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Abstract

In this paper we will establish two different classes of ellipticity criteria, called
the L? criteria and the LP-LY criteria respectively, for planar linear Hamiltonian
systems with periodic coefficients. The criteria are explicitly expressed using the
L? and L? norms of coefficients and some known Sobolev constants. These results
can be considered as the extensions of the famous Lyapunov stability criterion
for Hill’s equations.
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1 Introduction and the L criterion

Let a(t) be a T-periodic, integrable potential, i.e., a(t) € L'(St), St = R/TZ.
Consider the Hill’s equation

2" +a(t)z =0, z €R. (1.1)
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The famous stability criterion of Lyapunov asserts that when a(t) satisfies the fol-
lowing two conditions

either @>0, or, a@a=0anda(t)Z0, (1.2)

T flayur <4, (13)

equation (1.1) is elliptic and therefore is stable in the sense of Lyapunov [8]. Here
and henceforth ay(t) = max(a(t),0) is the non—negative part of a(t), ||lullp,r =

lu|l e (1) is the LP norm for p € [1,00], and @ = (1/T) fo t) dt is the mean value.
For a T-periodic function a(t) € LP(St), ||ullpz is ||u||Lp(ST)

We call (1.2)-(1.3) the L' criterion for Hill’s equations. This criterion can be
explained using eigenvalues of Hill’s operators. Recall that the T-periodic and T-
anti-periodic eigenvalues of

"+ (A+at)r=0 (1.4)
can be written as a whole
—00 < Agla) < Aj(a) < Aa) < - < A, (a) < Apla) < ---

where )\, (a), A\n(a) are T-periodic eigenvalues (T-anti-periodic eigenvalues, re-
spectively) of (1.4) when m is even (when m is odd, respectively). See [4, 9]. Now
condition (1.2) implies that the smallest T-periodic eigenvalue \g(a) < 0, while con-
dition (1.3) implies that the smallest T-anti-periodic eigenvalue \;(a) > 0. Thus
0 € (Ao(a), ) (a)) and equation (1.1) is actually in the first stability zone. For the
details, see [25]. Under assumption (1.2) on a(t), the bound 4 in (1.3) is optimal to
guarantee that (1.1) is in the first stability zone. The constant 4 in (1.3) is actually
the best Sobolev constant of the inequality

CllullZ, ooy < W30, for all u € Hg(0,1).

In [16, Lemma 5.2], the authors have used some different Sobolev inequalities to
establish the following so-called Li criterion for the canonical form of planar linear
Hamiltonian systems [7, Section 7.1]

' =b(t)y, y = —a(t)x. (1.5)
That is, if a(t), b(t) € L*°(St) satisfy essinfia(t) > 0, essinf;b(t) > 0 and
lalur - [Blor < 4, (1.6)

then (1.5) is elliptic and is therefore Lyapunov stable. Moreover, the constant 4 in
condition (1.6) is also optimal. Note that when b(t) = 1, system (1.5) is equivalent
to equation (1.1), while condition (1.6) is almost the same as (1.3).

Instead of the L' norms used in (1.3), the optimal ellipticity conditions using the
LP, p € (1, 00], norms of ay have been established [25]. Some further generalizations
to the so-called p-Laplacian and higher order stability zones can be found in [23].
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The purpose of this paper is to give the corresponding ellipticity criteria for
planar linear Hamiltonian systems (1.5) using some LP and L? norms of coefficients.
The criteria obtained are called respectively the LP criteria (Theorem 3.1) and the
LP-L9 criteria (Theorem 4.1). The bounds in the LP criteria of Theorem 3.1 we
have found are also optimal. In order to describe the LP-L4 criteria, write

Nes(@) = S22 s /1) (L.7)

for ¢(t) € L"(R/SZ) with 1 # 0, r € [1,00] and S > 0. Let a(t) € LP(St) and
b(t) € LY(St) for some p, g € [1,00]. The LP-L? criteria are simply

@-b>0and N, r(a) N,r(b) < L(p*,¢*) = (1.5) is elliptic. (1.8)

Here p* and ¢* are conjugate exponents of p and ¢, and L(u,v) can be expressed
explicitly using some Sobolev constants in Section 2. When the sign of the first
condition of (1.8) is reversed, the second condition yields the hyperbolicity of (1.5),
see also Theorem 4.1. Different from the LP criteria, the bounds L(p*, ¢*) of (1.8)
are not optimal. In fact, as p, ¢ vary over [1,00], L(p*, ¢*) varies on the interval
[1,4]. Although the optimal bounds, denoted by R(p, q), for the LP-L? criteria are
unknown to the author, R(p, ¢) must satisfy R(p,q) < 72. Hence criteria (1.8) are
fairly satisfactory.

In Section 5, we will give some methods to improve the LP-L9 criteria. This
will lead to some non-standard eigenvalue problems which are linear for the case
p = q = 2. See Theorem 5.1 and Corollary 5.1. Some problems concerning the
optimal LP-L4 criteria remain open.

Theoretically, ellipticity of (1.5) can be explained using the location of eigenval-
ues of the corresponding Dirac operator of (1.5). For details, see Section 4.2. Of
course eigenvalues are involved both coefficients a(t) and b(t). It is remarkable that
in the construction of the LP-L? criteria, we have successfully decomposed the prob-
lem into two eigenvalue problems which are modifications of the Hill’s operators,
each depending on only one of the coefficients a(t) and b(t). See Section 5.

In recent years, the basic Sobolev inequalities and Sobolev constants used in
this paper have been shown to have many interesting applications to different prob-
lems involving equations (not necessarily linear) such as the non-degeneracy of lin-
ear ODEs, the so-called p-Laplacian and linear delay equations and corresponding
PDEs [10, 16, 23], the existence and multiplicity of boundary value problems of
semilinear and some superlinear equations [6, 16], lower and upper bounds of rota-
tion numbers [2, 3], and the Lyapunov stability of linear and nonlinear Lagrangian
and Hamiltonian systems of degree of freedom 3/2 [2, 11, 12, 13, 14, 15, 20, 24, 25].
The ellipticity results for planar linear Hamiltonian systems in this paper will be
helpful for the understanding of these problems, especially the Lyapunov stability
of periodic solutions of planar nonlinear Hamiltonian systems. Some extensions of
these Sobolev inequalities have also many interesting applications for PDEs [6, 17].
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2 Sobolev inequalities and canonical forms of
Hamiltonian systems

2.1 Sobolev inequalities and Sobolev constants

Given an exponent ¢ € [1,00]|. The best constant in the Sobolev inequality

Cllullg o1 < 10|20,y for all w € H(0,1) = Wy 2(0,1) (2.1)
is denoted by M(q). That is,
/
M(@)=  min 1¥lpy (2.2)

weHE(0,1), w20 |[ulg0.1]

The explicit formula for M(q) is known. See, for example, [19] and [22]. That is,

1/2 1/271/(1
Zr 2 (1/q)
M(q) = (7) (qu) T(1/211/9) for 1 < g < oo,
2 fOI‘ q = o0,

where T'(-) is the Gamma function of Euler. In particular, M(1) = v/12, M(2) = 7
and M(oo) = 2. Moreover, as a function of the exponent, M(q) is strictly decreasing
in g € [1, 00].

For the case ¢ € [1,00), the minimizers of (2.2) are smooth. However, in case
q = o0, the corresponding minimizers are cus(t), ¢ # 0, where ux(t) = t for
t €[0,1/2], and ux(t) = 1 —t for t € [1/2,1]. Hence, if u € H}(0,1)\{0} is C*
on [0,1], one has actually the strict inequality 2||u|s,0,1] < I|t'||2,j0,1- This is why
inequality (1.3) is allowed not to be strict for p = 1, and inequality (3.1) in the next
section should be strict for p € (1, oo].

We need some Sobolev inequalities more general than (2.1) and their constants.
Let q, p € [1,00]. Introduce the best Sobolev constant

!
I lp oy (2.3)

N(q,p) =
82 wewr?(0,1), uz0 ||[ullq,0,1]

Evidently, M(q) = N(q, 2).
e Case p € (1,00). The explicit formula of N(q, p) is known [19, 22]. That is,

gt )T B (10 1 /p*) for 1< g < oo,

N(g,p) = { ) (p*)t/aqt/P” (2.4)

for ¢ = oc.

where B(+, ) is the Beta function of Euler.
e Case p = co. Let u € W, >°(0,1). As u(0) = u(1) = 0, one has

lu(®)| = fg u'(s) ds‘ < || oo, j0,1] for t € [0,1/2],
u(t) = | [ u’(s)ds‘ < (1= t)|u|oooyy fort € [1/2,1].
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Thus

1/2 1 1/q
llullg,0,1] < (/ 4 dt+/ (1—1¢)? dt) 4[| oo 0.1]
0 1/2

=271+ Q)fl/q”“/”oo,[o,u for ¢ € [1, 00),

lulloo,f0,1] < 271|\U/Hoo,[071]~

On the other hand, for u = us(t) € WOI’OC(O, 1), both of these inequalities become
equalities. Hence

N(g,00) =2(1+¢)"/? (=1limpjec N(q,p)), g€ [1,00), (2.5)

and the corresponding minimizers of (2.3) with p = oo are still cus(t), ¢ # 0. Here
we understand N (oo, 00) = limgyeo N(g, 00) = 2.
e Casep=1. Let u € Wol’l((), 1). One has, for t € [0, 1],

Wl < [l = juol< [ W=V

Then U+V = ||u||1,j0,1) and |u(t)| < (U +V)/2 = ||[u/[]1,10,11/2. Hence [[u|,[0,1] <
lu'{|1,j0,1/2 and N(oo,1) > 2. On the other hand, let u = u(t) € Wy (0,1).
One has |[lul[l1,01) = 1 and [[uceloc,j0,1) = 1/2. Hence N(oo,1) = 2 and the
corresponding minimizers of (2.3), with (¢,p) = (00, 1), are again cuq(t), ¢ # 0.
As N(q,1) is non-increasing in ¢ € [1, 0], one has N(g,1) > N(oo, 13 = 2 for all
q € [1,00). Let ¢ € [1,00) be given. Take a smooth function u(t) € W' (0,1) such
that (1) w(1 —t) = u(t), (i) u(t) is increasing in t € [0,1/2], and (iii) «(0) = 0 and
u(t) =1/2 for e <t < 1/2 with € > 0 small. Then we have

1/2 e 1/2
lullg,i01] = <2/0 ul(t) dt) = (2/0 u(t) dt+2/ u?(t) dt)

= (0(e) +2(1/2 — £) /297 = 1/2 + O(e),

1/2
1,01 = 2/0 o' (t) dt = 2(u(1/2) — u(0)) = 1.

1/q 1/q

lu'|

By (2.3) again, one has N(g,1) < 2. Hence N(g,1) = 2 for all ¢ € [1,00). In
conclusion,
N(q,1) =2 (=limy; N(q,p)) for g € [1, o0]. (2.6)

Lemma 2.1 The Sobolev constants N(q,p) are given by (2.4), (2.5) and (2.6).

By the Holder inequality and the defining equality (2.3), N(g, p) is non-increasing
in ¢ € [1,00] and is non-decreasing in p € [1,00]. Hence we have from (2.5) and
(2.6)

2=N(c0,1) < N(g,p) <N(l,00) =4  forallg, p € [1,00].
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Let q, p € [1,00]. Suppose that I = [a,b] is a finite interval of length |I| = b—a.
By a scaling technique, the corresponding Sobolev constant

[/ |lp,r

N(g,p,I) =N(g,p,|I]) =
wewd (1), uzo [[ullq,r

is given by
N(q,p, [1]) = N(g,p)/[I[V/*1/7". (2.7)

Thus we have the following optimal Sobolev inequality

N(qp)
WHUH(M < ||p.x for all u € Wy (I), p € [1,0]. (2.8)

2.2 Canonical forms of Hamiltonian systems

Consider the planar linear Hamiltonian system

' = JA(t)z, (2.9)

0 1 a(t) () )
J = ) At) = .
(% 0) ao=(50 5
Here «(t), B(t), v(t) are smooth T-periodic functions. The (period T-) Poincaré

matrix is
_ | (1) ¢a(T)
Mr = ( Yi(T)  a(T) ) ’

where (¢1(t),¢1(t)) and (d2(t),12(t)) are solutions of (2.9) satisfying ¢1(0) = 1,
¢2(0) = 0 and ¢4 (0) = 0, 12(0) = 1, respectively. The eigenvalues 14 2 of My are
called the Floquet multipliers of (2.9). Obviously vy - v2 = 1. We say that (2.9)
is parabolic, hyperbolic, or, elliptic, if 11 = vo = £1, |v;| # 1, or, ;] = 1 and
v; # +1, respectively.

It is well-known that (2.9) is Lyapunov stable iff (2.9) is either elliptic or is
parabolic with the additional property that all solutions of (2.9) are T-periodic in
case V1 = vy = 1, or T-anti-periodic in case v; = vo = —1. See, for example, [4,
Theorem 7.2]. Here the T-anti-periodicity of a solution z(t) is z(t + T) = —x(¢).
We say that system (2.9) is non-degenerate if v o # 1. The non-degeneracy is the
same as that equation (2.9) has only the trivial T-periodic solution.

where

Lemma 2.2 [7] There exists a T-periodic, smooth function t — (t) such that the
change of variables x = Rz will transform (2.9) into the canonical form

2 = JB(t)z

with B(t) = diag(a(t),b(t)) being diagonal. Ezplicitly, in coordinates z = (x,y)T,
this reads as (1.5).
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Here, for 6 € R, Ry denotes the rigid rotation

cosf  sinf
Rg_( —sinf cosf )
The function ¢(t) is constructed explicitly in [7, Section 7.1]. In case A(t) is T-

periodic, by checking the construction there, one can see that ¢(t) and a(t), b(¢)
are also T-periodic.

Example 2.1 Let ag, by € R be constants and consider the following system
' = boy, Yy = —apx. (2.10)

Suppose first that ag - by # 0. Denote v = |ag - bo|"/? > 0 and & = |by/ao|"/? > 0.
The solution of (2.10) with (2(0),y(0)) = (20, yo) is given by

()= (= o) (o)

in case ag - by > 0, and by

xz(t) \ cosh(yt)  dsinh(yt) xg
< y(t) ) o < d~Lsinh(yt) cosh(yt) ) ( Yo )

in case ag - bg < 0.

When ag = 0 or by = 0, the solutions can be expressed using the corresponding
limits.

Let us now consider (2.10) as a T-periodic system. Denote 8 = Tag - bo|'/?.
From the expression of general solutions, one has

e System (2.10) is hyperbolic iff ag - by < 0. In this case, the Floquet multipliers
are 1 2(0) = cosh§ £ sinh §.

e System (2.10) is parabolic iff Tag - Tby = ((n — 1)7)? for some n € N.

e System (2.10) is elliptic iff ((n — 1)7)? < Tag - Thy < (nw)? for some n € N.
In this case, the Floquet multipliers are v 2(0) = cos€ £ isinf. In particular, if

0< Tag-Thy < 72, (2.11)

the T-periodic system (2.10) is elliptic. Here the upper bound 72 of condition (2.11)
is optimal.
e System (2.10) is degenerate iff Tag - Tby = (2(n — 1)7)? for some n € N.

3 The L? criteria for Hamiltonian systems

By Lemma 2.2, in the following we need only to consider linear systems of the form
(1.5) where a(t) and b(t) are T-periodic, integrable functions. A crucial assumption
in this section is that at least one of the coefficients a(t) and b(t) of system (1.5) does
not change sign. By the transformation ¢ — —t and/or the transformation (z,y) —
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(—y, ), without loss of generality, we can assume that b(t) satisfies essinf;b(¢) > 0.
More restrict, we always assume b(t) in (1.5) is from the following set

LY (Sy) == {b(t) € L' (Sr) : essinfb(t) > 0} .

Note that b € L} (S7) implies that 1/b € L>(Sy).
Recall that the extension of criterion (1.2)-(1.3) to L? potentials is as follows.

Lemma 3.1 [25, Theorem 1] (LP criteria for Hill’s equations) Let a(t) €
LP(Sy), p € (1,00]. If a(t) satisfies (1.2) and

TP lay lpr < M?(297), (3.1)

equation (1.1) is in the first stability zone. Moreover, the bounds of (3.1) are also
optimal.

Note that when p = 1, p* = co and M?(00) = 4. That is, (3.1) with p = 1 is
essentially same as (1.3).
Let us now go back to system (1.5) where b(t) € LY (Sr). Define

¢
B(t) = / bs)ds, T = B(T) = [b|or > 0.
0
Then B(t) is increasing in ¢. Moreover, by the T-periodicity of b(t), one has B(t +
T) = B(t) + T. Using the change of times s = B(t), system (1.5) is transformed

into
1 g, I gsga, (3.2

where 2(s) = 2(B71(s)), 9(s) = y(B~1(s)), and the coefficient
q(s) = a(B~'(s))/b(B~'(s))

is T—periodic. It is obvious that system (3.2) shares the same ellipticity with the
original system (1.5). Note that system (3.2) is equivalent to the following Hill’s
equation

o+ d(s)(s) = 0. (3.3)

One has the following trivial relations.

Lemma 3.2 Let b(t) € L} (Sr) and a(t) € L*(St). Then
e Hamiltonian system (1.5) is stable iff Hill’s equation (3.3) is stable.
e Hamiltonian system (1.5) is elliptic iff Hill’s equation (3.3) is elliptic.

Based on Lemma 3.2, we can apply Lemma 3.1 to obtain the following ellipticity
criteria for systems (1.5).
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Theorem 3.1 Let b(t) € LY (Sr) and a(t) € LP(Sr), p € [1, 00].
e L! criterion: For p = 1, system (1.5) is elliptic if a(t) satisfies (1.2) and
a(t), b(t) satisfy
IBll7 - llas [z < M?(00) = 4. (3.4)

e [P criteria: For p € (1,00|, system (1.5) is elliptic if a(t) satisfies (1.2) and
a(t), b(t) satisfy
IR llaa 67 | < M2 (2p°). (3.5)

Furthermore, the bounds M?(2p*) are optimal.

Proof. Note that

T s [TaBE) (T
/Oq(s)dS—/O st_/o a(t) dt, (3.6)

following the change of variables s = B(t). If a(t) satisfies (1.2), then ¢(s) satisfies
(1.2) as well, with the period T replaced by T'. Similarly, one has

lG+ll: 7 = llat NIz, G+l 7 = lla+lloo,T, (3.7)
1/p

sl = ( | (G ds> (by setting s = B()

T P 1/p .
([ ) e

Note that 7' = ||b]|,,7. Now criteria (3.4) and (3.5) follow immediately Lemmas 3.1
and 3.2 and equalities (3.6)—(3.8). m|

p,T p € (1,00). (3.8)

Criterion (3.4) corresponds essentially to (3.5) with p = 1. It is evident that the
L' criterion (3.4), where a(t) is allowed to be sign-changing, is a generalization of
the L} criterion (1.6).

4 The LP-LY criteria for Hamiltonian systems

4.1 The LP-L9 criteria

In Section 3, the ellipticity criteria have a severe restriction on a(t) and b(¢). That
is, at least one of a(t) and b(t) does not change sign. In this case, system (1.5)
can be reduced to a Hill’s equation. From this section, we will give some ellipticity
criteria for systems (1.5) without such a restriction on coefficients.

Consider system (1.5) where a(t) and b(t) satisfy, for some p, ¢ € [1, o0],

a(t) € L(Sy),  b(t) € L(Sy),  a-b#0. (4.1)
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Suppose that (z(t), y(t)) is a T-periodic solution of (1.5). Observe that, under (4.1),
a(t) € WH(Sr), y(t) € WP(Sr). (4.2)

Let us write (z(t),y(t)) = (T + 2(t),y + §(t)). By (4.2), 7 € Wha(Sy) and § €
WhP(Sr), where

Wi (Sp) == {ue W (Sr) :u=0}, r € [1,00].
Using (Z,9), system (1.5) reads as
' =0b(t)y +ybt), g = —a(t)z —Tal(t). (4.3)

By integrating two equations in (4.3) over one period, we get

. T B I T B
xaz/a(/o a:L')/(Ta)7 y=—by/b= (/0 by>/(Tb). (4.4)

Now system (4.3) can be rewritten as

a(t)

T
TE/O a(s)(z(s)—Z(t))ds. (4.5)

20 =2 [ s - i -

The LP-L9 criteria below are based on the following estimates. From (4.2) and
the first equation of (4.5), we have

B T
7| - & ]lgr = b(-)~/0 b(s)(g(s) —y(-)) ds

q,T

T
< bl | [ 86)5(5) — 50 (45)
0
< ol - e (Bl 2l15C) — 50 1) (47)
, b TV /e
< . T 4.8
< ol g (Wl g W lor) (49
Ti/p"+1/q"
= ——— b2 117 lp.7- 4.
N L (19)

Here both (4.6) and (4.7) are obtained from the Holder inequality, and (4.8) is
resulted from the Sobolev inequality (2.8) because §(-) — §(t) € Wy (t,t 4+ T) and

T1/p"+1/q"

= 150() = ()|, « < — | .
o7 = [190) = 9O |lg= .41 < N.7) 19" llp, 7

19(-) — 9(t)

From the second equation of (4.5), we can obtain an estimate similar to (4.9)

Tl\al| - ||y T < a T T .
P N(p*7Q) »T !
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Using the notation N, s(¢) in (1.7), we get from (4.9) and (4.10)

TP 1" |al|2 /e /e (|b]|2

1&g < 0.7 12,7
N(¢*,p) Tla] N(p*,q) TIb|
_ 1 T'=2/P|a)2 p T 2/‘”|\b||2,cr”j/”
N(¢.p)-Np'q) ] ) ot
. b
_ Np7T(a) NQ7T( ) Hi':/ qT- (411)
N(p*,q) - N(¢*,p) ’

Lemma 4.1 Suppose that a(t) and b(t) satisfy (4.1). System (1.5) is non-degenerate
if
p.r(a) - Noo(b) <N(p*,q) - N(¢",p). (4.12)
Proof. Under condition (4.12), we get from (4.11) that ||Z'||q.r = ||7'|l,,» = 0. Thus
Z(t) = g(t) = 0, because Z(t) and g(t) have the mean values 0. By (4.4), we have
=Y

T =7 = 0. Hence z(t) (t) = 0. That is, system (1.5) has only the trivial
T-periodic solution. O

Lemma 4.1 asserts that when (4.12) is satisfied, the Floquet multipliers of (1.5)
(of period T') satisfy 112 # 1. In order to deduce the non-parabolicity of (1.5),
we must exclude the case v1 2 = —1. In case 112 = —1, we can consider (1.5) as
a Hamiltonian system of period 27" which is degenerate. Using the invariance of
mean values and the equalities [|al|? o7 = 22/”\\(1”12)? and |02 57 = 22/‘1||b||3j7 one
has from (1.7)

Nq,QT(b) = 2Nq,T(b)a NILQT(G) = QNP,T(G)v
Npar(a) - Nyor(b) = ANy, r(a) - Ny (D). (4.13)

Now the non-degeneracy condition N, a7 (a) - Ny 27 (b) < N(p*, q) - N(¢*,p) for 27-
periodic Hamiltonian system (1.5) is the same as

Npr(a) - Nor(b) < N(p*,q) - N(q",p) /4. (4.14)

As (4.14) is stronger than (4.12), we know that condition (4.14) has excluded both
v12 = +1 and v; 5 = —1. This yields the following result.

Lemma 4.2 Under assumptions (4.1) on a(t) and b(t), system (1.5) is not parabolic
if a(t) and b(t) satisfy (4.14).

Remark 4.1 From formulas (2.4)-(2.5)-(2.6), let us define
)1/t v=1 2
L(u’ 1}) = L(U, u) = (4( +u‘2/v,ul/u *B(]./U, ]./’U)) for u, v € [1, OO),
1 for u = 0o or v = 0.

(4.15)
One has then the equality

N(p*,q) - N(q¢*,p)/4 = L(p", q¢"). (4.16)
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From the monotonicity of N(g, p) of Section 2, the function L(u,v) is decreasing in
both v and v. Hence one has

1 < L(oo,00) < L(u,v) < L(1,1) = 4, (u,v) € [1,00]% (4.17)
By (4.14) and equality (4.16), we can give the second class of ellipticity criteria.

Theorem 4.1 Let a(t) € LP(Sr) and b(t) € LY(St) for some p, q € [1,00].
e LP-11 ellipticity criteria: System (1.5) is elliptic if

a-b>0 and  Npr(a) - Nyr(b) <L(p*, q*). (4.18)
e LP-19 hyperbolicity criteria: System (1.5) is hyperbolic if
a-b<0 and N, r(a) - Nygr(b) <L(p*, q¢%). (4.19)
Proof. By the Hélder inequality, we have |@| < T~'/?|a||,r and |[@|,r < |la|/p.1-
Let use choose a homotopy a,(t) = Ta(t) + (1 — 7)a, 7 € [0,1]. Then
Npr(ar) = TP la |12 o/ az] = T2l |17 /1]
< TP (rlallpr + (L= 7)alyr)* /lal
< TPl 7/ lal = Nz (). (4.20)

Similarly, b,(t) = 7b(t) + (1 — 7)b satisfies N, 7(b;) < N, 7(b) for all 7 € [0,1].
Under assumption (4.14) on a(t) and b(t), we know that a.(t), b.(t) also satisfy
(4.14) for all 7 € [0,1]. By Lemma 4.2, the following Hamiltonian system

' =b,(t)y, y = —a,(t)z, T €10,1], 4.21

(4.21)

is not parabolic for each 7 € [0,1]. That is, the Floquet multipliers 7 2(7) of (4.21)

satisfy 11 2(7) # £1 for all 7 € [0,1]. As vy 2(7) are continuous in 7 € [0,1], we
know that either

vio(r) € SN\{£1}  forall 7 € [0,1], (4.22)

or

[v12(T) #1 for all 7 € [0, 1]. (4.23)
For 7 = 0, system (4.21) is the constant system (2.10), where ag and by are
@ and b respectively. Let us notice that N, r(a) = T'|a| and N, r(b) = T|b|. B
(4.14), (4.17) and (4.20), we have
0 < |Ta-Tb| < N,r(a) Nyr(b) <L(p*,q*) < 4. (4.24)
Let § = |T@-Tb|'/2. Then 6 € (0,2) C (0, 7). From Example 2.1, the corresponding
Floquet multipliers are
v12(0) = cos@ £isind fora-b > 0,
v1,2(0) = cosh § £ sinh § fora-b < 0.

Thus (2.10) is elliptic if @-b > 0 (see condition (2.11)), and is hyperbolic if @-b < 0,
provided that (4.14) is satisfied. Now conclusions (4.18) and (4.19) can be deduced
from (4.22) and (4.23) respectively. O
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Remark 4.2 (i) Note from (4.15) that L(u,v) is symmetric in (u,v). Hence both
conditions @- b > 0 and N, r(a) - Ny 7(b) < L(p*, ¢*) of (4.18) are symmetric with
respect to (a,p) and (b, q). These are consistent with the invariance of ellipticity
for systems (1.5) under the change of variables (z,y) — (y, —x).

(ii) In case p = ¢ = 1, one has L(1*,1*) = L(00, 00) = 1 and the second condition
of (4.18) is My r(a) - N1 r(b) < 1. In this case, as in the L' criterion for Hill’s
equations, the strict inequality can be weakened as N/ 1,7(a) N 1,7(b) < 1. When both
a(t) and b(t) do not change sign, one has Ny r(a) = |lal|1,r and Ny 7 (b) = ||blj1,7-
Hence, if @-b > 0 and |jal|1,r - [|b]1,r < 1, then (1.5) is elliptic. The constant 1
is smaller than the optimal constant 4 in the L1 criterion (1.6). Hence our LP-L?
criteria (4.18) are a partial generalization of (1.6).

4.2 Eigenvalues of Dirac operators and ellipticity zones

Theoretically, ellipticity of (1.5) is related with eigenvalues. Precisely, system (1.5)
defines a Dirac operator with the corresponding eigenvalue problem [7, Part two]

o' = (b(t) =Ny, Yy =—(a(t) - Nz (4.25)
It is well-known that there exist
s < Aq(a,b) < A_q(a,b) < Ag(a,b) < Ao(a,b) < Aj(a,b) < Ai(a,b) < ---

such that A, (a,b) and \,,(a,b) are T-periodic eigenvalues (T-anti-periodic eigen-
values, respectively) of (4.25) for m to be even (m to be odd, respectively). Now
system (1.5) is elliptic iff there exists some m € Z such that

Am(a,b) <0 <A, 4(a,b). (4.26)
When (a, b) satisfies (4.26), we say that system (1.5) is in the mth ellipticity zone.

< L(p*, ¢%).

Theorem 4.2 Suppose that a(t) and b(t) satisfy Npr(a) - Nyr(b)
> 0, and system

Then system (1.5) is in the first ellipticity zone if @ > 0 and b
(1.5) is in the zeroth ellipticity zone if @ <0 and b < 0.

Proof. In the proof of Theorem 4.1, we have obtained a homotopy equation (4.21)
without changing the ellipticity zone. For the constant system (2.10), one has

b b
An(@0) = X (@,0) = (@+ b0+ ((@— )+ (mn/T)*)M?) /2 for m >0,

b) = An(@,b) = (@+b— ((@—b)+ (mr/T)*)Y?) /2 for m < 0.
Moreover, the LP-L? criteria (4.18) imply that 0 < T'a-Tbh < 22 < 2. See (4.24).

From these formulas for eigenvalues, it is easy to use the fact 0 < 7@ - Tb < 72
to verify the following conclusions

a>0,b>0= A_1(a,b) <0< )\(a,b), (4.27)
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a<0,b<0= X\(a,b) <0<\ (a,b). (4.28)
By the homotopy system (4.21), conclusions (4.27) and (4.28) hold as well when
the constant coefficients @, b are replaced by a(t) and b(t) respectively. O

Similarly, ellipticity criteria (3.4) and (3.5) imply that system (1.5) is in the
first ellipticity zone. This explanation also applies to the operator norm criteria of
Theorem 5.1 below.

5 The operator norms and non-standard eigenvalue
problems

5.1 The operator norm criteria

Let us pay more attention to the LP-L? criteria. Given b(t) € L%(St), let us
introduce a linear operator K; : WYP(Sg) — L(St) by

T T
Kbu(t):< /O b) b(t)u(t) — b(t) ( /O bu>. (5.1)

Integrating (5.1) over one period, one knows that Kju has mean value 0. Hence K
is actually an operator from W1?(Sz) to L4(St). The operator norm is

Kgpr(b) = HKb”L(WLP(ST),Eq(ST)) = EWlP(SI;l)a)\ir o pmt [ Kpullq - (5.2)
u » , Nulp, 7=

Some preliminary properties of K, r(b) are as follows.

e K,pr(b) is homogeneous in b: Ky, 1(kb) = k2K, 1 (b) for all k € R.

o Let b(t) = 1. By (5.1), Kyu(t) = Tu(t) for u € W?(Sy) because fOTu =0.
Thus

Kqp,r(1) = mMAaX,y cyi/1.p(S7), uz0 Tllullgz /1w lp,7- (5.3)

The computation of K, 7(1) is then reduced to another kind of Sobolev constants
which are analogous to (2.7) with T-periodic functions of mean value 0. It is well-
known that Koo r(1) = T?/(27) and Kewor(1) = T32/V/12. See, e.g., [10, §3).
The inequalities

lulgr < T Kgpr Wl llpr, e WH(St),

resulted from (5.3), are also called the Wirtinger inequalities.
e The main estimate (4.9) used in the LP-L? criteria can be stated as the fol-
lowing upper bound for g , 7 ()

Kapr(0) < (TVP T /N(g" p)) 0137, b(t) € LU(St). (5.4)
As in (1.7), let us introduce the following notation
Kypr(b) :=Kqgpr(®d)/(T]b]) for b(t) € LY(St) with b # 0. (5.5)

One has the following observation on non-degeneracy of systems (1.5)
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Lemma 5.1 Let a(t) € LP(St) and b(t) € LY(St). Then the T-periodic system
(1.5) is non-degenerate if

a-b#0 and Kp.qr(a) Kqpr(b) <1. (5.6)

Moreover, under condition (5.6), system (1.5) has only the trivial T/k-periodic
solution for all k € N.

Proof. Let (x(t),y(t)) = (T+ Z(t),y + §(t)) be a T-periodic solution of (1.5). Using
the operator K, the first equation of (4.5) is #'(t) = —(Tb)"'Kyg(t). By the
defining equalities (5.2) and (5.5) for Ky p 1 (b) and ICy 1 (b), one has

1 g, < Ko p 2 O)IF llp,7-

Similarly, the second equation of (4.5) is §/(t) = (Ta) 'K,Z(t). Thus one has
another inequality

15 llp. 7 < Kp.gr(@)|E g1
Under condition (5.6), we have necessarily ||#'||,, 7 = || ||p,r = 0. Hence, Z =g = 0.
By (4.4) again, T = § = 0. Thus (x(¢),y(t)) = (0,0), which proves the non-
degeneracy of (1.5). O

In order to use the operator norms K, , 7(b) to deduce ellipticity criteria for
(1.5), we need to exclude non-zero periodic solutions of periods T and 2T, as we
did in the proof of Theorem 4.1. However, for the scaling of periods, the quantities
Kq.p7(b) have no simple scaling result like (4.13) for N r(b). Thus we have to
consider a(t) € LP(Sr) and b(t) € LI(Sr) as 2T-periodic functions. Based on
the LP-L? criteria of Theorem 4.1, we can use K, ,27(b) to obtain the following
ellipticity and hyperbolicity criteria for systems (1.5).

Theorem 5.1 Suppose that a(t) € LP(Sr) and b(t) € LY(St).
e Operator norm ellipticity criteria: The T-periodic system (1.5) is elliptic
if
a-b>0 and ICp,q,QT(a) . K:q,p,2T<b) < 1. (57)
e Operator norm hyperbolicity criteria: The T-periodic system (1.5) is

hyperbolic if B
a-b<0 and  Kpqor(a) Kqpor(d) < 1. (5.8)

Proof. As in the proof of Theorem 4.1, we will use the homotopy technique. However,
the homotopy a,(t) = Ta(t) + (1 — 7)a does not work, because, for quantities
Kp.q,2r(a), it seems that there is no inequality like (4.20).

This can be overcome by choosing a simple homotopy a(t) := Ta(t) and b, (t) :=
7b(t), 7 € (0,1]. That is, we consider the family of systems

2 = 71b(t)y, y = —71a(t)x, 7€ (0,1]. (5.9)

Under assumption KCp qor(a) - Kqpor(b) < 1, we can use the homogeneity of

Kqp,or(b) to obtain

Kp.g2r(Ta) - Kqpor(rh) = TzlcpyqﬂT(a) Kyp2r(b) < Kpgar(a) Kgperd) <1
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for all 7 € (0,1]. Now, by Lemma 5.1, the Floquet multipliers vy (7) of (5.9) still
satisfy either (4.22) or (4.23), where 7 € [0, 1] is replaced by T € (0, 1].

Note that for any 7 € (0, 1], one has sign(7a - 7b) = sign(72a - b) = sign(a - b).
On the other hand, for 7 > 0 small enough, one has necessarily

Npr(ra) - Ny (7h) = 7Ny r(a) - Nor(b) < L(p*,q%).

Now we can apply Theorem 4.1 to know that, for 7 > 0 small enough, system (5.9)
is elliptic if @ - b > 0 and is hyperbolic if @- b < 0. Since we have either (4.22)
or (4.23), now the continuity of 7 2(7) shows that system (1.5) shares the same
classification with systems (5.9) with 7 > 0 small. Hence conclusions (5.7) and
(5.8) can be obtained from the homotopy argument. o

It is obvious that Theorem 5.1 is an improvement of Theorem 4.1. Theorem 5.1
shows that the quantities K, , o7 (b) and K, 27 (b) and their estimates are important
in the study of ellipticity of Hamiltonian systems. In Lemma 5.3 below, we will give
some upper bounds for K 2 27 ().

Remark 5.1 Instead of using the 2T-periodicity of a(t) and b(¢), one can do as
follows. Let Z(t) = x(2t) and §(t) = y(2t). System (1.5) is now transformed into
i = b(t)j, § = —a(t)#, where a(t) = 2a(2t) and b(t) = 2b(2t). Note that the T-
periodic and 2T-periodic solutions of (1.5) are transformed into T'/2-periodic and
T-periodic solutions respectively. The second condition in (5.7) and (5.8) is now

the same as IC, 4 7(a) - Kqp,7(b) < 1.

5.2 Non-standard eigenvalue problems

In the following, we always assume that ¢ = p = 2 and will give a characterization
and some upper bound for ICg 2 7(b).
Let b(t) € L?(Sr) be given. From (5.1), one has

T T 2 T T
||Kbu||§’T = C%/O b2u? + ¢ (/0 bu) —2c; (/0 bu> </0 b2u> =: Qp(u),

where the constants ¢y := fOT b¥(t)dt, k =1, 2, are determined by b(t). Note that
Qy(u) can be extended to the Hilbert space H'(St). Under the constraints

T T
12 = / W(s)ds = 1, / w=0,

a standard argument shows that Qp(u) attains its maximum. Moreover, the max-
imizers u(t) of Qp(u) satisfy, by the Lagrangian multiplier method, the following
linear equation (in u):

pu" (t) + Lyu(t) = v (5.10)

for some multipliers p and v. Here

Lyu(t) := 3% (t)u(t) + cob(t) /OT bu — c1b°(t) /OT bu — c1b(?) /OT bu



Planar linear Hamiltonian systems 649

is the differential of Qp(u)/2 at the point u € H'(Sy). It is easy to see that Iu
has mean value 0 for any w. In order that (5.10) has T-periodic solutions u(t), it is
necessary that v = 0. Now equation (5.10) becomes

pu () + Iyu(t) = 0. (5.11)

This is a modified Hill’s equation. As Iy(u+ ¢) = Ipu for any constant ¢, one knows
that if w(t) is a solution of (5.11), then so is u(t) + ¢. In particular, all constant
functions are solutions of (5.11).

Considering the constraint @ = 0, we say that p is an eigenvalue of (5.11) if
equation (5.11) has non-zero T-periodic solutions u(t) such that 4 = 0. As I, is
symmetric in the following sense

(Ibu, U)L2(ST) = (u, Ib'U)L2(ST) u, v e ﬁl(ST),
we know that all eigenvalues of (5.11) are real. Multiplying (5.11) by u(t) and
integrating over one period, we can get u||u’||§7T = ||Kbu||§7T. Hence all eigenvalues
of (5.11) are non-negative. Let us use p;(b) to denote the maximal eigenvalue of
(5.11). For example, if b(t) = 1, eigenvalue problem (5.11) is reduced to
pu’ + T?u =0,
because ¢; = T and other terms of I,u are 0. Now all eigenvalues are T*/(2mm)?,

m € N. Hence py (1) =T%/(2m)2.
By (5.2), we have the following characterization on the norm s 2 1 (b).

Lemma 5.2 Let b(t) € L?>(St). Then
Ka22(0) = maX,e 15, s et | E0Ul2 = /11 (0).

This shows that the computation of ’62)27’1“(1)) can be reduced to a non-standard
eigenvalue problem (5.11). When b(t) = 1, we have

Ka2r(1) = (1 (1)"/? = T%/(27). (5.12)

In the following, we will give some upper bounds for Ky o7 (b). First, from
general result (5.4), we have the following upper bound

Koz (®) < (T/m)|bl3r, b€ L*(Sr). (5.13)

Next, we will derive another simple upper bound which is useful in studying oscil-
latory coefficients b(t). To this end, let us define

Bk(t):/otbk(s)ds, k=1, 2. (5.14)
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For u € H'(St), expression (5.1) can be written as Kyu(t) = b(t) - w(t), where
wit) = | b)) — u(t)) ds
-/ " (u(s) — u(0) 4By ()
= Bi(T)(u(T) — ut) - [ " Bu(o)(s) ds

0

/t " By (T () ds / " By (s) ds

::/ Bs(t, s)u’(s) ds, t € [0,T].

0
Here
Bt ={ Gty py) t0<i<esr (515
Denote
By(t,s) = b(t)Bs(t,s) € L*([0,T]?). (5.16)
Thus

T
Kyu(t) = /0 By(t, s)u'(s) ds, ue H (St).

By the Cauchy-Schwartz inequality, one has

T 2 T
|Kyu(t)]? = (/ By(t, s)u'(s) ds) < ||u'|\%T/ Bi(t,s)ds.
0 0
Hence

T T
Kyl < /|2 / / B2(t, 5) dt ds = || Ball2 0.z 03~

Let us introduce

My (b) = |Ball2qop) forbe LA(Sp),
Mz (b) :== My (b)/|Th|  for b€ L%(St) with b # 0,

where By(t, s) is determined by b(¢) from (5.14), (5.15) and (5.16). Now we have
the following result.

Lemma 5.3 For any b € L?(St), we have the following inequalities
I€272)T(b) S MT(b) and K2,27T(b) S MT(b) (517)

Let us give a comparison between (5.13) and (5.17).
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Example 5.1 e Constant coefficients: Let b(t) = 1. The norm Kq o (1) is T%/(27).
See (5.12). The upper bounds (5.13) and (5.17) are respectively

Kaor(1) < T?/N(2,2) = T?/x,
Kaor(1) < Mp(1) =T%/V6.

Hence (5.13) is better than (5.17) for this example.

e Oscillatory coefficients: We take the period T = 1 and consider b(t) =
©Ya,5(t) == a+ @sin(2nt), o, f € R. The upper bounds (5.13) and (5.17) are
respectively

Ka2,1(¢a,6) < llpasll3a/m = (2a° + 6°)/(2m),

A . V8m2at — (57 — 4r2)a23? + 9p4
K a8) < Mi(pap) = .
2,2,1(¢ ,ﬁ) 1(90 ,/3) 71'\/4?8

When [8]/|a| > Ry ~ 0.6802, one has Mi(¢a,3) < |[@a,sl31/7, ie., the upper
bound (5.17) is better than (5.13).

This example shows that the following results, obtained simply from Theorem
5.1 and Lemma 5.3, are also useful.

Corollary 5.1 Let a(t), b(t) € L*(Sy). Then system (1.5) is elliptic if a-b >
0 and Mar(a) - Map(b) < 1, and system (1.5) is hyperbolic if @-b < 0 and
MQT(G) 'MQT(b) < 1.

In order to apply Corollary 5.1, we give an explicit formula for Map(b). In addi-
tion to the functions By (t) given in (5.14), we introduce another function associated
with b(t). For b(t) € L*(St) with b # 0, let

N L 11 ()
Bl(t) - BI,T(t) T ﬁ - Bl(T) :

(5.18)

It is a normalization of By (t) such that B;(T) = 1.

Lemma 5.4 Let b(t) € L?(St) with b # 0. Then

T 1/2
Mo(b) = </O (B2(T)(Bi(s))? — 2B1(s)Ba(s) + Ba(s)) ds> , (5.19)
Mar(8) = (M(8)? + TBa(1)/2) (5.20)

where By(s) and Bi(s) are given by (5.14) and (5.18) respectively.
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Proof. By (5.14), (5.15) and (5.16), we have
(WMr ) = [Ballagomsy = [ ds [ (Bate.s)?ar
:/ </3(31(T)—Bl(s))%?(t)dwr/ (B1(s))*b%(t) dt) ds
0 0 s
T
= /O ((B1(T) = Bi(s))?Ba(s) + (Bi(s))*(B2(T) — Ba(s))) ds
_ /0 (Bo(T)(B1(5))? — 2B, (T) By (5)Ba(s) + (B (T))?Ba(s)) ds.

Note that T'|b| = | By (T')|. Now formula (5.19) for Mp(b) = Mq(b)/|By(T)| can be
obtained from this equality.

Since b(t) is T-periodic, Bg(s +T) = By(T) + Bi(s) and Bg(2T) = 2B(T).
When b(t) is considered as a 2T-periodic function, My (b) is given by (5.19) where
T is changed to 2T, Bi(s) is changed to By or(s) = Bi(s)/2 (see (5.18)), and Ba(s)
is unchanged. Thus

Mar®)* = [ (GBI ~ Bu(o)Balo) + Bals) ) s
T 2T
where the equality Bo(2T') = 2Bo(T) is used. Note that

—By(T)(By(T + 5))? — Bi(T + s)By(T + s) + By(T + s)

= —Bo(T)(1 + Bi(s))* = (1 + B1(5))(B2(T) + Ba(s)) + Bo(T) + Ba(s)

N|— N~

_ %BQ(T)(Bl(s))Q — Bi(s)Ba(s) + %BQ(T).

Hence
2T /4 5 ,
/T (QBQ(T)(Bl(s)) — Bi(s)Bal(s) —|—Bg(s)> ds
T
:/0 (;BQ(T)(Bl(S))Z _31(3)32(5)) ds + %TBQ(T).
Substituting into (5.21), we can obtain (5.20). O

We remark that for general ¢, p € (1, 00), the norm I€q7P7T(b) can be also reduced
to some eigenvalue problems. However, in case (q,p) # (2,2), these eigenvalue
problems are nonlinear. We will not develop this and refer readers to [22].
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5.3 General remarks and problems

From the explanation in the preceding section, ellipticity criteria can be established
by finding reasonable estimates for eigenvalues of the Dirac operators. For the Hill’s
operators, there are many works on the estimates of eigenvalues and ellipticity.
Some typical works are [1, 5, 18]. In literature, general eigenvalue theory for planar
linear Hamiltonian systems has been established. However, to the knowledge of the
author, practical criteria for ellipticity of linear systems are seldom found. In this
sense, the LP criteria and LP-L? criteria of this paper constitute an attempt toward
this important problem.

Of course, eigenvalues of Dirac operators are dependent on both coefficients a(t)
and b(t). One of the novelties of this paper is that the problem can be reduced
into two eigenvalue problems like (5.11), each involving of only one of a(t) and b(t).
Moreover, sign-changing coefficients a(t) and b(t) are allowed, for which the systems
cannot be reduced into Hill’s equations.

In the deduction of the LP-L9 criteria (4.18), we have used both the Holder
inequality and the Sobolev inequality. Note that the bounds L(p*, ¢*) for N, r(a) -
Ny r(b) in the LP-LY criteria (4.18) are not optimal. Let us introduce

R(p,q) =sup{C >0:a-b>0 & Ny, r(a) - Ny7r(b) <C = ellipticity of (1.5)}.
The meaning of R(p, ¢) is as follows.

Lemma 5.5 (Optimal LP-L9 criteria) Let a(t) € LP(St) and b(t) € LY(Sr).
Then system (1.5) is elliptic if @-b >0 and N, r(a) - N, 1(b) < R(p,q).

The LP-LY criteria in Theorem 4.1 assert that R(p,q) > L(p*,¢*). By taking
constant coefficients, we know from (2.11) that R(p,q) < 72 for all p, q € [1, ).
Hence there is a gap between our LP-L? criteria and the optimal ones. It is then
an interesting problem to find the corresponding Sobolev inequalities and the exact
values of R(p, q).
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