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Abstract

After establishing a relation between the Hill’s equations and the Emarkov-Pinney equa-
tions, we are able to use degree theory to remove a technical assumption in [14], and give
a complete set of non-resonance conditions for differential equations with repulsive singu-
larities.
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1 Introduction

The main aim of this paper is to remove a technical assumption in the non-resonance re-
sults in [14] and to obtain a complete set of the non-resonance conditions for differential
equations with repulsive singularities. In doing so, a nice relation between the Hill’s equa-
tions and the Emarkov-Pinney equations will be established. This relation itself is useful in
studying the stability of periodic solutions of Lagrangian systems of degree of freedom of
3/2. Compared with the proof in [14], here we use quite a different technique in computing
the degree. This is accomplished by using the relation established.
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Some historical background on the problem studied in [14] is as follows. It is well-
known that the second order ordinary differential equations with singularities model many
problems in the applied sciences. The examples are the Brillouin focusing system and the
motion of an atom near a charged wire. See also the references in [14]. Mathematically,
the equation is

ẍ + f(t, x) = 0, (1.1)

where the nonlinear forcingf = f(t, x) : R × (0,∞) → R is continuous and has some
singularity, say at0. That is,f(t, x) →∞ asx → 0. Whenf(t, x) is T -periodic int, it is
an interesting mathematical problem to study the existence of positiveT -periodic solutions
of (1.1). In this decade, we have seen some important progress on this problem. In my
opinion, the following results are worth being mentioned.

In two classical papers [5, 3], the authors gave the necessary and sufficient conditions
for the existence of (strictly) positive periodic solutions for the casef = ±x−α − h(t),
α ≥ 1.

We say thatf(t, x) has the repulsive singularity at0 and has semilinear growth at+∞,
if f(t, x) satisfieslimx→0+ f(t, x) = −∞, and

φ(t) ≤ lim inf
x→+∞

f(t, x)/x ≤ lim sup
x→+∞

f(t, x)/x ≤ Φ(t) (S∞)

uniformly with respect tot, for some continuousT -periodic functionsφ(t), Φ(t).
Under the following so-calledstrong force condition at 0: There exist constants

c1, c2 > 0 andν ≥ 1 such that

−c1x
−ν ≤ f(t, x) ≤ −c2x

−ν ∀ t, ∀ 0 < x ¿ 1, (S0)

some important progresses on the existence conditions for positiveT -periodic solutions of
(1.1) are as follows.

• In 1992, del Pino, Mańasevich and Montero obtained the following so-calledUni-
form Non-resonance Condition in [2]: There existsk ∈ N such that

((k − 1)π/T )2 < φ(t) ≤ Φ(t) < (kπ/T )2 ∀ t. (Uk)

• In 1996 and 1998, Zhang has generalized in [15, 16] the uniform non-resonance
condition (withk = 1) to thenonuniform case. The corresponding condition reads as

−φ̄ < 0 and λ1(Φ) > 0. (N1)

Hereφ̄ is the mean value and{λn(q)}n≥1, {λn(q)}n≥0 are the2T -periodic eigenvalues of

ẍ + (λ + q(t))x = 0.

Note that

−∞ < λ0(q) < λ1(q) ≤ λ1(q) < · · · < λn(q) ≤ λn(q) < · · ·

andλn(q), λn(q) → +∞. See [7, 17].
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• For the higher order uniform non-resonance conditions (withk ≥ 2) in [2], under a
technical assumption(G) described below, Yan and Zhang [14] have obtained in 2003 the
following nonuniform non-resonance condition onφ(t) andΦ(t): There existsk ∈ N such
that

λk−1(φ) < 0 and λk(Φ) > 0. (Nk)

The technical assumption onφ(t) and Φ(t) in [14] is: There exists a positive constant
γ ∈ R such that

φ(t) ≤ γ ≤ Φ(t) ∀ t. (G)

It is easy to see that if(Uk) is satisfied, then(Nk) and the technical assumption(G)
are also satisfied. Hence the results in [14] are generalizations of that in [2]. It should
be mentioned that some explicit conditions for which(Nk) holds have been constructed
recently by the author [18]. In addition to these works, there have been several papers on
this problem in the last couple years. See [4, 9, 10, 11, 12, 13].

In this paper, we finally find that the technical assumption(G) is unnecessary for this
problem and we give a complete generalization of the uniform non-resonance conditions
(Uk) in [2] to the nonuniform cases.

The main idea to overcome this is a relation between the Hill’s equations

ẍ + a(t)x = 0, (1.2)

and the corresponding Emarkov-Pinney equations [8]:

r̈ + a(t)r = r−3. (1.3)

That is, when (1.2) is elliptic, equation (1.3) has a unique positiveT -periodic solution
which is also non-degenerate. See Theorems 2.1 and 2.2. Based on this fact, one can find
that under condition(Nk), (1.1) can be deformed to (1.3) so that all possibleT -periodic
solutions of (1.1) area priori bounded. As a consequence of degree theory, (1.1) has at
least one positiveT -periodic solution. See Theorems 3.1 and 3.2.

As the Emarkov-Pinney equations satisfy(S0) and (S∞), that is why we refer the
singular equations considered in this paper to the Emarkov-Pinney type equations.

2 A relation between Hill’s equations and
Emarkov-Pinney equations

We begin with a connection between the Hill’s equation (1.2) and the Emarkov-Pinney
equation (1.3), wherea(t) ∈ C(R/TZ) (the space of all continuous,T -periodic functions).

For (1.2), the Poincaré matrix is

MT =
(

ψ1(T ) ψ2(T )
ψ̇1(T ) ψ̇2(T )

)
,

whereψi(t) are solutions of (1.2) satisfyingψ1(0) = ψ̇2(0) = 1 andψ̇1(0) = ψ2(0) = 0,
respectively. The eigenvaluesµ1,2 of MT are then called theFloquet multipliers of (1.2).
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They satisfyµ1 · µ2 = 1. Equation (1.2) is calledelliptic, hyperbolic, or parabolic, if
|µ1,2| = 1 but µ1,2 6= ±1, |µ1,2| 6= 1, or µ1 = µ2 = ±1, respectively. From the theory of
Hill’s equations, it is well-known that (1.2) is stable in the sense of Lyapunov only if (1.2)
is elliptic, or is parabolic (µ1 = u2 = ±1) with further property that all solutions of (1.2)
satisfyx(t + T ) ≡ x(t), theT -periodic solutions in caseµ1 = +1, or x(t + T ) ≡ −x(t),
theT -anti-periodic solutions in caseµ1 = −1. See, e.g., [7].

It is well-known that there is a correspondence between the solutions of (1.2) and that of
(1.3). Since our result for topological degree is obtained from this connection, we provide
the details.

Let ϕ1(t) andϕ2(t) be linearly independent solutions of (1.2). Set

ϕ1(t) + iϕ2(t) = R(t) exp(iϕ(t)). (2.1)

ThenR(t) andϕ(t) are real functions andR(t) > 0 for all t. It follows from (1.2) that
R(t) andϕ(t) satisfy

R̈ + a(t)R−Rϕ̇2 = 0, Rϕ̈ + 2Ṙϕ̇ = 0. (2.2)

From the second equation, one has

ϕ̇ = cR−2, (2.3)

wherec = ϕ̇(0)R2(0) which is always nonzero becauseϕ1(t) andϕ2(t) are linearly inde-
pendent. In fact, from (2.1) one has

R2(0) = ϕ2
1(0) + ϕ2

2(0),

and

ϕ̇(0) =
ϕ1(0)ϕ̇2(0)− ϕ2(0)ϕ̇1(0)

ϕ2
1(0) + ϕ2

2(0)
.

Hence
c = ϕ̇(0)R2(0) = ϕ1(0)ϕ̇2(0)− ϕ2(0)ϕ̇1(0) 6= 0. (2.4)

Substituting (2.3) into the first equation in (2.2), we know thatR(t) satisfies the following
equation

R̈ + a(t)R = c2R−3.

Re-scalingR(t) by
r(t) = |c|−1/2R(t), (2.5)

we know thatr(t) satisfies the Emarkov-Pinney equation (1.3).
Conversely, suppose thatr(t) is a (positive) solution of (1.3). Defineϕ(t) by

ϕ(t) =
∫ t

0

ds

r2(s)
.

Then all solutions of (1.2) are given by

x = c1r(t) cos ϕ(t)+c2r(t) sin ϕ(t) = Ar(t) sin(ϕ(t)+B), c1, c2, A, B ∈ R. (2.6)
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Using this connection, we will establish an important relation between the existence of
(positive)T -periodic solution of (1.3) and the fundamental structure of (1.2). A prelimi-
nary version of the following fact was found in [6] in studying the twist character and the
Lyapunov stability of periodic solutions of Lagrangian systems of degree of freedom of
3/2.

Theorem 2.1 The following assertions are equivalent:

(i) The Emarkov-Pinney equation (1.3) has a (positive) T -periodic solution.

(ii) The Hill’s equation (1.2) is either elliptic or parabolic with all solutions being
T -periodic or all being T -anti-periodic.

(iii) The Hill’s equation (1.2) is stable in the sense of Lyapunov.

Moreover, the T -periodic solution of (1.3) is unique when (1.2) is elliptic.

Proof. It is well-known that (ii) is equivalent to (iii). See [7]. Let us prove that (ii) implies
(i). First we assume that (1.2) is elliptic. Letµ ∈ S1\{±1} be a Floquet multiplier, that is,
µ is an eigenvalue ofMT . Let v = (v1, v2)T ∈ C2 be an eigenvector associated withµ:

MT v = µv.

Let z(t) = ϕ1(t) + iϕ2(t) be the (complex-valued) solution of (1.2) with initial data:
z(0) = v1, ż(0) = v2. Thenz(t) 6= 0 for all t and satisfies

z(t + T ) ≡ µz(t). (2.7)

(This is the so-called Floquet solution of (1.2) corresponding toµ.) Sinceµ is not a real,
one can deduce thatϕ1 andϕ2 are linearly independent real solutions of (1.2). LetR(t) =
|z(t)|. ThenR(t) > 0 for all t and, by (2.7),R(t + T ) ≡ R(t). Now it follows from the
constructions (2.1)-(2.4)-(2.5) thatr(t) = cR(t) is a positiveT -periodic solution of (1.3),
where

c =
1√

|ϕ1(0)ϕ̇2(0)− ϕ2(0)ϕ̇1(0)| . (2.8)

Next we assume that (1.2) is parabolic with Floquet multipliersµ = µ1,2 = +1 or−1
and all solutions of (1.2) satisfyingx(t+T ) ≡ µx(t). Then any set of linearly independent
solutionsϕ1(t) andϕ2(t) of (1.2) can yield aT -periodic solution of (1.3) which is given

by r(t) = c
(
ϕ2

1(t) + ϕ2
2(t)

)1/2
with a suitable choice ofc > 0. In this case, (1.3) has

infinitely manyT -periodic solutions. These prove that (ii)⇒ (i) holds.
Now we prove that (i)⇒ (iii) holds. If (1.3) has aT -periodic solutionr(t), it follows

from (2.6) that each solution of (1.2) is bounded. This means that (1.2) is stable.
Finally, we prove the uniqueness of theT -periodic solution of (1.3) when (1.2) is ellip-

tic. Let rj(t), j = 1, 2, beT -periodic solutions of (1.3). Define

ϕj(t) =
∫ t

0

ds

r2
j (s)

, j = 1, 2.
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Then
ϕj(t + T ) ≡ ϕj(t) + θj , j = 1, 2,

whereθj > 0. By (2.6),xj(t) = rj(t) exp(iϕj(t)) are (complex-valued) solutions of (1.2)
and satisfy

xj(t + T ) ≡ exp(iθj)xj(t), j = 1, 2.

This means thatxj(t) are Floquet solutions of (1.2) with the multipliersexp(iθj), j = 1, 2,
respectively. Therefore, we have eitherexp(iθ2) = exp(iθ1) or exp(iθ2) = exp(−iθ1).
From the construction of Floquet solutions, we know that there existsb ∈ C\{0} such that
eitherx2(t) ≡ bx1(t) or x2(t) ≡ bx1(t), where the bar denotes the complex conjugate.
Letting t = 0 in these equalities, we getr2(0) = br1(0) in both cases. Thusb is a positive
number. Now we know that (1.3) hasT -periodic solutionsr1(t) = |x1(t)| andr2(t) =
|x2(t)| = br1(t). That is,

r̈1 + a(t)r1 = 1/r3
1,

and
br̈1 + ba(t)r1 = 1/(b3r3

1).

From these, one sees thatb must be 1. Thusr1(t) = r2(t). This proves the uniqueness.
Now we give a further property of theT -periodic solution of (1.3) when (1.2) is elliptic.

Theorem 2.2 Suppose that the Hill’s equation (1.2) is elliptic. Then the unique
positive T -periodic solution r(t) of the Emarkov-Pinney equation (1.3) is non-
degenerate, i.e., the linearization equation of (1.3) along r(t)

s̈ +
(
a(t) + 3r−4(t)

)
s = 0 (2.9)

has Floquet multipliers not equal to 1.

Proof. We argue by contradiction. Suppose that there exists some elliptica(t) such that
(1.3) has aT -periodic solutionr(t) and (2.9) has a nontrivialT -periodic solutions = Ψ(t).
Let

b(t) = −Ψ(t)/r(t) ∈ C(R/TZ).

Consider the following Hill’s equation with a small parameterε:

ẍ + (a(t) + εb(t))x = 0. (2.10)

Since (1.2) is elliptic, (2.10) is also elliptic whenε is small. Consequently, the following
Emarkov-Pinney equation

r̈ + (a(t) + εb(t))r = r−3 (2.11)

has a uniqueT -periodic solution denoted byr = r(t; ε) when ε is small. Of course,
r(t; 0) = r(t).

We assert thatr(t; ε) depends uponε analytically whenε is small. Once this is proved,
we let

u(t) =
∂r(t; ε)

∂ε

∣∣∣∣
ε=0

.
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Differentiating (2.11) with respect toε and then evaluating atε = 0, we conclude thatu(t)
satisfies

ü +
(
a(t) + 3r−4(t)

)
u = −b(t)r(t) = Ψ(t). (2.12)

SinceΨ(t) is a non-trivialT -periodic solution of (2.9), we obtain from (2.12) and from the
Fredholm alternative principle that

∫ T

0

Ψ2(t)dt = 0,

which is impossible.
To complete the proof of the theorem, we need to prove the assertion. In the following

we will follow the constructions in the proof of Theorem 2.1. LetMT (ε) be the Poincaré
matrix of (2.10). ThenMT (ε) is analytic inε ∈ R. Let µ1,2(ε) be eigenvalues ofMT (ε).
One may assume thatµi(ε) are continuous inε. Note thatµi(ε) depend onε only in
a continuous way whenε is near thoseε0 such thatMT (ε0) is parabolic. However, as
MT (0) is elliptic, one knows thatµi(ε) are analytic in a small neighborhood of0. One
may then choose the eigenvectorsv(ε) of MT (ε) with the eigenvaluesµ1(ε) such that

MT (ε)v(ε) = µ1(ε)v(ε),

andv(ε) is analytic inε. Next, the Floquet solutionsz(t; ε) = ϕ1(t; ε)+ iϕ2(t; ε) of (2.10)
with µ = µ1(ε) are then analytical inε in a small neighborhood of0. Finally, the positive
T -periodic solutions of (2.11) arer(t; ε) = c(ε)|z(t; ε)|, where

c(ε) =
1√

|ϕ1(0; ε)ϕ̇2(0; ε)− ϕ2(0; ε)ϕ̇1(0; ε)| .

See (2.8). Sinceϕi(t; ε) are analytic inε, then so isc(ε). Hencer(; ε) is analytical inε in
a small neighborhood of0. This finishes the proof of the assertion.

3 Non-resonance results

By the result in [14], the non-resonance condition(Nk) means that for anya(t) ∈ C(R/TZ)
with

φ(t) ≤ a(t) ≤ Φ(t) ∀ t,

the corresponding Hill’s equation (1.2) is elliptic.
Now we state the main existence result for equation (1.1).

Theorem 3.1 Suppose that f(t, x) satisfies the strong force condition (S0) near 0 and
the semi-linear growth condition (S∞) near +∞. Assume that φ in (S0) and Φ in
(S∞) satisfy Φ(t) ≥ φ(t) > 0 for all t and the nonuniform non-resonance condition
(Nk) for some k ≥ 2. Then equation (1.1) has at least one positive T -periodic
solution.
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Proof. We will use the Leray-Schauder degree to prove the theorem. Since the nonlinearity
in equation (1.1) is independent ofẋ, we work in the following space

CT = {x : [0, T ] → R is continuous andx(T ) = x(0)} .

One can transform theT -periodic solution problem to a fixed point problem inCT . For
example,x is a positiveT -periodic solution if and only ifx is a positive fixed point inCT

of the following operator

T x(t) := x(0) +
∫ T

0

G(t, s)f(s, x(s))ds, t ∈ [0, T ], (3.1)

where

G(t, s) =

{
s(T−t)

T if 0 ≤ s ≤ t ≤ T ,
t(T−s)

T if 0 ≤ t ≤ s ≤ T .

Under condition(Nk), thea priori estimates to possible positiveT -periodic solutions
are almost the same as in [2]. See also [14, Lemma 3] for a simpler treatment. Thus we
give here only the sketch of the proof.

Step 1. Choose anyγ(t) ∈ C(R/TZ) such thatφ(t) ≤ γ(t) ≤ Φ(t) for all t. Con-
sider the linear homotopy between (1.1) and a simpler Emarkov-Pinney type equation (3.3)
below:

ẍ + fτ (t, x) = 0, τ ∈ [0, 1], (3.2)

wherefτ (t, x) = (1 − τ)f(t, x) + τ (γ(t)x− x−ν). It follows from [14, Lemma 3] that
the possible positiveT -periodic solutions of (3.2) area priori bounded in the following
sense: There exist0 < ε0 ¿ 1 ¿ ε∞ < ∞ such that

ε0 < x(t) < ε∞ ∀ t

for all T -periodic solutionsx(t) of (3.2). Hence (1.3) is a deformation of the Emarkov-
Pinney type equation

ẍ + γ(t)x = x−ν . (3.3)

Step 2. We further deform (3.3) to the Emarkov-Pinney equation

ẍ + γ(t)x = x−3 (3.4)

using the homotopy along the singularity order:

ẍ + gτ (t, x) = 0, τ ∈ [0, 1], (3.5)

wheregτ (t, x) = γ(t)x− x−((1−τ)ν+3τ).
One can check that the estimates in [2, 14] do work also for (3.5) because the strong

force condition for the singularity0 is uniform:

1 ≤ min{3, ν} ≤ (1− τ)ν + 3τ ≤ max{3, ν} ∀ τ ∈ [0, 1].

Thus there exist0 < ε̂0 ≤ ε0 < 1 < ε∞ ≤ ε̂∞ < ∞ such that

ε̂0 < x(t) < ε̂∞ ∀ t
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for all possibleT -periodic solutionsx(t) of (3.5).
Step 3. Let Tep be the operator associated with equation (1.3). Following from (3.1),

we know that

Tepx(t) := x(0) +
∫ T

0

G(t, s)
(
a(s)x(s)− 1/x3(s)

)
ds, t ∈ [0, T ]. (3.6)

Let the domain inCT be

Ω̂ = {x ∈ CT : ε̂0 < x(t) < ε̂∞ ∀ t ∈ [0, T ]}.
By Steps 1 and 2, one has

degLS(I − T , Ω̂, 0) = degLS(I − Tep, Ω̂, 0).

From Theorem 2.1,Tep has a unique positive fixed point, sayx0. It is evident thatx0 ∈ Ω̂.
We are now in a position to compute the Leray-Schauder degree of the operatorTep. It

is easy to see thatTep is differentiable. In fact, by (3.6), the differential ofTep atx0(t) is

Dx0T · η(t) = η(0) +
∫ T

0

G(t, s)
(
a(s) + 3/x4

0(s)
)
η(s)ds, t ∈ [0, T ],

whereη ∈ CT . One sees thatDx0T is a completely continuous linear operator ofCT .
Moreover, ifη ∈ CT is a fixed point ofDx0T :

η = Dx0T η,

thenη is T -periodic solution of (2.12), wherer(t) = x0(t). By Theorem 2.2,η = 0. That
is, I −Dx0T is non-degenerate in the spaceCT . Hence

degLS(I − Tep, Ω̂, 0) = index(I − Tep) = ±1.

Consequently, equation (1.1) has at least oneT -periodic solution inΩ̂ which is posi-
tive.

Remark 3.1 (i) The difference between the proof of Theorem 3.1 and that in [2, 14]
is as follows. If the technical assumption (G) is satisfied, one can choose γ(t) = γ,
where γ is as in (G). In this case, (3.4) ia an autonomous differential equation.
By the results in [1], for such an autonomous equation, the Leray-Schauder degree
| degLS(I − Tep, Ω̂, 0)| can be reduced to the Brouwer degree

| deg(γx− 1/x3, (ε̂0, ε̂∞), 0)|
which is obviously 1. In the present work, since γ(t) is not a constant, degLS(I −
Tep, Ω̂, 0) cannot be reduced to the Brouwer degree. Our computation for the Leray-
Schauder degree is obtained from the relation established in Section 2.

(ii) It is an interesting problem if one can drop the strict positiveness assumption
Φ(t) ≥ φ(t) > 0 for all t in Theorem 3.1. In our proof, this is used to deduce the
a priori bounds for possible T -periodic solutions of (3.2) and (3.5). However, in
the original work of Pinney [8], the connection between the Hill’s equations and the
Emarkov-Pinney equations is independent of the positiveness assumption.
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Whenw(t) is a positiveT -periodic function, we use

0 = µ0(w) < µ
1
(w) ≤ µ1(w) < · · · < µ

n
(w) ≤ µn(w) < · · ·

to denote the2T -periodic weighted eigenvalues of

ẍ + µw(t)x = 0.

Then the nonuniform non-resonance conditions(Nk) can also be stated using weighted
eigenvalues.

Theorem 3.2 Suppose that f(t, x) satisfies (S0) and (S∞). Assume that φ in (S0)
and Φ in (S∞) satisfy Φ(t) ≥ φ(t) > 0 for all t and the following nonuniform
non-resonance condition (N ′

k) for some k ≥ 2:

µk−1(φ) < 1 and µ
k
(Φ) > 1. (N ′

k)

Then equation (1.1) has at least one positive T -periodic solution.

In conclusion, the higher order non-resonance conditions in Theorems 3.1 and 3.2 and
the non-resonance conditions in [15, 16] for the first non-resonance zones give a complete
set of non-resonance results for repulsive singular equations with semilinear growth at in-
finity.
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