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Abstract

A k-linear triangulated categoryA is called locally finite provided
∑

X∈indA dimk HomA(X,Y ) <

∞ for any indecomposable objectY in A. It has Auslander–Reiten triangles. In this paper, we s
that if a (connected) triangulated category has Auslander–Reiten triangles and contains loo
its Auslander–Reiten quiver is of the form̂Ln:

� � · · · · �
� � �� � � � �

�̂�
��

n n − 1 2 1

By using this, we prove that the Auslander–Reiten quiver of any locally finite triangulated categA
is of the formZ

−→
∆/G, where∆ is a Dynkin diagram andG is an automorphism group ofZ

−→
∆. For

most automorphism groupsG, the triangulated categories withZ
−→
∆/G as their Auslander–Reite

quivers are constructed. In particular, a triangulated category withL̂n as its Auslander–Reiten quive
is constructed.
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0. Introduction

The Gabriel’s well-known theorem [6] tells us that the path algebra of a quiver
finite representation type (that is, has only finitely many indecomposable modules
isomorphisms) if and only if the underlying diagram of the quiver is a disjoint unio
Dynkin diagrams. Furthermore Riedtmann’s work on self-injective algebras [19] and
pel’s work on derived categories [8,9] show that Dynkin diagrams also appear in the
module categories of self-injective algebras of finite type and in the derived catego
hereditary algebras of finite representation type. As important examples of triang
categories, derived categories of algebras and stable categories of self-injective a
inherit some property from their module categories, such as Auslander–Reiten t
This motivates Happel to introduce the notion of Auslander–Reiten triangles for
gulated categories in [8,9]. In contrast to module categories of Artin algebras [3], n
triangulated categories (even the derived categories of finite dimensional algebras
Auslander–Reiten triangles. It was proved in [8–10] that the derived category of a
dimensional algebra has Auslander–Reiten triangles if and only if the global dime
of the algebra is finite. Recently, Reiten and Van den Bergh [18] proved that the
tence of Auslander–Reiten triangles is equivalent to the existence of Serre duality
triangulated category. A class of triangulated categories satisfying a finite conditio
introduced in [23], which includes stable categories of self-injective finite dimens
algebras of finite type and derived categories of finite dimensional hereditary algeb
finite type as special examples. These triangulated categories have Auslander–Reite
gles and were called of finite type in [23]. We rename them now locally finite triangu
categories in the sense of Gabriel.1

A triangulated categoryA is called locally finite if one of the following two equivalen
conditions holds:

(1)
∑

X∈indA dimk HomA(X,Y ) < ∞ for any indecomposable objectY in A;
(2)

∑
X∈indA dimk HomA(Y,X) < ∞ for any indecomposable objectY in A (compare

with [4] and [23]).

The main aim of this paper is to provide a case of Gabriel’s theorem in triangu
categories, namely, the Auslander–Reiten quiver of any locally finite triangulated
gory is shaped by Dynkin diagrams. Toward this aim, we should distinguish two cl
of triangulated categories those with loops and those without loops in their Ausla
Reiten quivers; and we give a characterization of triangulated categories with loops i
Auslander–Reiten quivers. After that, by using triangulated orbit categories [14] and
categories, we construct locally finite triangulated categories for most possible case

The contents of the paper are as follows: In Section 1, some notions which w
needed in the paper are recalled, locally finite triangulated categories are defined
properties of locally finite triangulated categories are given. In Section 2, a gene
sult about the Auslander–Reiten quivers of triangulated categories with loops is p
1 This was suggested to us by B.M. Deng.
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that is, the Auslander–Reiten quiver of a connected triangulated category with loop
the formL̂n, whereL̂n is the following quiver:

� � · · · · �
� � �� � � � �

�̂�
��

n n − 1 2 1

By using this result, Auslander–Reiten quivers of connected locally finite triangu
categories are proved to beZ

−→
∆/G where∆ is a diagram of Dynkin type andG an auto-

morphism group ofZ
−→
∆. In Section 3, we apply covering theory to triangulated catego

over an algebraically closed field. The automorphism groups ofDb(k
−→
∆), for Dynkin dia-

grams∆, are determined, and for most automorphism groupsG, we construct triangulate
categories whose Auslander–Reiten quivers areZ

−→
∆/G.

1. Preliminaries

1.1. Triangulated categories over a field

We fix some notation and recall some definitions which will be used throughou
paper. Letk be a field. Any categoryA in the paper is assumed to be ak-bilinear Hom-
finite additive category with Krull–Schmidt property, i.e., any object can be decomp
into a direct sum of indecomposable objects, and such decomposition is unique
isomorphisms [2,20]. For any categoryA, we will denote by indA the subcategory o
isomorphism classes of indecomposable objects inA; depending on the context, we sh
use the same notation to denote the set of isomorphism classes of indecomposable
in A. The composition of two mapsf :M → N andg :N → L in A is denoted byfg.
A is called connected provided for any pair of objectsX,Y in A, there are finitely many
objectsX1 = X,X2, . . . ,Xn = Y such that HomA(Xi,Xi+1) �= 0 or HomA(Xi+1,Xi) �= 0
for eachi. A categoryA is called ak-linear triangulated category ifA is ak-linear Krull–
Schmidt category and a triangulated category. We refer to [9] and [15] for the definit
triangulated categories and to [9] for Auslander–Reiten theory for triangulated categ
The main examples fork-linear triangulated categories are the derived categories of
dimensional algebras; the stable categories of self-injective finite dimensional algeb

1.2. Auslander–Reiten triangles

The notation of Auslander–Reiten triangles in a triangulated category were intro
by Happel [8,9].

Definition 1.2.1. Let A be a triangulated category. A triangleX u−→ Y
v−→ Z

w−→ T X in A
is called an Auslander–Reiten triangle if the following conditions are satisfied:

(AR1) X andZ are indecomposable.
(AR2) w �= 0.
(AR3) If f :W → Z is not a retraction (i.e., there is nog :Z → W such thatgf = 1Z),
then there existsf ′ :W → Y such thatf ′v = f .
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Remark 1.2.2. The mapsu andv in an Auslander–Reiten triangleX u−→ Y
v−→ Z

w−→ T X

are irreducible maps. The objectX is denoted byτZ, Z is denoted byτ−1X and they
are uniquely determined each other (up to isomorphism), whereτ is the Auslander–Reite
translation [8,9].

One says that a triangulated categoryA has Auslander–Reiten triangles if for any i
decomposable objectZ ∈ ObjA, there exist an AR-triangle ending atZ: X → Y → Z →
T X, and an AR-triangle starting atZ: Z → M → N → T Z. In this case,A is also called
a triangulated category with Auslander–Reiten triangles.

1.3. Serre functors

Now we recall the notation of Serre functor from [18]. LetA be ak-linear triangulated
category. A right Serre functor is an additive functorH :A → A together with isomor-
phisms

ηA,B : Hom(A,B) → Hom(B,HA)∗

for any A,B ∈ A which is natural inA andB, where(−)∗ = Homk(−.k). A left Serre
functor can be defined dually. We call a triangulated category has Serre functor if
right and left Serre functor. Any right Serre functor is fully faithful, and Serre functor i
equivalence of triangulated categories.

The precise relation between the existences of Auslander–Reiten triangles and o
functor was given in [18]: For ak-linear triangulated categoryA, A has a Serre functor i
and only if it has Auslander–Reiten triangles. Moreover, the action of the Serre func
objects coincides withτT .

1.4. Locally finite triangulated categories

Now we define the notation of locally finite triangulated categories (compare [23]

Definition 1.4.1. A k-linear triangulated categoryA is called locally finite provided
SuppHom(X,−) contains only finitely many indecomposable objects (denoted
|SuppHom(X,−)| < ∞ for simplicity) for any objectX in indA, where SuppHom(X,−)

denotes the subcategory generated by objectsY in indA with HomA(X,Y ) �= 0.

The derived categories of finite dimensional hereditary algebras of finite type an
stable module categories of finite dimensional self-injective algebras of finite type a
amples of locally finite triangulated categories.

The following two lemmas were proved in [23] which are needed later on. We refe
reader to [23] for their proofs.

Lemma 1.4.2. A k-linear triangulated categoryA is locally finite if and only if

|SuppHom(−,X)| < ∞ for any objectX in indA.
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Lemma 1.4.3. Let A be a locally finitek-linear triangulated category. ThenA has
Auslander–Reiten triangles.

1.5. Dynkin diagrams

We recall the Dynkin diagrams and the diagramLn from [11,12].
The Dynkin diagrams are the following:

An ◦ ◦ ◦ · · · ◦ ◦ ◦ E6

◦
◦ ◦ ◦ ◦ ◦

Bn ◦(1,2)◦ ◦ · · · ◦ ◦ ◦ E7

◦
◦ ◦ ◦ ◦ ◦ ◦

Cn ◦(2,1)◦ ◦ · · · ◦ ◦ ◦ E8

◦
◦ ◦ ◦ ◦ ◦ ◦ ◦

Dn

◦
◦ ◦ · · · ◦ ◦ ◦

◦
F4 ◦ ◦(1,2)◦ ◦

G2 ◦(1,3)◦

and

Ln ©◦ ◦ · · · ◦ ◦ ◦ .

For any diagramΓ in the list above, there is a subadditive functionf :Γ0 → N which
is not additive. The existence of non-additive subadditive function characterizes the
grams [11,12].

2. Gabriel’s theorem for triangulated categories

2.1. Auslander–Reiten quivers

The Auslander–Reiten quivers of derived categories of some finite dimensional
bras are displayed in [8,9]. In this section, we will give a description of Auslander–R
quivers of locally finite triangulated categories.

We recall the notation of Auslander–Reiten quiverΓA of a triangulated categor
from [9]. LetA be a triangulated category with Auslander–Reiten triangles. The Ausla
Reiten quiverΓA is a valued stable translation quiver, its vertices are the isomorp
classes[X] of indecomposable objects inA; for two vertices[X] and [Y ], there is an
arrow with valuation(a, a′) as follows:

(a,a′)

X −−−→ Y
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provided that there are AR-triangles inA

Z → Xa ⊕ M → Y → T Z,

X → Ya′ ⊕ N → Z → T X,

with X not being isomorphic to a direct summand ofM andY not being isomorphic to a
direct summand ofN respectively.

2.2. Triangulated categories with loops in their Auslander–Reiten quivers

An arrow starting and ending at the same vertex in a valued translation quiver is
a loop. It is well known that the Auslander–Reiten quiver of an Artin algebra contain
loop [2,3,20]. But for representations of orders and isolated singularity, loops app
their stable Auslander–Reiten quivers [5,22]. Therefore there are stable categories
orders with loops in their Auslander–Reiten quivers [13,22]. We will prove a general r
on the shape of Auslander–Reiten quivers ofk-linear triangulated categories with loop
The result indicates that if the Auslander–Reiten quiver of a triangulated category co
loops, then the triangulated category is very special (as follows).

Theorem 2.2.1. Let A be a connectedk-linear triangulated category with Auslande
Reiten triangles. Suppose its Auslander–Reiten quiverΓA contains loops. ThenΓA is of
the form

� � · · · · �
� � �� � � � �

�̂�
��

n n − 1 2 1

wheren is a positive integer. Such quiver is denoted byL̂n.

To prove the theorem, we need to prove a technical lemma. First of all, we setlP (−) =
dimk Hom(P,−) which is a function on indA.

Lemma 2.2.2. Suppose the Auslander–Reiten triangle starting atN is: N → M ⊕ Y →
N → T N with M indecomposable andτM ∼= M . If lP (M) � lP (N) for any indecompos
able objectP , thenY is indecomposable or is zero,τY ∼= Y and lP (N) � lP (Y ).

Proof. Let Y = ⊕s
1 Yi be the decomposition ofY into indecomposable objects. Then t

conditions thatτM ∼= M andτN ∼= N imply thatτ induces a permutation on{Y1, . . . , Ys}.
Firstly, we claim thatτYi

∼= Yi , for all i. Otherwise we assume thatτY2 ∼= Y1 and the
Auslander–Reiten triangle starting atY1 is Y1 → N ⊕ X → Y2 → T Y1. By applying
Hom(N,−) to this triangle and the Auslander–Reiten triangle startingN respectively, we
have the following inequalities:

lN (Y1) + lN (Y2) � lN (N) + lN (X), (1)
2lN (N) > lN(M) + lN (Y ). (2)
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It follows from (2) and the conditionlN (M) � lN (N) that lN (N) > lN(Y ) which is a
contradiction to (1). This shows thatτYi

∼= Yi for all i. Next we prove that the number
indecomposable summands ofY is less than 2. Otherwise we take two indecompos
summandsY1, Y2 and assume that the Auslander–Reiten triangle starting atYi is of the
form: Yi → N ⊕Pi → Yi

g−→ T Yi, i = 1,2. By applying Hom(N,−) to these two triangle
respectively, we have that

2lN (Yi) � lN (N) + lN (Pi) ∀i.

Then 2(lN (Y1) + lN (Y2)) � 2lN (N) + lN (P1) + lN (P2). Combining with inequality(2),
we have that 2(lN (Y1) + lN (Y2)) � 2lN (N) + lN (P1) + lN (P2) > 2lN (Y ), which is a con-
tradiction. This shows that the number of indecomposables ofY is less than 2. Finally, we
prove the last statement in the lemma. By applying Hom(P,−) to the Auslander–Reite
triangle starting atN , we get that 2lP (N) � lP (M) + lP (Y ). It follows from the given
conditionlP (M) � lP (N) that lP (N) � lP (Y ). This finishes the proof. �
Proof of Theorem 2.2.1. Suppose there is a loop atX in ΓA. Then we can assume th
the Auslander–Reiten triangle starting atX is: X

u−→ X ⊕ M
v−→ τ−1X

w−→ T X. We prove
that X ∼= τ−1X. OtherwiseM ∼= τ−1X ⊕ M1. Now by applying Hom(τ−1X,−) to the
Auslander–Reiten triangle above, we have that

lτ−1X(X) + lτ−1X

(
τ−1X

)
> lτ−1X(X) + lτ−1X

(
τ−1X

) + lτ−1X(M1).

It implies thatlτ−1X(M1) < 0, which is a contradiction. Then we have thatX ∼= τ−1X and
the Auslander–Reiten triangle starting atX is:

X
u−→ X ⊕ M

v−→ X
w−→ T X.

If M = 0, i.e., the Auslander–Reiten triangle starting atX is X
u−→ X

v−→ X
w−→ T X.

It follows that the space Irr(X,X) of irreducible map fromX to X has dimension 1 a
left or right D-space respectively, whereD = EndX/ rad(EndX). Thenu = tv, for some
t ∈ D, andut = t ′u for somet ′ ∈ D. For any other indecomposable objectY ∈ indA
which is not isomorphic toX, if there exists a non-zero morphismf ∈ Hom(X,Y ), then
there exists a morphismg :X → Y such thatf = ug, whereg is not a section. Also forg,
there is a morphismg1 ∈ Hom(X,Y ) such thatg = ug1. It follows thatf = ug = u(ug1) =
((utv)g1) = (t ′uv)g1 = 0. It is a contradiction. Therefore Hom(X,Y ) = 0. Similarly we
have that Hom(Y,X) = 0. Then the connectedness ofA makes indA = {X}. ThenΓA
is L̂1.

Next we assumeM �= 0. Since the Auslander–Reiten triangle starting atX is X
u−→

X ⊕ M
v−→ X

w−→ T X, it is easy to seelP (X) � lP (X). It follows from Lemma 2.2.2. tha
M is indecomposable,τM ∼= M andlP (X) � lP (M).

In the following, we denoteM by M1. Now we consider the Auslander–Reiten trian
starting atM1: M1 → X ⊕ N → M1 → T M1. By Lemma 2.2.2. again, we have that t
number of indecomposable summands ofN is less than 2 andτN ∼= N . If N = 0, then the
connected component containingX is L̂2. If N �= 0, we continue this process and get aL̂n
(n possibly∞) in the Auslander–Reiten componentΓ :
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� � · · · · �
� �

X M1 M2 Mt· · · · · ·�� � � � �
�̂�
��

We now proven must be finite. From the Auslander–Reiten triangle starting atX: X →
X ⊕ M1 → X → T X, we havelX(X) > lX(M1). Let M1 → X ⊕ M2 → M1 → T M1
be the Auslander–Reiten triangle. By applying Hom(X,−) on it, we have the inequality
2lX(M1) � lX(M2) + lX(X). It follows that lX(M1) > lX(M2). An easy induction ont
shows thatlX(Mt) > lX(Mt+1). Therefore we have the strictly inequality:

lX(X) > lX(M1) > · · · > lX(Mt) > · · · .
Thereforen must be finite sincelX(X) is a positive integer. For any indecomposable
ject N , by the connectedness ofA, we have that Hom(N,X) �= 0 or Hom(X,N) �= 0 for
someX ∈ L̂n. We assume thatN /∈ L̂n andf :X → N is not 0. Then there is a chain
infinitely many irreducible maps between indecomposable objects inL̂n such thatf fac-
tors through any maps in the chain. It follows thatf = 0, contracting to the assumptio
above. This shows thatN ∈ L̂n. Then L̂n is the Auslander–Reiten quiver. The proof
finished. �
Corollary 2.2.3. Assume thatA is a k-linear connected triangulated category wi
Auslander–Reiten triangles, andΓA contains loops. ThenT X ∼= X for anyX ∈A.

Proof. By Theorem 2.2.1, the Auslander–Reiten quiverΓA = L̂n. It is necessary to prov
thatT Y ∼= Y for anyY ∈ Ln. If Y = X, and assume that

X → X ⊕ M1 → X → T X (1)

is the Auslander–Reiten triangle starting atX, then

T X → T X ⊕ T M1 → T X → T 2X (2)

is the Auslander–Reiten triangle startingT X, and with a loop at it. ThenT X ∼= X since the
loop in the Auslander–Reiten component does exist at onlyX in L̂n. The Auslander–Reite
triangles (1) and (2) atX shows thatT M1 ∼= M1. An induction ont proves thatT Mt

∼= Mt

for Mt ∈ L̂n. This shows that for any indecomposable objectY ∈ L̂n, T Y ∼= Y . �
2.3. Gabriel’s theorem for triangulated categories

In this subsection, thek-linear triangulated categoryA is assumed to be locally finite
We recall from [11] the definition of subadditive function on a valued translation qu
Γ = (Γ0,Γ1, τ, a). A functionf from a translation quiverΓ to N is called subadditive i
f (x) + f (τx) �

∑
y→x f (y)a′

yx for all non-projective verticesx. A subadditive function
is additive iff (x) + f (τx) = ∑

y→x f (y)a′
yx for all non-projective verticesx.

Remark 2.3.1. For any generalized Dynkin diagram∆, there is a non-additive subadditiv−→

function on the translation quiverZ∆ (see [11]).
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X∈indA X. We define a functionf from indA to N as follows:

f (X) = dimk HomA(M∗,X),

whereX ∈ indA.

Remark 2.3.2. From the definition of locally finiteness of triangulated categories,
knows that the functionf is well defined.

The following lemmas are proved in [23], we give a simpler proof for the complete

Lemma 2.3.3. f is a non-additive subadditive function onΓA.

Proof. It is necessary to prove that for any Auslander–Reiten triangleτX → Y → X →
T τX, f (τX)+f (X) > f (Y ). For any indecomposable objectN , by applying Hom(M,−)

to the Auslander–Reiten triangle above, we have thatlN (τX) + lN (X) � lN (Y ). The
inequality is strict ifN ∼= X. Then by summing all inequalities whereN runs all inde-
composable objects, we have the required inequality:f (τX) + f (X) > f (Y ). The proof
is finished. �
Lemma 2.3.4. f (τX) = f (X) for anyX ∈ ΓA.

Proof. By Theorem I.2.4. in [18] and Proposition 1.4.3, there is a Serre functorH and
H = τT on objects ofA. ThenτX = HT −1(X) for anyX ∈ indA. Thus Hom(τX, τY ) =
Hom(HT −1(X),HT −1(Y )) ∼= Hom(T −1(X),T −1(Y )) ∼= Hom(X,Y ). Then f (τX) =
dimk Hom(M∗, τX) = dimk Hom(τM∗, τX) = dimk Hom(M∗,X) = f (X). The proof is
finished. �

Now we come to prove the main theorem in this section, which was proved in [23] u
the assumption that the Auslander–Reiten quiverΓA contains no loops.

Theorem 2.3.5. LetA be a locally finite triangulated category. Then its Auslander–Re
quiverΓA is isomorphic toZ

−→
∆/G, where∆ is a diagram of Dynkin type andG an auto-

morphism group ofZ
−→
∆.

Proof. Let A be a locally finite triangulated category. Firstly we assume thatΓA contains
no loops. By Lemmas 2.3.3, 2.3.4, we have a subadditive functionf on ΓA, which is not
additive andf (τX) = f (X), for any indecomposable objectX. It follows from [11] that
ΓA ∼= Z

−→
∆/G and ∆ is a Dynkin diagram orA∞. SinceA is locally finite, A∞ is not

allowed. Next we consider the case thatΓA contains loops. It follows from Theorem 2.1.
thatΓA is of the formL̂n. In the following, we prove that̂Ln

∼= Z
−−→
A2n/〈T τn〉, where

−−→
A2n

denotes the linear orientation ofA2n. Let (i, aj ) denote the vertices ofZ
−−→
A2n, wherei ∈ Z

andaj are vertices of
−−→
A2n. For any arrowaj → aj+1 in

−−→
A2n, there are an arrow(i, aj ) →

(i, aj+1) and an arrow(i − 1, aj−1) → (i, aj ). It is easy to seeτ(i, aj ) = (i − 1, aj ) and

T (i, aj ) = (i + j, a2n−j+1). SinceT andτ are automorphisms of triangulated categories,
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they are isomorphisms of translation quiver. It is easy to see thatT −2 = τ2n+1 on Z
−−→
A2n.

So we have(T τn)−2 = τ and thenτ ∈ 〈T τn〉. Therefore the orbit quiverZ
−−→
A2n/〈T τn〉

of Z
−−→
A2n contains only vertices(0, ai) wherei = 1, . . . , n, and it is of the formL̂n. The

proof is finished. �
Remark 2.3.6. There is a derived category ofk

−→
∆ whose Auslander–Reiten quiver isZ

−→
∆

for any Dynkin diagram∆. For L̂n, in the next section, we will provide an example
k-linear triangulated categories witĥLn as its Auslander–Reiten quiver.

3. Covering theory for triangulated categories

Throughout this section, we assume thatk is an algebraically closed field. As we ha
seen in Section 2, Auslander–Reiten quivers of locally finite triangulated categories
the formZ

−→
∆/G, whereG is automorphism group ofZ

−→
∆ for some Dynkin diagram∆. An

interesting problem is how to construct triangulated categories whose Auslander–
quivers are of the formZ

−→
∆/G. Thanks to the result in [14], we will construct triangulat

categories for mostG, in particular, ak-linear triangulated category with Auslander–Rei
quiver of the formL̂n. The construction will involve covering technique in representa
theory of algebras (see [4] and [7]).

3.1. Covering for triangulated categories

Let A, A0 bek-linear triangulated categories andF :A →A0 the triangle functor with
the property:F(X) ∈ indA0 for any X ∈ indA. Then functorF induces a functor from
indA to indA0 which is also denoted byF . A triangle functorF :A → A0 is called a cov-
ering functor of triangulated categories provided the induced functorF : indA → indA0
is a covering functor in the sense of Bongartz–Gabriel [4,7], i.e., the maps

⊕
F(z)=b

HomA(x, z) → HomA0

(
F(x), b

)
and

⊕
F(t)=a

HomA(t, y) → HomA0

(
a,F (y)

)

which are induced byF , are bijective for any two objectsa andb of indF(A) ⊆ indA0.
The triangle functorF :A →A0 is called a Galois covering functor with a Galois groupG

provided the induced functorF : indA → indA0 is Galois with a Galois groupG [4,7].
Covering functor between homotopy categories over algebras was considered

It was proved that for a Galois coveringF :A → A/G with a Galois groupG in the
sense of [4,7], there is a Galois covering functorHb(proA) → Hb(proA/G) with Ga-
lois groupG.

Let A be a finite dimensionalk-algebra andn a positive even integer. It was prove

in [16] that there are a triangulated category denoted byDb(A)/〈T n〉 and a functor
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F :Db(A) → Db(A)/〈T n〉 which is a Galois covering functor with Galois group〈T n〉.
The results there were used to construct Lie algebras in [16,17].

Lemma 3.1.1. LetF :A → A0 be an additive functor of triangulated categories such t
the induced functorF : indA → indA0 is a covering functor in the sense of Bongar
Gabriel. If F is dense, thenA is locally finite if and only if so isA0.

Proof. AssumeA is locally finite. Leta be an indecomposable object inA0 andx one of
indecomposable objects inF−1(a). Then for anyb ∈ indA0, we have a bijection

⊕
F(z)=b

HomA(x, z) → HomA0(a, b).

It follows from the finiteness of dimk HomA0(a, b) that indF−1(b) contains only fi-
nitely many indecomposable objects with non-zero morphism starting fromx. Therefore∑

b∈indA0
dimk HomA0(a, b) = ∑

b∈indA0

∑
F(y)=b dimk HomA(x, y) < ∞. HenceA0 is

locally finite. Now we prove the converse. Letx be an indecomposable object ofA, and
a = F(x). The bijection

⊕
F(z)=b

HomA(x, z) → HomA0(a, b)

implies that there are finitely manyz ∈ indA such that HomA(x, z) �= 0. It follows from
the finiteness of indecomposable objects inA0 with non-zero morphisms froma that there
are only finitely many indecomposable objects inA with non-zero morphisms fromx.
ThenA is locally finite. The proof is finished. �
Remark 3.1.2. From the lemma above, we know ifF :A → A0 is a covering functor o
triangulated categories which is dense, thenA is locally finite if and only if so isA0.

Proposition 3.1.3. LetA be a locally finite connectedk-linear triangulated category. The
ΓA is isomorphic toZ

−→
∆/G, where∆ is a diagram of classical Dynkin typeA,D,E.

Proof. From Theorem 2.3.2 and Lemma 3.1.1, without loss of the generality, w
sumeA is a k-linear triangulated category withZ

−→
∆ as its Auslander–Reiten quive

There are no cycles (paths starting and ending at the same vertex) inZ
−→
∆. It follows that

EndA X is k. For the valuation(aX,Y , a′
X,Y ) on the arrow fromX to Y in ΓA, we have

aX,Y = dimk Irr(X,Y ) = a′
X,Y [2,9]. From the listing of Dynkin diagrams in Section

one has thataX,Y = a′
X,Y = 1. Then∆ is a Dynkin diagram ofA,D,E type. The proof is

finished. �
Proposition 3.1.4. Let A be a locally finite connectedk-linear triangulated category
Then there is an additive functorF :Db(k

−→
∆) → A such that the induced functo

F : indDb(k
−→
∆) → indA is a covering functor in the sense of Bongartz–Gabriel a
FT ∼= T F , where∆ is a diagram of classical Dynkin typeA,D,E.
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Proof. From Theorem 2.3.2 and Proposition 3.1.3, we know that whenΓA does not
contain loops, there is a covering of translation quiversπ : Z

−→
∆ → ΓA, where∆ is a di-

agram of classical Dynkin typeA,D,E [4]; when ΓA contains loops,ΓA ∼= L̂n and
then ΓA ∼= Z

−−→
A2n/〈T τn〉, for which there is a covering functor of translation quiv

π : Z
−−→
A2n → ΓA. It follows from (Section 3.1 in [3]) that there is a covering func

F : k(Z
−→
∆) → indA, wherek(Z

−→
∆) is the mesh category ofZ

−→
∆. From Proposition 5.6

in [8], we know that indDb(k
−→
∆) is equivalent tok(Z

−→
∆). Therefore we have the cove

ing functor F : indDb(k
−→
∆) → indA. By extending the functorF to Db(k

−→
∆), we have

the desired functor fromDb(k
−→
∆) to A which is also denoted byF . F preserves the

Auslander–Reiten triangles since it is a covering of translation quivers if we restrF

to the Auslander–Reiten quiver ofDb(k
−→
∆). Therefore for any indecomposable objectX,

FT (X) ∼= T F(X). ThenFT ∼= T F . The proof is finished. �
Remark 3.1.5. The functorF should be a triangle functor of triangulated categories,
we do not find a proof for it at the present.

Corollary 3.1.6. Let A be ak-linear triangulated category having Auslander–Reiten
angles. ThenA is locally finite if and only if the Auslander–Reiten quiverΓA is isomorphic
to Z

−→
∆/G, where∆ is a diagram of classical Dynkin type.

Proof. The necessity follows from Theorem 2.3.5. We prove the sufficiency. Using
same proof as for Proposition 3.1.4., we have a covering functorF : indDb(k

−→
∆) → indA

in the sense of Bongartz–Gabriel which is dense on objects. It is easy to knowDb(k
−→
∆) is

of locally finite type for any Dynkin diagram∆. By Lemma 3.1.1,A is locally finite. The
proof is finished. �
3.2. Covering for Frobenius categories

In the subsection, we study the Galois covering of stable categories of Frobeniu
egories. The stable category of a Frobenius categoryA is denoted by stab(A). It is a
k-linear triangulated category whose translation functor is the suspension functor [9
F be a functor between two Frobenius categories. IfF preserves projective objects, th
F induces a functor between the corresponding stable categories, which is also d
by F .

Proposition 3.2.1. Let Â andA be Frobenius categories,F : Â → A a Galois covering
functor with groupG. If F preserves projectives and all projectives inA are images of
projectives inÃ under the functorF , then the induced functorF : stab(Â) → stab(A) is a
Galois covering functor with groupG.

Proof. It is easy to see thatf :a �→ b factors through an injective object in̂A if and only
if F(f ) :F(a) �→ F(b) factors through an injective object inA. ThenF : stabÂ → stabA
is a covering functor with Galois groupG. It remains to prove thatF preserves triangles

SinceF is covering functor,F is faithful, and thenF preserves injective (surjective) mor-
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f−→ Y → Z → T X be a distinguished triangle associated morphismf . Then

Z is isomorphic to the push-out off and the injective cover ofX :X → I (X) (in stab(Ã),
we can assume thatZ is this push-out), i.e., we have the following push-out diagram:

0 X
i

f

I (X) T (X) 0

0 Y Z T (X) 0 .

By applying F to this diagram, we also get a push-out diagram. This shows

F(X)
F(f )−−−→ F(Y ) → F(Z) → T F(X) is a distinguished triangle. The proof is fi

ished. �
For a finite dimensional algebraA, we denote byT (A) the trivial extension ofA. It is a

Z-graded algebra. The category gr-mod(T (A)) of Z-gradedT (A)-modules is isomorphic
to the module category of the repetitive algebraÂ of A.

Corollary 3.2.2. The forgetful functorF : stab(modÂ) → stab(modT (A)) is a Galois cov-
ering functor with Galois groupG = 〈T 2τ 〉.

Proof. T (A) and Â are self-injective algebras andF : modÂ → modT (A) is a Galois
covering with Galois groupG. By applying Proposition 3.2.1, we get the desired con
sion. The proof is finished. �
3.3. Automorphisms of Dynkin diagrams

For each classical Dynkin diagram∆ of type A,D,E, we fix an orientation on it a
follows:

An ◦ ◦ ◦ ◦ · · · ◦ ◦

Dn

2◦

1◦ ◦ ◦ · · · ◦ ◦ ◦

E6

◦
◦ ◦ ◦ ◦ ◦

E7

◦
◦ ◦ ◦ ◦ ◦ ◦

◦

E8 ◦ ◦ ◦ ◦ ◦ ◦ ◦
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The proof for the following lemma is obvious.

Lemma 3.3.1. Let∆ be one of classical Dynkin diagrams and
−→
∆ the corresponding quive

with the fixed orientation as above. We fix an embedding of
−→
∆ in Z

−→
∆. If σ is an automor-

phism of translation quiverZ
−→
∆, thenσ(

−→
∆) is isomorphic to

−→
∆ as subquivers ofZ

−→
∆.

Proposition 3.3.2. Let ∆ be one of classical Dynkin diagrams. Then the automorph
groupsAut(Z

−→
∆) can be described as follows:

(1) When∆ is of typeAn, Aut(Z
−→
An) ∼= 〈T , τ 〉/〈T 2τn+1〉;

(2) When∆ is of typeDn, Aut(Z
−−→
Dn) ∼= 〈τ, σ 〉; whereσ is the automorphism induced b

the automorphism ofDn which fixes all vertices inDn except exchanging vertices1
and2;

(3) When∆ is of typeE6, Aut(Z
−→
E6) ∼= 〈T , τ 〉/〈T 2τ12〉;

(4) When∆ is of typeEn, for n = 7,8, Aut(Z
−→
En) ∼= 〈τ 〉.

Proof. Obviously T and τ are automorphisms ofZ
−→
∆ for any Dynkin diagram∆ and

σ is also an automorphism ofZ
−−→
Dn. Let f be an automorphism ofZ

−→
∆. It follows from

Lemma 3.3.1 and a routine exercise thatf is a power ofT or τ . For∆ = An, we have tha
T 2 = τ−(n+1); for ∆ = Dn, we have thatT = τ−n; for ∆ = E6, we have thatT 2 = τ−12;
for ∆ = E7, we have thatT = τ−9 and for∆ = E8, we have thatT = τ−15. This finishes
the proof. �

Let A be an arbitrary triangulated category. A sextupleX
u−→ Y

v−→ Z
w−→ T X is called

an anti-triangle ifX u−→ Y
v−→ Z

−w−−→ T X is a triangle inA. The categoryA, endowed with
the family of anti-triangles, is a triangulated category. We denote it byAa .

Proposition 3.3.3. Let A be a triangulated category. Then the translation functorT in-
duces a triangle functor(in fact, an isomorphism) (T , idT 2) fromA to Aa and a triangle
functor(in fact, an isomorphism) (T ,−idT 2) fromA to itself. Moreover,A has Auslander–
Reiten triangles if and only if so hasAa and their Auslander–Reiten quivers are the sa
T induces an automorphism of translation quiverΓA, which is also denoted byT .

Proof. Let X
u−→ Y

v−→ Z
w−→ T X be a triangle inA. Then the image of this triangle un

der T is a triangle inAa, since it is isomorphic to the anti-triangleT X
−T u−−−→ T Y

−T v−−−→
T Z

T w−−→ T 2X. ThenT is triangle functor fromA to Aa . If A has Auslander–Reiten tr
angles, thenAa has so. The Auslander–Reiten quivers of them are the same. ThereT

induces an automorphism of this quiverΓA. The proof is finished. �
By Propositions 3.3.2 and 3.3.3, we have all automorphisms ofDb(k

−→
∆) for Dynkin

diagrams∆.

Corollary 3.3.4. Let ∆ be one of classical Dynkin diagrams. Then the shift functorT and
Auslander–Reiten translationτ are generators of automorphism groups ofDb(k

−→
∆) which
satisfy the relations in Proposition3.3.2.
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Now we recall from [14] the construction of triangulated orbit categories.
F :Db(k

−→
∆) → Db(k

−→
∆) be a triangle functor, which is assumed to satisfy the follow

properties; see [14].

(g1) For eachU in indk
−→
∆, only a finite number of objectsFnU , wheren ∈ Z, lie in

indk
−→
∆.

(g2) There is someN ∈ N such that{U [n] | U ∈ indk∆,n ∈ [−N,N ]} contains a system
of representatives of the orbits ofF on indDb(k

−→
∆).

We denote byDb(k
−→
∆)/F the corresponding factor category. The objects are by de

tion theF -orbits of objects inDb(k
−→
∆), and the morphisms are given by

HomDb(k
−→
∆)/F

(
X̃, Ỹ

) =
⊕
n∈Z

HomDb(k
−→
∆)

(
X,FnY

)
.

Here X and Y are objects inDb(k
−→
∆), and X̃ and Ỹ are the corresponding objects

Db(k
−→
∆)/F . It is proved by Keller [14] thatDb(k

−→
∆)/F is a triangulated category and th

the natural functorπ :Db(k
−→
∆) → Db(k

−→
∆)/F is a triangle functor. The shift inDb(k

−→
∆)/F

is induced by the shift inDb(k
−→
∆), and is also denoted byT .

Theorem 3.3.5. Let ∆ be a Dynkin diagram,m,n integers. LetG be one of the automor
phism groups ofZ

−→
∆ of the forms(τm), (T m) for any m, or of the form(T τm), where

m �= (n+1)/2 if ∆ is of typeAn; or m �= 6 if ∆ is of typeE6. Then there are a locally finit
triangulated categoryDb(k

−→
∆)/G, and a covering functorπ :Db(k

−→
∆) → Db(k

−→
∆)/G with

Galois groupG.

Proof. Let F be one of the automorphismsτm, T m, or T τm satisfying the conditions in
the theorem. ThenF is a triangle functor satisfying conditions (g1) and (g2) above,
the orbit categoryDb(k

−→
∆)/F is a Krull–Schmidt triangulated category and the project

functor π :Db(k
−→
∆) → Db(k

−→
∆)/F is a triangle functor [14]. Given an indecomposa

objectX in Db(k
−→
∆), its imageF(X) is indecomposable inDb(k

−→
∆)/G. Thereforeπ in-

duces a functor between their indecomposablesπ : ind(Db(k
−→
∆) → indDb(k

−→
∆)/F , it is a

covering functor in the sense of Bongartz–Gabriel [4]. This finishes the proof.�
Corollary 3.3.6. The orbit categoryDb(k

−−→
A2n)/τ

nT is a triangulated category with
Auslander–Reiten quiver̂Ln.

Proof. The group〈τnT 〉 containsτ sinceτ2n+1 = T −2 as automorphisms ofDb(k
−−→
A2n).

Then the Auslander–Reiten quiver of the orbit triangulated categoryDb(k
−−→
A2n)/τ

nT is
Z

−−→
A2n/τ

nT . It is isomorphic toL̂n as proved in the proof of Theorem 2.3.5. The proo
finished. �
Example 3.3.7. Thek-linear triangulated categoryDb(k

−→
A2)/τT has one indecomposab
with one loop. Its AR-quiver is•©.
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There is an another way by taking covering of stable categories to realize the tr
lated categories withZ

−−→
Am/〈τn〉 as their Auslander–Reiten quivers.

Proposition 3.3.8. For any positive integersn and m, there is a stable categoryA with
Z

−−→
Am/〈τn〉 as its Auslander–Reiten quiver, and there is a Galois coveringF :Db(

−−→
Am) →A

with Galois group〈τn〉.

Proof. Let Â = kQ̂/I be the infinite dimensional algebra, whereQ̂ is the infinite quiver:

· · · α ◦ α ◦ α ◦ · · · ◦ α ◦ α · · ·
0 1 n n + 1

andI is generated byαm+1. It is easy to see that̂A = kQ̂/I is a self-injective algebra whos
stable Auslander–Reiten quiver isZ

−−→
Am. Â = kQ̂/I is the Galois cover ofA = kQ/I0 with

Galois groupCn, the cyclic group of ordern, whereQ is the quiver

2◦ α 3◦

1◦

α

·
·

◦
n

α

◦
n−1α

·

and I0 is generated byαm+1. Then A is also a self-injective algebra. It follow
from Bongartz–Gabriel that there is a Galois coveringF : indÂ → indA with Galois
group 〈τm〉. F preserves the injective modules in̂A-mod and all injectiveA-modules
are images of injectiveÂ-modules. Then by Proposition 3.2.1 thatF : stab(Â-mod) →
stab(A-mod) is a Galois covering of triangulated categories with Galois group〈τn〉. Then
the Auslander–Reiten quiver of stab(A-mod) is ZAm/〈τn〉. The proof is finished. �
3.4. Grothendieck groups of locally finite triangulated categories

Now we apply Theorem 2.3.5 to the Grothendieck groups of triangulated categorie
recall some basics on the Grothendieck groups of triangulated categories from [9,1
Let K be the free abelian group generated by representatives of the isomorphism
of objects inA andK0(A,0) the factor groups ofK by the subgroup generated by t
elements of the form[A] + [C] − [A ⊕ C]. We have the following well-known facts:

(1) The set{[M] | M ∈ indA} is a free basis forK0(A,0);
(2) The Grothendieck groupK0(A) of A is the factor group ofK0(A,0) modulo the

subgroupG(A) generated by elements of the forms:[A] + [C] − [B], provided there
existsδ :A → B → C → T A.
(3) There is a canonical epimorphismφ :K0(A,0) → K0(A).
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Proposition 3.4.1. Let A be a connected locally finite triangulated category. Th
K0(A) � Zn/H .

Proof. If ΓA contains loops, thenΓA = L̂n. It is easy to see thatK0(A) = 0. If ΓA con-
tains no loops, from Theorem 2.3.5, Proposition 3.1.4, we have a functorF :Db(k

−→
∆) →

A, which induces a surjective group morphismf :K0(D
b(k

−→
∆,0)) → K0(A,0) : [X] �→

[FX]. The restriction ofF to indDb(k
−→
∆) preserves Auslander–Reiten triangles. We kn

from Theorem 2.1 in [23] that the relation groupG(A) is generated by all Auslande
Reiten triangles inA for any locally finite triangulated category. Therefore the mapf

maps the relation groupG(Db(k
−→
∆)) of the Grothendieck group ofDb(k

−→
∆) to the relation

groupG(A) of the Grothendieck group ofA. It follows thatf induces a surjective mo
phism fromDb(k

−→
∆) to that ofA. It follows from Lemma 1.2 in Chapter III in [9] tha

K0(D
b(k∆)) � Zn wheren is the number of vertices of∆. ThenK0(A) � Zn/H . The

proof is finished. �
Remark 3.4.2. There are triangulated categories with no loops but their Grothend
groups are zero. We refer to [21] for examples.
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