,
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although the explicit formulas of Fucik spectrum can be given for certain
domains [18].
When the dimension N is 1, the Fucik spectrum of

K+ dyxy +ix_=0 (1.2)

with the Dirichlet boundary condition x(0) = x(7) =0 can be given
explicitly because Eq. (1.2) is integrable. Here X = d?x/dt*>. Moreover, the
structure of the corresponding Fucik spectrum of the problem

X+ U +q:@)xy + (A +q-(@)x_=0 (1.3)
with a general two-point boundary condition like
x(0) sin o + x(0) cos o« = x(T) sin f + x(T) cos f = 0, 0<oa, f<m) (T.p)

has also been studied in some special cases [1,7,23], although Eq. (1.3) is
now not integrable in general. Using the Priifer substitution technique and
some idea in Section 3 of this paper, one sees that the structure of the Fucik
spectrum of (1.3) + (T.p) is the same as that of (1.2) + (Typ).

In recent years, the study for Fucik spectrum and its generalizations has
become a hot topic. Many generalizations to various classes of positively
homogeneous equations have been developed, see [8,10,24] and the
references therein. The variational characterization of Fucik spectra has
been proved in some cases [3, 4, 6]. In these works, some properties of Fucik
spectra have been revealed and many interesting applications are discussed.
For example, in nonresonance problems, Fucik spectrum plays a role similar
to eigenvalues, see [2,4,613,21,24]. However, jumping nonlinearities are
different from linearities in some dynamics aspects, e.g., the forced
motion of asymmetric equations may behave like a typical nonlinear one
[16,20,22].

In this paper, we consider the Fucik spectrum of (1.3) with the periodic
boundary condition

(x(27), X(2m)) = (x(0), X(0)). (P)

Here we assume that the period is 7 =2n and ¢4(f) are 2n-periodic
functions in L'(0,2n). Denote by F = Z#(q+) the Fucik spectrum of
(1.3)+ (P). If g+ = 0in (1.3), the Fucik spectrum of (1.3) + (P) can be given
explicitly because (1.2) is integrable. In fact, the Fucik spectrum of
(1.2) + (P) consists of the following Fucik curves: The 4. -axis, the /_-axis,
and the curves

Co  mi P+ miZV?=2n/m, neN. (1.4)
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So far as we know, there is not much work on the periodic Fucik
spectrum problem (1.3) + (P) with g4 #0. In fact, from considerations to be
developed in this paper, it seems that it is not an easy problem to give the
complete description of the structure & of (1.3) + (P). The novelty for # we
find in this paper reveals that problem (1.3)+ (P) has some similar difficulty
as in the higher dimensional Dirichlet Fucik spectrum problem (1.1).
Obviously, & contains two trivial Fu¢ik lines: #*: i, = )LOP(q+) and ¥~
A= )Lg(q,), where /lg(q) denotes the zeroth periodic eigenvalue of the
following linear Schrédinger operator:

(Lx)(?) = —x(t) — q()x(t) = Ax(2). (1.5)

The main contribution of this paper is to find two sequences of Fucik curves
M, and N, ne N, in #. However, we do not know if these Fucik curves
represent all of #. A crucial difference between such a spectrum problem
and problem (1.3) + (T,p) will be explained in Remark 3.1.

Let us briefly explain our technique in defining these Fucik curves. Let ¢(¢)
be 2n-periodic and ¢ € L'(0, 2r). The periodic eigenvalues of (1.5)+ (P) and
antiperiodic eigenvalues of (1.5) with the antiperiodic boundary condition

(x(27), X(2m)) = —(x(0), x(0)) (A)

can be analyzed using many methods because Eq. (1.5) is linear so that the
Floquet theory for linear periodic equations and the classification theory of
2 x 2 symplectic matrices are applicable. Note that the latter two theories do
not apply to Eq. (1.3). Thus, we will adopt the rotation number approach to
the spectrum of (1.5) [15, 19]. This approach is more geometrical and is very
useful in many problems [12, 19, 26]. It has been partially generalized to the
periodic and antiperiodic eigenvalues of the one-dimensional p-Laplacian
with periodic potentials [25]. Now we will give, in this paper, another partial
generalization of this approach which enables us to find two sequences of
Fucik curves .#, and ./, of problem (1.3)+ (P). Due to the asymmetry in
(1.3), we will not consider in this paper the Fucik spectrum of (1.3)+(A)
because it is more complicated than the periodic case.

In Section 2, we follow the idea in [12,25,26] to introduce a rotation
number function p(44,4_) for Eq. (1.3) and the properties of p(4,,4_) are
discussed. In Section 3, we use the Hamiltonian structure and the positive
homogeneity of (1.3) to prove that for any neN, p~'(n) = {(4y,A_) €
R* p(A_,2_) =n} is a domain in the (4., A_)-plane and the boundary &
p~'(n) consists of, in general, two curves .#, and ./", which are necessarily
Fucik curves in #. See Theorem 3.1. Some geometric properties of these
Fucik curves .#, and V", are also proved. In particular, all of these periodic
Fucik curves .#, and /", have horizontal and vertical asymptotes which are
related with some Dirichlet eigenvalues with potentials being some
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translations of g4. See Theorem 3.3. In the last section, we discuss briefly
the abstract setting of our proof and give some further generalization of
Theorem 3.1.

2. ROTATION NUMBERS

We introduce some notation. Let
P = {p:R - R:p(t) is 2n-periodic and p e L'(0,2n)}.

For p € 2, the mean value is p = 2n) ! foznp(t) dt. For p, q € 2, write p>q
if p(1)=q(?) for a.e. 1 €[0,2x] and p(¢) > ¢(¢) for ¢ in a subset of [0,2x] of
positive measure. For pairs (p, p_) and (¢, g_), write (p, p_)>(q+, q-)
if py =q+, and both p.(¢¥) > ¢ (¢) and p_(¢) > g_(¢) hold for ¢ in a common
subset of [0, 27] of positive measure.

Let p4 € 2. Consider the following equation on the circle S = R/2nZ:

. f)cos? 0 +sin>0 when + cos0=0,
b= a0py =10 L 2.1)
p_()cos® 0 +sin*0 when — cos0>0.
Note that @(¢, 0; p ) is continuously differentiable in 6 € R:
% =(1—p4(?))sin 20 when =+ cos0=0.

In particular, ®(¢,0;p4) is globally Lipschitzian in 6 € R. Thus, for any
0o € R, the unique solution 0(z; 0y, p+ ) of (2.1) satisfying the initial condition
0(0) = 0y is well defined for all z € R. As O(¢,0; p) is 2n-periodic in both ¢
and 0,

0(t; 0o + 2nm,p4) = 0(t; 00, p+) + 2nm, (2.2)

0(t + 2nm; Oy, p+) = 0(t; 0(2nmw; O, p+),p+) (2.3)

forall ¢, 0p e R and all ne Z.
Let ® : R —» R be the Poincaré map of (2.1) defined by

O(0o) = 0(2m; 00, p 1)
Then O is a diffeomorphism of R and (2.2) implies that

OO + 2nm) = O(0p) + 2nnt VO, eR, YneZ. (2.4)
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As the vector field ®(z,0; p4 ) increases when p4 increase, the following
monotonicity for the solutions of (2.1) follows from the comparison
theorem of solutions.

LEMMA 2.1.  Let pj € 2 be such that (p1+, p1-) > P2+, p2—). Then

() 0(z; 00, p14)=0(t; 00, pr+ ) for all =0; and
(i) 0(t;00,p1+)> 0(t; 00, p2+) for all t=2m.

Let now ¢4 €2 and 14 € R. We are going to introduce a rotation
number function p(1,,4_) for (1.3). Set y = —x in (1.3). Then Eq. (1.3) is
equivalent to the following system:

= 2.5)
B = O + g (x4 + G +g-(O)x.

In the polar coordinates: x = rcos 0, y = rsin 0, r and 0 satisfy the following
equations:

) Ay +q+(t) — 1)rcosOsinf when cos0>=0, (2.6)
= .
(A-+q-(t)—1)rcosfsinf when cos<0.

(As 4 g+ (1)) cos® @ +sin” & when cos >0,

0=00;,,) )= { (2.7)

(A— 4+ g_(1)) cos® @ +sin’ &  when cos 6 <0.

For any 0y e R and A4 € R, let 0(¢; 0y, A1, A1) be the unique solution of (2.7)
satisfying the initial condition: 0(0;0),4,,4-) = 0y. We will write 0(z;
0o, 24, A-) as 0(t;0p) when A4 are clear from the context. As the vector
field ®(¢, 0; 4., A_) is 2m-periodic in both ¢ and 6, it is known from Hale [14]
that the rotation number of (2.7)

pUhps 22) = pQsAmiqi) = lim 171(0(8; 00, 2, 22) = 0o)

exists and is independent of 6.
Some properties for the rotation number function p(4.,4_) are collected
in the following lemma.

LEMMA 2.2. Let g+ € 2. Then the following hold:

() p(Ai, A ) is continuous in (A, 7 ) € R?;

(1) p(As, A ) is nondecreasing when either Ay or A_ increases;
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(iii) p(Ay,2A-)=0 for all (A,,) ) e R?;
(iv) p(Ao,A-) =0 if either 1. < —1 or A_ < —1; and
v) p(As, A ) tends to +00 when both /.. and A_ tend to +o0.

Proof. (i) It can be proved that the homeomorphism 6Q2x;-,p4)
continuously depends upon p., p_ € 2 when 2 is endowed with the L'-
distance: d(p;,p2) = foh |p1(f) — p2(8)| dt. Now the continuity of p(A.,4_)
follows from the continuity of rotation numbers on homeomorphisms, see

14].

: (i) Let (A, /) € R* be such that A, >/, and A;_>7,_. Applying
Lemma 2.1 to p;1(?) = Ai+ + q+(?), we have 0(t; 0o, 14, A1-) = 0(¢; 00, A2+,
Ar_) for all t=0. Thus p(A14,41-)=p(Ars, o) by definition of rotation
numbers.

(iii) It can be proved that 0y > nm + /2 implies that 0(¢; 0y) > nn + /2
for all #>0. This fact follows essentially from the observation that 6(z; 0g) =
1 when cos (6(¢;09)) = 0. Now the conclusion that p(4.,4_)=>0 follows
from the independence of the choice of 6 in the definition of rotation
numbers.

(iv) Consider the eigenvalue problem
X+ (A +q+()x =0.

It is known from [14] that the zeroth periodic eigenvalue }vop(q+) of the above
problem has a nowhere vanishing eigenfunction x((¢). Assume that x(7) > 0
for all z. This means that for 1, = }.g(q+) and any A_ € R, the function
x = xo(?) is a solution of (1.3). Let 0(¢) = arg(xo(¢) — ixo(¢)). Then |0(t)| <=
/2 for all ¢ because xo(¢) > 0 for all £. As 6(¢) is a solution of (2.7), we know
that p(Zg(g1), ) = 0 for all A_. Analogously, p(1;,2¢(g-)) = 0 for all /,.
These facts, together with property (ii), show that

p(i, 7o) =0 if either 2, <Af(¢y) or A-<J(q ). (2.8)

(v) We postpone the proof after the following simple example. 1

ExAamPLE 2.1. Let ¢g4+(f)=0. Then the rotation number function
p(hy, Ao) is

p(s, i) =0 if 2, <0 or 4_<0, (2.9)

2

p()ur,)v,) = m, if j.Jr >0 and /_>0. (210)
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If 1,<0 or A-<0, (2.9) follows from (2.8). Let now A4 >0. Then all
solutions x of (1.2) are periodic and (x, y) = (x, —X) are on arcs of ellipses:

A+ x* + y* = const.

Let y=y/y/A+ if £x>0. Then the arcs of ellipses are now transformed
into arcs of circles:

x? + 7 = const.
Eq. (2.7) reads now
0 = J,cos’ 0 +sin® 0, if + cos0=0. (2.11)

Let us introduce another polar coordinates transformation as x = rcos J,
V=y/+/A+ =rsin 9. Then, Eq. (2.11) is transformed into

§=7'%  if +cos9>0. (2.12)

Let 9(1; 90) be solutions of (2.12). If T, = nn(2;"/* + 1='/%), then 9(T,s; 90) =
99 + 2nn for all 99 € R and all n € Z. From this one has

0(T,; 0p) = 0y + 2nm, VohheR, Vnel.

As a result, we have

. 0(T500) — 00 2
p(/1+,l_) - }}Lrgo Tn - /111/2 +)V:1/2.

Suggested by this example, we complete the proof of Lemma 2.2 (v).
Suppose that 44 > 0. Define a homeomorphism H;, :R — R as follows.
Firstly, H;, fixes all of {nn, nn + n/2: n e Z}. Secondly, for any given 9 €
R, 0 = H;,(9) € R is determined by the following equality:

(cos 3, \/A4 sinP)
\/c052 9+ 44 sin®9

(cos B, sin ) = when =+ cos 3=0.

Then H;, is well defined and satisfies (2.13). In particular,

. H (9)
lim - =

1.
900 3
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Now 3 satisfies the following equation:

§=w(t,9) =W +17qe () cos® 9+ 2P sin® 9 if + cos 9>0.
(2.13)

For any 9 € R, let 9(#; 99) be the unique solution of (2.13) satisfying 3(0;
90) = 3. Then we have the following equality:

0(t; H;, (39)) = H,, (3(2;90)).
Hence

0(z; H;, (%))
t

H,, (9(1; %))
t

pUsi) = lim

= lim

t—+00

im H/li (9(1‘, 90)) lg‘(t, 90)
e 96 %)
i P50

t—>+00 t

(2.14)

if one can verify that
tilin% 3t; 99) = +o0. (2.15)
Note that
W(t,9) = 27+ 377 () cos® 8 if + cos 920,
Thus

W(r,9)=>min{2}?, 212} — max {72 g (0], 212 lg- ()1},
W(r,9) <max{A{?, 22} + max {27 g, ()], 2712 lg- ()}

By (2.13), we have, for all >0,

91 80) = 8 + min{2}2, 212} 1 —max {272 0,0, 222 Q- ()}, (2.16)

9(1:90) < 9o + max (A%, 212} 1+ max {272 Q.(1), 22 0_(0},  (2.17)

where Q4 (f) = f(; |g+(s)|ds. By (2.16), one sees that if min{A,,A_} > 1, then
(2.15) holds, because ¢ (¢) are periodic. It now follows from (2.14), (2.16)
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and (2.17) that we have the following estimates on p(1;, 1 ):

p(G, 2oy zmin{2?, 212y —max (272 Jgil, 2221 T (218)

POy, ) <max (AL, 212 + max (G P 1gl, 22 21y (219)

where |g4| are mean values of |g (7). In particular, (2.18) shows that
p(Js,A_) > +00 when min{l,,A_} —» +00. Thus Lemma 2.2(v) is
proved. 1

3. PERIODIC FUCIK SPECTRUM

Let now ¢4 € 2 and consider the differential equation (1.3). Recall that
the periodic Fucik spectrum of (1.3), denoted by # = % (g ), is the set of all
those (14, 4_) € R? such that Eq. (1.3) has nonzero 2n-periodic solutions.

In this section, we will give a partial description of #. At first, we know
from the proof of Lemma 2.2(iv) that the following two straight lines in the
(A4, 4-)-plane are always in 7 :

Lo =20(qy), LAl =Ig(qo).

Before giving further results on %, we prove the following conclusion.

LemMA 3.1. Let (Ay,2_) € F. Then there exists ne Z+ = {0} U N such
that p(Ay,A_) = n.

Proof-  Suppose that x(¢) is a nonzero 2zn-periodic solution of (1.3). Let
0y = arg(x(0) — ix(0)). Then 0(z; 6,) satisfies
0(2m; 6y) = Oy + 2nxn
for some n € Z. 1t follows from (2.2) and (2.3) that
0(2mmn; 0g) = 0y + 2mnn
for all me Z. Thus p(A.,/_) = n. Lemma 2.2(iii) shows that n>0. 1

Let #:R — R be a homeomorphism satisfying (2.4). Define the rotation
number p(h) of i by

p(h) = lim w

n—00 2nm

(independent of ). The following result is proved in [12].
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LEMMA 3.2. Let h be a homeomorphism of R satisfying (2.4) and n an
integer. Then

() p(W)=n if and only if maxg,cg (h(6o) — (0 + 2nm)) =0.
(il) p(h)<n if and only if mingeg (M(0o) — (0y + 2nm)) <O0.

Note that if one defines
®;Li (00) = 0(277:; 905 ;L+’ }“*)5

then ®;_ satisfies (2.4) and p(44, 1) = p(®;, ). Introduce the following two
functions:

M2+, 2-) = max (0(2m; o, A+, 2-) — Oo),
N(%4,2-) = min (02m; 09, 2+, 2-) = Oo)-

By Lemma 2.2, it is not difficult to prove that for any given n € N, the
preimage p~'(n) is a connected domain in R*.

LemMA 3.3, Let n e N. Then the boundary of p~'(n) is given by

op~ ' (n) = {(Jy, 2 ): either M(J.,_) =2nm or N(J.s, /) = 2nm}.

Proof. By Lemmas 2.2 and 3.2, we have
p~ ' (n) = {(Jp, /) e R®: N(Ap, A ) <2nm< M(Jp, /).

Assume that (1,1 ) € R? satisfies N(4,,4_) = 2nm. Let (u,,u_) € R* be
such that u, > A4 and y_ > A_. By Lemma 2.1,

02m; 00, gy, ) > 0213 Og, Avy A-)
for all 6y. As a result,
N(ug,po) = Hé(i)n (027 0o, py, ) — o)
> rr(l}(i)n (0Q2m; 09, Ay, A—) — Op)
=N(..,)_) = 2nm.

By Lemma 3.2, p(pt,, i) > nand (u, u_) ¢ p~'(n). Consequently, (A4,1_) €
op~'(n). Similarly, all (i,,4_) satisfying M(/,,A_)=2nm are also in
op~'(n).
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Conversely, assume that (4,,4_) satisfies
Ny, )<2nm<M(Ay, ). (3.1)

As 0Q2m; 00, u,,p_) continuously depends on (u,,pu_), N(u,,u_) and
M (., u_) are also continuous. Thus (3.1) implies that

Ny, p)<2nm<M(u,p)

for all (u,,u_) near (A4,4-). By Lemma 3.2, p(u,,u_) = n for all (u,,u_)
near (1y,/4_). As a result, (A, A_) eintp~'(n). 1

Now let us introduce the Poincaré map of system (2.5). Note that the
vector field V(¢, x,y) = (—y, A+ + g+ (O))x+ + (A- +g_(¢))x_) is globally
Lipschitzian with respect to (x,y) e R%. Thus, for any (xo,1o) € R?, the
unique solution (x(; xo, yo, A+, 4—), Y(£; X0, Yo, A+, 4_)) of (2.5) satisfying the
initial value (x(0), y(0)) = (xo, yo) is well defined for all ¢ € R. The Poincaré
map P,_ : R*> - R? of (2.5) is defined by

P/li (‘XOJ yO) = (x(27r; X0, )0, i#»’ /‘L,), y(zn; X0, )0, 2‘+9 /l*))
Note that (2.5) is a Hamiltonian system. An approximation technique shows
that P;, is an area-preserving homeomorphism although V(z, x, y) may not

be differentiable at points (0,y). Moreover, as V(t, x,y) is positively
homogeneous in (x, y), then so does P;_, i.e.,

P;, (kxo, kyo) = kP;, (x0,0)
for all k>0 and all (xo, yo) € R%.

Besides the solutions 0(¢; 6y, 2., A_) of (2.7), for any given 6y € R, let r =
r(t; 6y, A1, A_) be the solution of (2.6) satisfying #(0) = 1. Then r(¢; 0y, Ay, A_)
is 2z-periodic in 6. Let

Ry, (00) = rQ2m; 0y, i 7).
Now the Poincaré map P;, can be written as

P;, (kcos Oy, ksin0y) = kR, (0g)(cos @,_(0), sin®;_ (0p)) (3.2)

for all k=0 and all 6,.
The following observation is fundamental in the proof of our main result.
It is a result of the area-preserving property of P, .
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LEMMA 3.4.
do,. (0 _ 1
oy~ R_(0)

(3.3)

Proof. For simplicity, rewrite ©;, (0p) and R;_ (0y) as ©(0p) and R(0p),
respectively. Let 6y be fixed. For any 0; (> 6y) near 6, consider the
following sector:

S ={(rcos9, rsin9) e R 0<r<1, 0y<9<0,}.
Then S has area %(61 — 0p). The image S’ = P;,(S) of S under P;, is
S' = {(F cos ¥, F'sin¥) e R 0<F <RO'(Y)), Oy <Y <0},

where ®~! is the inverse of ®. Thus S’ has area

o(01)
2 Jown 2 Jo,

As P, is area-preserving,

dO(3
Yo =1 [ R

0o

Differentiating this equality with respect 0; and evaluating at 0,, we get
(3.3). 1

Now we consider the Fucik spectrum % of (1.3). Besides the two straight
lines £, we introduce, for each n>1, two subsets of R? by

My M(Ao, A ) = 2nm, N N(Ay, A_) = 2nm. (3.4)

We will prove in Lemma 3.5 that .#, and ./", are actually curves in the
(A1,A-)-plane. By Lemma 3.3, .#, and A", are the boundary curves of
p~!(n). In some cases, they may coincide. For instance, when ¢ (¢) = 0, then
M, coincides with /7, and they are the classical periodic Fucik curves C,
given by (1.4).

The following is the main result of this paper.
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THEOREM 3.1.  All curves M, and N, are in F, i.e.,

PTOUL U <U(// U mn)) c Z.

neN

Proof. LetneNand (A ,A_)e 4, ie.,

My (74, 2-) = max (©,, () — Oo) = 2nm.

Then there exists 6y € R such that

doO;, (0y)

®/1i (69) = 0y + 2nn and 40,

=1 (3.5

By (3.3), R;,(0p) = 1. Using expression (3.2),

P;_ (cos O, sin 0y) = R;_(0p)(cos @, (0y), sin ®;_ (0))
= R, (0p)(cos (0 + 2nm), sin (O + 2nm))
= (cos 0y, sin O).

Namely, P;, has a nonzero fixed point (cos 90, sin 6y). As a result, (2.5) has
a nonzero 2r-periodic solution and (4.,41_) € &#. Similarly, /", <« &. 1

REMARK 3.1. We do not know if & is just composed of these Fucik
curves £+, .#,, /., neN. Let us mention a recent work by Rynne [23] on
the Fucik spectrum of (1.3) with two-point boundary condition (7,4). In this
case, when (4,,4_) is a Fucik point with the corresponding eigenfunction
x(1), then x(t) satisfies the linear equation

X+ (A + g+ () + (A + -z _()x =0, (3.6)
where y_ (?) is the characteristic function of the set {7 : x(f) > 0} and y_(?) is
similarly defined. Using the two-point boundary condition (7,4), a ‘non-
degeneracy’ condition

dim ker (j 5

+ (A + 41 (D (O + (A + - (D) (0) =1 @37

holds. See (2.2) of [23]. Such a nondegeneracy condition (3.7) enables one to
apply the Implicit Function Theorem to obtain the complete description of
(1.3) 4+ (T,p), i.e. the corresponding Fucik spectrum is composed of two
sequences of Fucik curves. Thus the presence of ¢4 does not change the
structure of the spectrum in this case. However, for the periodic problem
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(1.3) + (P), the nondegeneracy condition (3.7) does not hold in general. For
example, the dimension in the left-hand side of (3.7) is 2 in case that all
solutions of (3.6) are 2zn-periodic. This may be the main difference between
(1.3)+ (P) and (1.3) 4 (T,p). Note that for the partial differential equations,
the non-degeneracy condition (3.7) does not hold in general. In view of this,
the Fucik spectrum problem (1.3)+ (P) has some similarity with the higher
dimensional problems [21].

By the expression of the Poincaré map (3.2) and the important equality
(3.3), the Fucik spectrum % (¢4 ) of (1.3)+(P) is known in theory.

THEOREM 3.2, Let g+ and ©;, be as before. Then

Fq I\ (L0 L) ={(Jr, i) eR*:IneN and 0, e R
such that (3.5) is satisfied}, (3.8)

with the following inclusion in a quadrant:

Fqo\(ZT 027 < ((gs), ) x (24(q-), ). (3.9)

Property (3.8) can be proved similarly as in Theorem 3.1, while (3.9)
follows from (2.8) and Lemma 3.1.

REMARK 3.2. When the period T # 27 is considered, one needs only to
modify the sets p~!(n) by p~!(2nn/T), and the corresponding Fucik curves
My and AN, can be defined similarly.

Now we give some geometric properties for the periodic Fucik curves .#,
and A",.

Lemma 3.5. Foreachn=1, #, and NV, defined by (3.4) are curves in the
(Ao, A_)-plane.

Proof. By a curve, we mean that it intersects every horizontal line 1 =
const. (respectively, every vertical line 1, = const.) at most at one point.

Let us prove that .47, is a curve in the above sense. Assume that (1.,4_) €
N . Let u# 4. For definiteness, assume that A, > u. We need only to prove
that

0Q7; 00, 11, ) <021 00,71, 7 ), Y0 eR, (3.10)
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because this implies that N(u, A_)<N(Ly,A-) = 2nm. As a result, (u, 1) ¢
N .

By Lemma 2.1, we have 0,(¢) := 0(¢; 0y, u, 1)< 0(¢; 09, A1, 1) =: 0,(¢) for
all ¢ € [0, 2x]. If (3.10) does not hold, we would have 0,(t) = 0,(¢), t € [0, 27].
It follows from the equations for 0;(¢) and 0,(¢), cf. (2.7), that (4, —
) cos? 0,(1) = 0 for all ¢ € [0,2n] satisfying cos 0,(£)=>0. As /. #pu, we see
that cos 0,(¢) =0 implies that cos 0,(¢f) = 0, ¢ €[0,2xn]. Since the function
cos 05(t) has only isolated zeros, we know that cos 0,(¢) <0 for all 7 € [0, 27].
As 6,(¢) is continuous, there must exist some ny € Z such that

(Cny + Dr— 1/2<0,(t) = 0(¢; 00, A, A )< (2o + D+ 7/2
for all ¢ €[0,2xn]. Taking ¢ = 0 in the above inequality, we have
—Q2no+ D —n/2< — 0p< — (2ng + D+ w/2.
These imply that
—n<02m; 00, Ay, /) — Oy <.
Thus N(Ay, A_)<m<2nm. This contradiction proves the lemma. 1

By Lemma 3.5 and Theorem 3.1, .#, and .4, (n € N) are called the nth
Fucik curves of (1.3), while #* are called the zeroth Fucik curves of (1.3). It
follows from Lemma 3.5 and the monotonicity of the rotation number
function in Lemma 2.2 that, for any n>1, .#, (respectively, ./7,) can be
written as

Jp =M (A-) or =M, (Ay)
(respectively,
Jy =N(A2) or Ao =N, (4y)),

where M ¥ and N are strictly decreasing.

REMARK 3.3. The curve .#, is ‘on the left’ of ./",, which means that
M} () <NF (o)

when A_ is in the common domain of the functions M, and N,/ If .4, and
A, intersect at some point (4, 4_), then all solutions of (1.3) would be 27-
periodic. Moreover, one can give some estimates on the location of these
Fucik curves using estimates (2.9) and (2.10) for the rotation number
function.
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In the following we discuss the asymptotes of the periodic Fucik curves
M, and A", By Theorem 3.2, it is obvious that all curves .#,, and ./, both
have the horizontal and vertical asymptotes, i.e. for each n e N, all of the
following four limits exist:

Jlim My (o) =& G.11)
Jim M, () = ¢, (3.12)
Jim N (o) =y, (3.13)
Jim Ny (Ae) =1, (3.14)

Thus the functions M* map (¢F,00) onto (£,7,00) and N* map (5, 00)
onto (n,7,00) in a decreasing way.

When ¢4 #0 and the boundary condition (T,s) are considered, Rynne
[23] has recently obtained the asymptotes of the corresponding Fucik curves.
It is found that the asymptotes depend upon the boundary conditions (T,z)
in a delicate way. See Theorem 3.1 and Corollary 3.3 of [23].

For the periodic case, if ¢+ = 0, then all of those asymptotes in (3.11)—
(3.14) coincide and they are given by ¢F =5t = (n/2)%, cf. (1.4). One sees
that it is the nth Dirichlet eigenvalue of (1.5) with potential ¢ = 0. For
g+ #0, it will be proved in the next theorem that the asymptotes in (3.11)—
(3.14) are related with the Dirichlet eigenvalues with suitable choice of
potentials. Since most parts of the proof of Theorem 3.1 in [23] also work in
this case, we give only the sketch of the proof of this result.

Although the next theorem holds for a more wider class of gi, we
consider only the case that ¢ () are 2n-periodic and continuous.

Before giving the result, we introduce some notation as in [23]. Let
L'(a,b), 1<y<oo, be the Lebesgue spaces with the corresponding norms
denoted by | - |, (.5 Let H k(a, b) be the usual Sobolev spaces and an be the
Sobolev spaces of 2r-periodic functions. Let CY be the space of all
continuous 2zn-periodic functions with the supremum norm | - | ..

Let neN and (A,,A_) e .4, u .V, We call in the sequel a nonzero 27-
periodic solution x(¢) = x(t; A+,4_) of (1.3) an eigenfunction (with the
spectrum (4, 4_)). As x(¢) satisfies piecewise linear equations, x(¢) has only
simple zeros. As usual, the zeros of x(#;1,,4_) are called the nodes of
x(t; A4,A-). An interval I = (t1, 1) is called a positive nodal interval
(respectively, a negative nodal interval) of x(¢) if x(¢;) = x(t;) = 0 and x(¢) >
0 on (¢, tp) (respectively, if x(¢;) = x(t;) = 0 and x(¢) <0 on (¢, 12)).
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The rotation number p(4,,4_) can be described using the number of
nodes of the eigenfunctions:

pUir i) =L #{1€[0,20): x(1; 71, 7_) = O}.

Thus any eigenfunction x(7) with (4,,1_) € 4, v A", has exactly 2n nodes
in [0,27) and has exactly n positive nodal intervals and »n negative nodal
intervals within one period.

Let ¢ge 2. For t,eR, q,(¢) denotes the translation of ¢(?): ¢, (¢) =
q(t + ty). We use i,?(q) to denote the nth eigenvalue of (1.5) with the
Dirichlet boundary condition

x(0) = x(2n) = 0. (D)

THEOREM 3.3.  For any n € N, there exist t¥, s € R such that

no

& =0q, ) (3.15)
nE =g ) (3.16)

Proof.  Let us prove (3.15) for &' because the others are similar. So
A_ — 400. As in Section 3 of [23], let us take a sequence (/1 &Yy e ., such
that /¥ 400 as k — co. Thus ;°+ \ &F. Take a sequence of eigenfunc-
tions x*(r) with the spectra (A ), k=1,2,... . Without loss of
generahty, we assume that each x* is normahzed for the L? norm, i.e.,
IX*|y = [x¥|2020 =1 for all k. Each x*(r) has exactly n posmve nodal
intervals and n negative nodal intervals within one period. As K 5 0, the
length of negative nodal intervals of x*(¢), which is of order O((Af) 1/ 2,
goes to 0 as k — 0o. Meanwhile, the length of positive nodal intervals of
x¥(#) is bounded away from 0, [23, see Lemma 3.4]. It can be proved that the
sequence x¥(¢) is bounded in H. . Thus x*(7), if necessary going to a
subsequence, converges weakly to some x(¢) in Hi_and converges strongly
to x(¢) in C3 .

Since the length of negative nodal intervals of x*(¢) goes to 0, we may
assume, if necessary going to a subsequence, that as k — oo these negative
nodal intervals shrink to some points {z;}, from which only exactly » points
are inside [0,27). So there are exactly n intervals from R\{z;} within one
period. On each interval P of R\{¢;}, a standard regularity argument for
ordinary differential equations shows that the limiting function x(¢) satisfies
the limiting equation

X4 (& + g (0)x =0 (3.17)
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on P. In fact, the restriction x|P of x(¢) to Pis in H*(P) n H}(P) n C'(P). It
can be proved that x#0 on each P. See p. 99 of [23]. In fact, x(¢) is strictly
positive on P. Note that x() is not a classical solution of (3.17) on R because
x(7) is not even C! on R.

An important fact on x(¢) is that if P=(y,d) is an interval from
R\ {#;}, then besides proving the existence of derivatives x(y+) and x(d—),
one can prove that they are always nonzero. This can be seen from Lemma
3.7 of [23] and has been neglected in the original proof of Theorem 3.1
of [23].

Finally, let 0<fty<t;<--- <t,_1 <t, =ty + 2n be the points from {z;}
lying in one period. Then x(z;) =0 and x(¢) satisfies (3.17) for a.e. t €
(tic1, t), i=1,2,...,n. Since lim,,, 4 X(¢) exist and are nonzero, one can
then choose nonzero constants 7y; so that the following function

X(t) = y;x(2), telti, t], i=12,....n,

is C! on [ty, t,]. So £(¢) is a classical nonzero solution of (3.17) on [to, t,].
Generally speaking, X(¢) has different derivatives at ¢y and ¢, = 7y + 2n. Let
(1) be the function

y(t) = X(t + 1), t €[0,2x].
Then y(¢) is a nonzero solution of the following equation:

FH+E + @y =0,  1€[0,21] (3.18)

with the Dirichlet boundary condition (D) satisfied. Moreover, y(z) has
exactly n zeros within [0, 2n). It follows from (3.18) + (D) that &' is just the
nth Dirichlet eigenvalue of (3.18). Let ¢ = fy in this case. The theorem is
thus proved. 1

REMARK 3.4. Comparing Theorem 3.3 with Theorem 3.1 and Corollary
3.3 in [23], the asymptotes in Theorem 3.2 are relatively simpler than those
for two-point boundary value problems because x(7) satisfies the Dirichlet
boundary conditions on all nodal intervals I: x(f) = 0 for ¢ € 6I. So part of
the proof in [23] can be simplified accordingly.

In the following, we discuss briefly the Fu¢ik spectrum #* = 7% (¢, ) of
(1.3) with two-point boundary condition (T,g), and a relationship between
7 and 7™ is established. Note that Z* has been studied in [23] in detail.

Observe that (14, 4_) is in Z* if and only if ()., /_) satisfies, for some
n e /Z, either

0Qm; 0, /s, /) = p+nn (3.19)
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or
0Qm, o0+ 7w, Ay, /) = (B + ) + nm. (3.20)

By Lemma 2.2, all n in (3.19) and in (3.20) are nonnegative. Thus the
structure of #*F is clear from the monotonicity of 0(2m; 6y, /., A_) with
respect to Ay, A_, cf. Lemma 2.1.

When f = o in (T,p), we write, for simplicity, (T,,) and #** as (T,) and
F%, respectively. Now (44,4_) € Z* is determined by either

M 020, Ay, An) =0+ nn (3.21)
or
N0 0Qms o+ 7, Ay, A-) = (a0 + 1) + nm, (3.22)

where ne Z*.

Suppose that n e N is even. Applying properties (2.2) and (2.3), we get
from (3.21) or (3.22) that p(4;+,4-) = n/2 € N. Thus, both the curves .,
and A7) are ‘between’ the periodic Fucik curves .#, ), and A", in this case.
Such a fact is well known in the linear case. Conversely, the periodic Fucik
curves .#, and /", can be recovered from the Fucik curves .45, (q+ ;) and
A5G+ .1), to € R. We state this fact as the following theorem.

THEOREM 3.4. For any neN and any tyeR, the Fucik curves of
M5,(q11,) and N5(q+ ) in F(qy,.,) are between the periodic Fucik
curves My(q+) and N (q+). Conversely, for any (Ay,A-) € My(q+) U N (
q+), there exists some ty such that (Ay,2_) € M5,(q+. 1) O NV 5(q+.1,)-

This theorem can be proved using the same trick as in [25], which is
essentially based on the simple fact that for any periodic solution x(¢) of
(1.3), there exists some # such that x,,(#) = x(z + 1) satisfies the boundary
condition (7).

4. CONCLUDING REMARKS

In Theorem 3.1, besides the trivial Fuc¢ik lines ¥ and ¥, we have
constructed two sequences of Fucik curves .#, and A", (n € N) of #(q ) for
general ¢4. However, we do not know if %#(q) consists of only these
curves. It is thus an interesting problem to verify if the converse part of
Theorem 3.1 holds. Note that our proof has only exploited the Hamiltonian
structure and the positive homogeneity of systems (2.5). In order to verify
the converse part of Theorem 3.1, one may need to find some further
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structure of (2.5), which should be some generalization of linearity in some
sense.

As only the Hamiltonian structure and the positive homogeneity of
systems (2.5) are used in our proof, the method in this paper also applies to
the periodic Fucik spectrum of

(PO + (Arwi(t) + g (O)xs + (Gow (D + g-(D)x- =0, (4.1

where p(f), wi(t), g+()e? and p>0, (wy,w_)>(0,0). A theorem
analogous to Theorem 3.1 can be proved for (4.1)+ (P).

An abstract form of our result can be stated as the next theorem. Let
{P,: . € R™} be a family of homeomorphisms of R?. Suppose that

® P)(x)#0 if x+#0,

® P, is area-preserving for each 7,

® P, is positively homogeneous for each 4, i.e., P;(kx) = kP;(x) for all
k>0 and all x € R, and

® the induced family of homeomorphisms {®;} of S is differentiable
and is monotone with respect to 4, where

P;(x)

= . xeR, =1
1Pz ()l

0;(x)

For such a family, one may lift ®, to R so that the rotation number
function p(A) is well defined. Then we have the following result.

THEOREM 4.1. Letne Z.If A € 0p~'(n), then P; has 0 as a parabolic fixed
point in the sense that there exists xo#0 such that P;xy = x¢. If, in addition,
P; is homogeneous in the following sense:

P,(kx) = kP;(x) for all k € R and all x € R?,

then for any odd integer n € N and any A € dp~'(n/2), P; has 0 as a parabolic
fixed point in the sense that there exists xo#0 such that P;xy) = —xy.

In a recent work [25], the author of the present paper has partially
generalized the rotation number approach to another famous spectrum
problem, i.e. the periodic and the antiperiodic eigenvalues of the p-
Laplacian with periodic potentials:

(X2 + O+ g())|xP2x =0, 4.2)
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where p>1. A similar result as in this paper has been obtained for
eigenvalue problems (4.2) + (P) and (4.2) + (A), i.e. one can use the rotation
number function to find two sequences of eigenvalues of (4.2)+(P) and
(4.2)+ (A) as in the linear case, although we do not know if these represent
all periodic and antiperiodic eigenvalues of (4.2).

Following some ideas in [25], for the Fucik spectrum problem of the p-
Laplacian:

PO 72X + (Aowi (1) + g ()P 2x0 + (Gew- (1) + g-())lx- P x- =0

with the periodic boundary condition (P), one can also obtain a result
similar to Theorem 3.1. For some recent progress of higher dimensional
Dirichlet Fucik spectrum problem, see [3,21].

Finally, it can be expected that the Fucik curves defined in this paper will
play an important role in nonresonance problems of the following
nonautonomous equations:

X+ £t x) =0, (4.3)

where f(¢, x) (= f(t + 2=, x)) satisfies
S x)

GES lim+inf]M < lim sup Y <O (9). (4.4)

00 x—+00

Most of existence results of periodic solutions of (4.3) are obtained by
assuming that the functions ¢ (¢) and @ (¢) in (4.4) are between two points
in two consecutive Fucik curves C, and C,; (see [4]). These results can be
explained using the Fucik curves in this paper from a point of view of
nonautonomous equations. Due to a general result on positively homo-
geneous operators in [24] (for the linear case, see [9]), the existence of
(4.3)+(P) is essentially reduced to verifying the following family of
equations:

X+ (Oxr+y_(Hx- =0 4.5)
has only the trivial 2z-periodic solution for each pair Y, € 2 with
G (O<Y (<D (1) for all 7. (4.6)

Such a triviality of (4.5)+(P) is equivalent to (0,0)¢ 7 () for all
satisfying (4.6). By Lemma 2.1 and the characterization of Fucik curves
My(q+)and N (g4 ), one sees that #,(q+) and A", (q+) ‘decrease’ when ¢
‘increase’. Such a fact corresponds to the comparison result of eigenvalues in
the linear case. Using this observation, one can obtain the existence of
(4.3)+(P) when (0,0) is between .A",(¢) and .#,,(®+) for some n. This
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condition generalizes the usual ones from the point of view of nonautono-

m

ous equations.
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