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Abstract

A class of triangulated categories with a finiteness condition is singled out. These
triangulated categories have Auslander—Reiten triangles. It is proved that the relations
of the Grothendieck group of a triangulated category in this class are generated
by all Auslander—Reiten triangles. Moreover, the Auslander—Reiten quivers of certain
triangulated categories in this class are described in terms of Dynkin diagrams.
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0. Introduction

The notion of Auslander—Reiten triangles in a triangulated category was
introduced by Happel in [5]. It has been studied in [5,6,8—10] among others.
Auslander—Reiten triangles form a class of special triangles that have the same
applications as Auslander—Reiten sequences in the module category of an Artin
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algebra. Auslander—Reiten sequences were introduced in seventies in the last
century by Auslander and Reiten [2].

In contrast to module categories over Artin algebras, not all triangulated
categories (especially derived categories of finite dimensional algebras) have
Auslander—Reiten triangles [6]. It was proved in [6] that the derived category
of a finite dimensional algebra has Auslander—Reiten triangles if and only if the
global dimension of the algebra is finite. Recently Reiten and Van den Bergh [10]
proved that the existence of Auslander—Reiten triangles is equivalent to the
existence of Serre duality in a triangulated category. In the present paper, we
single out a class of triangulated categories satisfying a finite condition. These
triangulated categories have Auslander—Reiten triangles. A triangulated category
A is said to be of finite type provideEXeObjA dimy Homyu (X, Y) < oo and
>_xcobj4 dimeHomy (Y, X) < oo for any object” in A. One aim of this paper
is to study the relations of the Grothendieck groups of triangulated categories of
finite type by using Auslander—Reiten triangles. We prove that the relations of
the Grothendieck group of a triangulated category of finite type are generated
by all Auslander—Reiten triangles. Another aim is to study the Auslander—Reiten
quivers of triangulated categories of finite type. For a triangulated category of
finite type without loops in its Auslander—Reiten quiver, the Auslander—Reiten
quiver is described in terms of Dynkin diagrams. Furthermore, for some special
triangulated categories, we prove there is no loop in their Auslander—Reiten
quivers. We conjecture it is also true for arbitrary triangulated categories with
Auslander—Reiten triangles.

We note that for an Artin algebra of finite type, Butler [4] proved that
the relations of its Grothendieck group are generated by all Auslander—Reiten
sequences. Soon later Auslander added the observation that the converse is true
in [3]. We also note that there is no loop in the Auslander—Reiten quiver of Artin
algebras [1].

This paper is organized as follows: In Section 1, some notions which will be
needed in the paper are recalled and triangulated categories of finite type are
defined. Some properties of triangulated categories of finite type are given. In
Section 2, the relations of the Grothendieck group of a triangulated category
of finite type are proved to be generated by all Auslander—Reiten triangles. In
Section 3, the conjecture that there is no loop in the Auslander—Reiten quiver of
a trangulated category is posed and a partial result on it is given. The Auslander—
Reiten quivers of some triangulated categories are described in terms of Dynkin
diagrams.

1. Auslander—Reiten triangles

We fix some notation and recall some definitions which will be used throughout
the paper. Letk be an algebraically closed field. A categadyis said to be
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a Krull-Schmidt category over provided it is an additive category such that
Homy4 (X, Y) is a finite dimensionat-vector space for each paif, Y of objects
in A, and that the endomorphism rings of indecomposable object4 are
local rings. It is well known that any object in a Krull-Schmidt categoty
can be written as a direct sum of indecomposable objects. The subcategory of
A consisting of indecomposable objects is denoted bydin@he composition
of two mapsf:M — N, andg:N — L in A is denoted byfg. For any pair
X,Y in A, the radical of Hom (X, Y), which is denoted by ra&, Y), is the
subspace consisting of morphisrfisuch that: f v is not a isomorphism for any
section (i.e., a map with a right inverse) M — X and for any retraction (i.e.,
amap with aleftinverse): Y — N with M, N indecomposable objects (compare
[6,11]). A morphismf € rad X, Y) is called an irreducible map provided for
any factorizationf = f1 f», either f1 is a section orf; is a retraction [6,11].
Throughout the paper, any category is assumed a Krull-Schmidt category.
For X €ind A, denote by SuppHo(X, —) the subcategory oft generated by
objectsY in ind.A with Hom4 (X, Y) # 0. Similarly, SuppHort—, X) denotes
the subcategory generated by objegtsin ind. A with Homyu(Y, X) # 0. If
SuppHoniX, —) (SuppHoni—, X), respectively) contains only finitely many
indecomposables, we sapuppHoniX, —)| < oo (|SuppHoni—, X)| < oo,
respectively). For a triangulated category, Tetdenote the translation functor.
We refer to [6] for the definition of triangulated categories.

Definition 1.1. Let A be a triangulated category is called path-connected pro-
vided for any indecomposable objectfsY in A, there are finitely many inde-
composable object®; = X, X»,..., X,—1, X, =Y in A such that Hom (X},
Xi+1) #0, or Homy(X;+1, X;) # 0 for eachi.

Now we define the triangulated categories of finite type.

Definition 1.2. Let A be a triangulated category is said to be of finite type
provided|SuppHoniX, —)| < oo and|SuppHoni—, X)| < oo, for any objectX
inind A.

From the definition, one has that the derived categories of representation-finite
finite dimensional hereditary algebras and the stable module categories over finite
dimensional self-injective algebras of finite type are examples of triangulated
categories of finite type.

The following proposition says that the two finite conditions involved in the
definition of triangulated categories of finite type can be replaced by one of them.

Proposition 1.1. A triangulated categoryA is of finite type if and only if
|SuppHoniX, —)| < oo for any objectX in ind A.
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Proof. The necessity follows from the definition. We prove the sufficiency. Let
Y be an indecomposable object in SuppHemX) with Y 2 X. There is a non-
zero non-invertible mag’ € Homy (Y, X). Assume thatf is embedded in the
following triangle:

y—Lox Soz7 hory

We decompos&Z = 7 Z; as a direct sum of indecomposable objects. Then
the mapsg and can be written ag = (g1, ..., &n), h = (h1,...,hy)!, where

g X —> Z; andh;:Z; — TY. It follows from Lemma 1.3 in [12] that for
anyi, g; andh; are non-zero non-invertible. Therefdf& € SuppHoniZ;, —) €
UnesuppHonix,—) SuppHont~, —). The right-hand side, by definition, contains
only finitely many indecomposable objects. Th8appHoni—, X)| < oo for any
objectX in ind.A. The proofis finished. O

Let A be a triangulated category aritithe free abelian group generated by
representatives of the isomorphism classes of objeci4.ilvVe denote by X]
such a representative. L&y be the subgroup of' generated by elements of the
forms:[X] — [Y]+ [Z] for all trianglesX — Y — Z - TX in A.

Definition 1.3. The Grothendieck group, which is denoted In(.A), of
a triangulated category is the factor grobipFg of F by Fp (compare [6]).

For any X € A, we still denote by X] the element inkKp(A) corresponding
to X.

Remark 1.1.There are examples in [13] which show that the Grothendieck group
Ko(A) of a non-zero triangulated category may be zero.

The analogue of an Auslander—Reiten sequence for a triangulated category was
introduced by Happel (cf. [6]).

Definition 1.4. Let A be a triangulated category. A triangte—> ¥ > Z 5 T X
in A is called an Auslander—Reiten triangle if the following conditions are
satisfied:

(AR1) X andZ are indecomposable.

(AR2) w #0.

(AR3) If f:W — Z is not a retraction (i.e., there is not agy Z — W with
gf =17), there existsf’: W — Y such thatf'v = f.

In this case, the triangl¥ = ¥ = Z 5 T X in A is called, for simplicity, an
AR-triangle.
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Remark 1.2. The mapsz and v in an AR-triangleX > ¥ > Z 5 TX are
irreducible maps [6]. Sometimek, is denoted by Z, andZ is denoted by ~1X,
wherer is the Auslander—Reiten translation.

We say that a triangulated categodyhas Auslander—Reiten triangles if for
any indecomposable obje& € Obj.A, there exist an AR-triangle ending at
Z:X—Y— Z— TX,andan AR-triangle starting&:Z - M — N > TZ.

In this case,A is also called a triangulated category with Auslander—Reiten
triangles.

The next lemma and proposition concern the elementary properties of
triangulated categories of finite type. They are easy to prove, but are needed in
Sections 2 and 3. We present them here for the completeness.

Lemma 1.2.Let. A be a triangulated category of finite type. Then for any objéct
in A, there exists a natural number(m, respectivelysuch thatrad'(—, X) =0
(rad" (X, —) =0, respectively.

Proof. Otherwise, we have an infinite chain, denoted @&y, of non-zero
morphisms between indecomposable objects

fi f2

X x (+)

X; X2

with f,--- f2f1 # 0, for any n. By the condition ZYEObJ-A dim; Hom(Y,

X) < 00, one has that there are finitely many indecomposable obj¢¢ts)j =
1,2,...,n,in A such that Hom(M;, X) # 0O, for anyj. Therefore there exists
an objectM, (denoted byV, for simplicity), such that appears infinitely many
times in the chainx). It follows that there exists an infinite chain of non-zero
maps

8i 82

M M, ()

M M

with g; e radM, M) andg; --- g1 # 0, for anyi. This is a contradiction. Then
there is a natural number such that rat(—, X) = 0. Dually, one can get the
proof for the existence ofi such thatrad(X,—)=0. O

Before we state the next proposition, let us recall some generalities from
Auslander—Reiten theory. A map X — Y is called left almost split ifx is not
a section and any may — Y’ which is not a section factors through Dually,
B:Y — Z isright almost split if is not a retraction and any map— Y’ which
is not a retraction factors through

Proposition 1.3.Let .4 be a connected triangulated category of finite type. Then
A has Auslander—Reiten triangles.
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Proof. We prove that there is an AR-triangle ending at any indecomposable
object in A. Dually, one can get the proof for the existence of AR-triangle
starting at any indecomposable object.n Let M € ind A. It is easy to see
that there is a right almost split maf/: Y’ — M (compare [11]). Therefore
there is a minimal right almost split map:Y — M. It is easy to verify that

the triangleX % ¥ & M % TX determined byg is an AR-triangle. The proof
is finished. O

2. Relations for Grothendieck groups

We recall some basics on the Grothendieck groups of triangulated categories
from [6,11]. Let F be the free abelian group generated by representatives of the
isomorphism classes of objects.hand Ko(A, 0) the factor groups of by the
subgroup generated by the elements of the fpsrh+ [C] — [A U C]. We have
the following well-known facts:

(1) The sef[M]| M €ind.A} is a free basis foKy(A, 0).

(2) The Grothendieck groufio(A) of A is the factor group oKo(.A, 0) modulo
the subgroup generated by elements of the fofm$+ [C] — [B], for all
triangless: A — B — C — T A. For simplicity, we denote bjs] the element
[A]+[C]—[B]in Ko(A,O0).

(3) There is a canonical epimorphigm Ko(A, 0) — Ko(A).

Now we state the main theorem in this section.

Theorem 2.1.Let A be a triangulated category of finite type. Th&er¢ is
generated by the elemen®] in Ko(A, 0), wheres:A — B — C — T A runs
through all Auslander—Reiten triangles .

To prove it, we need some lemmas.

Lemma 2.2.Suppose there is a commutative diagram whose rows are triangles
in a triangulated category:

u

X Yy—t=7—%>TX
1 |
X125y 27 - "oTX,.

ThenX — X1uY —- Y1 rxisa triangle.
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Proof. We assume that the morphismw is embedded into the trianglg LN

! v w . . .
M 5 y; 25 TX. It suffices to provéd = X1 LY. Since we have a commutative
diagram whose rows and columns are triangles:

X1 = X1
ua u
X—Y ey — ey Ty

w2 w1

TX, = TX;

w2 = vwy = vwT f = 0. This means that the triangle

w2

X2 py—2-y TX1

splits,ie.M=XuUY. O
The next lemma was proved in [9], we present different and simple proof here.

t
Lemma 2.3.Let X M YiuYs (gl’—gz)> Z — T X be atriangle. If f1 = 0, then

it is isomorphic to the following triangle

, 0
(0, f2) (gél gzz)

X YwiYo——m——=7Z1Uu7Z,——TX, ()

whereg11: Y1 — Z1is anisomorphism. Moreover, the triangte) is a direct sum

of trianglesX <% ¥, %3 7, — TX and0— ¥; <% 7, — 0.

Proof. We assume thaf, is embedded into the triangle

XLy, 82 7, TX,

and the isomorphism 1 is embedded into the triangle

0 v -7 0.

The direct sum of the two triangles above is again a triangle (compare [6]), i.e.

(811, 0
x Oy y, 2082 g Ty (%)

is a triangle. If f1 = 0, then( f1, f2) = (O, f2), and then the triangle
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81
X (f1,.f2) YiU Yy (g2> 7 TX

is isomorphic to the triangléx). The proof is finished. O
Now we are ready to prove the theorem.

Proof of Theorem 2.1. Let§: X —f> Yy % 72 TX bean arbitrary triangle with

w # 0 andZ < ind A. It suffices to prove that the elemgii in Ko(A, 0) can be
written as a sum of the elementskip (A, 0) corresponding to some AR-triangles.
Supposev € rad'(Z, TX), ands*: Z1 —> M —% Z % T Z1 is an AR-triangle
ending atZ. Sinceg is not a retraction, we have the commutative diagram:

Ml( i l
8* Z1 TZ:.

By Lemma 2.2, one has anew triangle X - Y uZ1 — M 2% TX with
viw € rad 1 (—, TX), and tha{s] = [6*] + [81] in Ko(A, 0). We decomposaé/
as a direct sum of indecomposable objedts= M1 L M L - - - U M;. Without
loss of generality, we assunte= 2. Let Y1 denoteY L Z1. Then the trianglé;
can be written as

wy
X Y1 (f1,/2) My U Mo (wz) TX
with w’ = (wz) =vw eradt(—, TX). If f1is aretraction, then the triangle

is isomorphic to the following triangle:

(l *) (wl)
X (81,82) M LJY/ M |_|M2 TX.

It follows thatgs = 0. By Lemma 2.3, we have that the triangleis isomorphic

to the triangle:

(0,82)

1, 0 0
x %82 pp I_IY/ (0, fzz) (w)

MiuM,—2>TX.
Hencews € radt1(—, T X) and[81] = [82], wheres; is the following triangle:

f22

w2

5 X—ts1y M> TX.
In addition, if f> is also a retraction, i.av> = 0, then[§] = [6*], we have proved
the assertion. Now we return to the triangleand assume tha and f> are not
retractions in the following. Assume that the AR-triangles endiniyatM» are
respectivelysy, 85:

/
Uy v:

N —=M; ™|, i=12

8t M

1
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We form the direct sum of thend] @ 65
(&) (a0
/ / 0, up 0, vy / /
MiuUM,—=— N1 UN, —————= M1 UMy, ——T (M1 U M).

It follows from definition of AR-triangles that there is morphigmY; — N1U N>
such that the following is a commutative diagram:

X Y1 (f1./2) Myu My w’ TX

/0 h /0 l
RN l (49)

Mll_lMé4>N1UN24>M1LIM24>T(M1I_IMé)

Hence, by Lemma 2.2 again, one has a triangle

/
e 0 /
0, v/”
v V2

X——=MjuMyuY;——=N UN——2—>TX,

with (lg f,)u/ e rad"t?(—, TX). We continue this process that we have done
> 72

for §1. By Lemma 1.2, one knows that this process must stop at a finite steps,

i.e., up to some finite step, we can get a splitting triangle. Then there are finitely

many AR-trianglessy, ..., 8,, such that[§] = [81] + --- + [8,]. The proof is

finished. O

3. Auslander—Reiten quivers

The Auslander—Reiten quivers of Derived categories of some finite dimen-
sional algebras are displayed in [6]. In this section, we will give a description
of Auslander—Reiten quivers of some triangulated categories of finite type.

We recall the notion of the Auslander—Reiten quiveg of a triangulated
category from [6]. LetA be a triangulated category with Auslander—Reiten
triangles. The Auslander—Reiten quivEy of it is a valued stable translation
quiver, its vertices are the isomorphism clasgg$ of indecomposable objects
in A; for two vertices[ X] and[Y], there is an arrow with valuatiofax y, a;”)
as follows:

(ax,y.dy.y)

provided there are AR-triangles i

Z > XY M —>Y—>TZ,
X > Y%YUN—>Z—TX,

with X (respectivelyY) is not the direct summand af (respectivelyN).
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An arrow in a valued translation quivét, with the same starting and ending
vertex is called a loop. It is well known that the Auslander—Reiten quiveof
an Artin algebraA contains no loops. We conjecture it also true for a triangulated
category with Auslander—Reiten sequences, i.e. the Auslander—Reiten fuiver
of a triangulated categoryl contains no loops. We prove the conjecture in
a special case in the following.

Theorem 3.1.Let.A be a connected triangulated category with Auslander—Reiten
triangles andnd.A contains at least three objects. Suppdse;, End(X) < 2, for
any X € ind.A. Then there does not exist loop ity

Proof. Suppose there is a loop at in I'4. Then we have the following AR-
triangle starting af( : X > X UM — 171X S TX. If X 271X , thenM =
t~1X U M1. Now apply Homy(r~1X, —) to the AR-triangle above. This gives
a long exact sequence, which implies the following equality:

dimy S1 — dimy Hom(z 71X, X) + dim Hom(z 71X, X) + dimy S
+ dim Hom(z 71X, t 71 X) + dim Hom(z ~1X, M)
— dimg Hom(z 1, z71X) =0,

where $1 = Im(Hom(z~1X, T~1w)), S» = Im(Hom(z~1X, w)). After a direct
calculation, the equality above becomes the equality:; it dimy S +
dim; Hom(z ~1X, M1) = 0. ThereforeS, = 0 which is a contradiction. Then we
have thaty = t~1X and the AR-triangle starting &t is

XA xum3x2TXx.

If M =0, then the AR-triangle starting & is X - X — X — TX. It follows
thatu = tv, for somer € k and w is not a retraction. For any € ind. A with

Y 2 X, if there exists a non-zero morphisfhe Hom(X, Y), then there exists
a morphismg: X — Y such thatf = ug, whereg is not a section. Also fog,
there is a morphisng; € Hom(X, Y) such thatg = ugj. It follows that f =
ug = u(ug1) =t ((uv)g1) = 0. Itis a contradiction. Therefore Hai, Y) = 0.
Similarly we have that HoigY, X) = 0. The conectness of makes ind4d = {X},
contradicting to the condition on the number| afd.A|. This proves thads £ 0.

If M containsX as a direct summand, then by applying Ham—) to the
AR-triangle starting atX as above, one can also get a contradiction as above.
Therefore the AR-triangle starting: X — X u M — X — T X has properties
that M # 0 and M does not containX as a direct summand. By applying
Hom(X, —) to this AR-triangle, one gets the inequality

dim; Hom(X, X) > 1+ dim; Hom(X, M).

It follows from the condition dipEnd(X) < 2 that dim Hom(X, M) <
dim; Hom(X, X) — 1 < 1. By applying Honi—, M) to the AR-triangle starting
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at X, one gets another inequality

dim; Hom(X, M) + dimy Hom(X, M) > dim; Hom(X, M)
+ dimy Hom(M, M).

It follows that dim, Hom(M, M) < dim; Hom(X, M) < 1. Hence dimHom(M,
M) =1 andM is indecomposable. Now leW — X U Z — M — T M be the
AR-triangle starting atM. By applying Hont—, M) to this AR-triangle, one
gets the inequality digHom(M, M) + dim; Hom(M, M) > dim; Hom(X, M) +
dimy Hom(Z, M) + 1 =2+ dim; Hom(Z, M). It follows that dimHon{Z, M) =
0 andZ =0. It is easy to prove that

Hom(Y, X) = Hom(Y, M) =0=Hom(X,Y) =Hom(M,Y),

for all Y € ind A\{M, X}. The connectness ol makes indd = {M, X}. Itis
a contradiction. The proof is finished O

In the rest of this section, we assume that the trangulated catefjdrgs
AR-triangles. A path inA4 is a sequencéXo, X1, ..., X5) of indecomposable
objects inA such that radX;_1, X;) # 0 for all 1 <i < s. The sequence is
called sectional ift X;, o 2 X;, for all i. If s > 1 andXp = X, then the path
(Xo, X1, ..., Xy) is called a cycle inA. It is well known that there is no sectional
cycle in the Auslander—Reiten quiver of an Artin algebra [1]. The next proposition
tell us that if our conjecture holds, then there is also no sectional cycle in the
Auslander—Reiten quiver 4 of a triangulated categoi.

Proposition 3.2. Let A1 i> Ao £> L> A,+1 be a sectional sequence

of irreducible morphisms between indecomposable objectsd.inThen the
compositionf = f1f2--- f, IS honzero.

Proof. Itis the consequence of the following lemmaa

Lemma 3.3. Let A; N Ao NN A,+1 be a sectional sequence of

irreducible morphisms between indecomposable object4.iGuppose that the
compositionfs - - - f,, either is0 or factors through a morphisrg: B — A, 11
with B indecomposable such théf,, g): A, U B — A,41 is irreducible. Then
TA; = A;_oforsome with3<i<n+1.

Proof. The proof for this lemma is similar to the case of algebras (compare [1]),
we present it for completeness. We use inductiomoforn = 2 it is easy to
see the lemma is true. For the inductive step assume the claim holdsf@,

we want to prove that the claim holds fer+ 1. Let f = f1 - -- f,, and assume
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first f f,+1 = 0. If f =0 we are done by induction. If # 0, we consider the
commutative diagram whose rows are triangles:

( S‘) (fn+1)
TAn 2= Ayt UE "5 Ay ip TtAns2
Tﬂhl T(f,o) T
Aq 7 Aq 0 T Ax.
A1

Hence f = h1g1. Now if TA,42 = A,, we are done. Otherwisgf, g1)': A, U
TAni2 — A,41 isirreducible and then we are done by inductionf If, ;1 = gh
forsomeh: A1 — Bandg:B — A,+2 With (f41 g): Ap+1U B — A,42 being
irreducible, then there exists such that the diagram commutes:

fn+l
(%)
t

(fl41:8' 1)
2 _—

TAn+ An+]_ UBUE An+2 T'L'An+2
Tﬂh/ T(f,h,O) T
Aj A1 0 T Az,

id,

hencef = h’f,’+1. If A, is isomorphictorA, 2, we are done. If4,, 2t A, 12,
then(f, f,;+1) tA, UTtA,2 — A,y IS irreducible, we are done by induction.
The proof is finished. O

We recall from [7] the definition of subadditive function on a translation
quiver. A function from a translation quivel to N is called subadditive if
f)+ f(zx) > Zyﬁx f(y) for all non-projective vertices.

Throughout the rest of this section, the triangulated categbiyyassumed of
finite type. LetM 4 = |_|xcing 4 X- We define a functdrfrom "4 to N as follows:

(X)) =dimy Homy (M, X), whereX <ind.A.

Remark. From the definition of finiteness of triangulated categories, one knows
that the functiori is well-defined.

Proposition 3.4.1 is a subadditive function of4.

Proof. Let X > ¥ —> Z 5 TX be an AR-triangle ind and M an arbitrary
indecomposable object id. Now applying HongM, —) to the triangle above.
This gives a long exact sequencecimod:

1. (Ttwy,
—Hom(M, T~'Z)——Hom(M, X)

@ Homm, z)—"m

)y

Hom(M,Y)
Hom(M, TX) ———--,
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where(f)}, denotes the morphism Haw, f). Let Symz(M) denote the image
of morphism(T™w)*. It follows from the long exact sequence above that the
sequence is exact:
0 — Sp-1,(M) — Hom(M, X) - Hom(M, Y) — Hom(M, Z)
— Sz(M) — 0,
where
k, tM=2Z,
Sz(M) = {o, if M2Z.
Therefore we have that

IY)+2, T Z%2Z,
IY)+1, f7-z=2Z.

It follows that!(X) +1(Z) > [(Y). The proof is finished. O

l(X)+l(Z)={

Now we prove that main theorem in this section, which gives a connection
between Dynkin diagrams and the Auslander—Reiten quivers of some triangulated
categories of finite type.

Theorem 3.5.Let 4 be a triangulated category of finite type. Suppose that the
Auslander—Reiten quiver, contains no loops. Thefy = ZA /G, whereA is
a Dynkin diagram.

Proof. By proposition 3.4, we have a subadditive functioan I' 4. It follows
from [7] that 'y = ZA /G and A is a Dynkin diagram o ,. Since A is of
finite type, A is a Dynkin diagram. The proof is finished O

Acknowledgments

The authors are grateful to the referee for valuable comments and suggestions,
which improved the manuscript, and for pointing out some inaccuracies. The
revision of the paper was done when B. Zhu was visiting the Free University
of Brussels, VUB. He would like to thank S. Caenepeel and VUB for warm
hospitality and many helps that he received.

References

[1] M. Auslander, I. Reiten, S. Smalg, Representation Theory of Artin Algebras, in: Stud. Adv.
Math., Vol. 36, Cambridge Univ. Press, 1995.

[2] M. Auslander, I. Reiten, Representation theory of Artin algebras Ill, Comm. Algebra 3 (1975)
239-294.



50 J. Xiao, B. Zhu / Journal of Algebra 257 (2002) 37-50

[3] M. Auslander, Relations for Grothendieck groups of Artin algebras, Proc. Amer. Math. Soc. 91
(1984) 337-340.

[4] M.C. Butler, Grothendieck groups and almost split sequences, in: Lecture Notes in Math.,
Vol. 822, Springer, Berlin, 1981, pp. 357-568.

[5] D. Happel, On the derived category of a finite-dimensional algebra, Comment. Math. Helv. 62
(1987) 339-389.

[6] D. Happel, Triangulated Categories in the Representation Theory of Finite Dimensional
Algebras, in: LMN, Vol. 119, London Mathematical Society, 1988.

[7] D. Happel, U. Preiser, C.M. Ringel, Verberg’s characterization of Dynkin diagrams using
subadditive functions with application to DTr-periodic modules, in: Lecture Notes in Math.,
Vol. 832, Springer, Berlin, 1980, pp. 280-294.

[8] H. Krause, Auslander—Reiten theory via Brown representatbility, K-Theory 20 (2000) 331-344.

[9] L.G. Peng, J. Xiao, Triangulated categories and Kac—Moody algebras, Invent. Math. 119 (2000)
563-603.

[10] I. Reiten, M. Van den Bergh, Noetherian hereditary abelian categories satisfying Serre duality,
J. Amer. Math. Soc. 15 (2002) 295-366.

[11] C.M. Ringel, Tame algebras and integral quadratic forms, in: Lecture Notes in Math., Vol. 1099,
Springer, Berlin, 1984.

[12] C.M. Ringel, Hereditary triangulated categories, Compos. Math., to appear.

[13] H. Tachikawa, T. Wakamatsu, Cartan matrices and Grothendieck groups of stable categories,
J. Algebra 144 (1991) 390-398.



