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Abstract

A k-linear triangulated category is called locally finite provideEXeindA dimy Homy (X, Y) <
oo for any indecomposable objeEtin A. It has Auslander—Reiten triangles. In this paper, we show
that if a (connected) triangulated category has Auslander—Reiten triangles and contains loops, then
its Auslander—Reiten quiver is of the forfy,:
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By using this, we prove that the Auslander—Reiten quiver of any locally finite triangulated catégory
is of the formZZ/G, whereA is a Dynkin diagram and; is an automorphism group &A. For
most automorphism groups, the triangulated categories WiihZ/G as their Auslander—Reiten
quivers are constructed. In particular, a triangulated categoryhwiths its Auslander—Reiten quiver
is constructed.
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0. Introduction

The Gabriel's well-known theorem [6] tells us that the path algebra of a quiver is of
finite representation type (that is, has only finitely many indecomposable modules up to
isomorphisms) if and only if the underlying diagram of the quiver is a disjoint union of
Dynkin diagrams. Furthermore Riedtmann’s work on self-injective algebras [19] and Hap-
pel's work on derived categories [8,9] show that Dynkin diagrams also appear in the stable
module categories of self-injective algebras of finite type and in the derived categories of
hereditary algebras of finite representation type. As important examples of triangulated
categories, derived categories of algebras and stable categories of self-injective algebras
inherit some property from their module categories, such as Auslander—Reiten theory.
This motivates Happel to introduce the notion of Auslander—Reiten triangles for trian-
gulated categories in [8,9]. In contrast to module categories of Artin algebras [3], not all
triangulated categories (even the derived categories of finite dimensional algebras) have
Auslander—Reiten triangles. It was proved in [8-10] that the derived category of a finite
dimensional algebra has Auslander—Reiten triangles if and only if the global dimension
of the algebra is finite. Recently, Reiten and Van den Bergh [18] proved that the exis-
tence of Auslander—Reiten triangles is equivalent to the existence of Serre duality in this
triangulated category. A class of triangulated categories satisfying a finite condition was
introduced in [23], which includes stable categories of self-injective finite dimensional
algebras of finite type and derived categories of finite dimensional hereditary algebras of
finite type as special examples. These triangulated categories have Auslander—Reiten trian-
gles and were called of finite type in [23]. We rename them now locally finite triangulated
categories in the sense of Gabdel.

A triangulated categoryl is called locally finite if one of the following two equivalent
conditions holds:

(1) > xecind.4 dimy Hom4 (X, Y) < oo for any indecomposable objektin A,
(2) > xecind.4 dimy Homy (Y, X) < oo for any indecomposable objettin A (compare
with [4] and [23]).

The main aim of this paper is to provide a case of Gabriel's theorem in triangulated
categories, namely, the Auslander—Reiten quiver of any locally finite triangulated cate-
gory is shaped by Dynkin diagrams. Toward this aim, we should distinguish two classes
of triangulated categories those with loops and those without loops in their Auslander—
Reiten quivers; and we give a characterization of triangulated categories with loops in their
Auslander—Reiten quivers. After that, by using triangulated orbit categories [14] and stable
categories, we construct locally finite triangulated categories for most possible cases.

The contents of the paper are as follows: In Section 1, some notions which will be
needed in the paper are recalled, locally finite triangulated categories are defined. Some
properties of locally finite triangulated categories are given. In Section 2, a general re-
sult about the Auslander—Reiten quivers of triangulated categories with loops is proved,

1 This was suggested to us by B.M. Deng.
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that is, the Auslander—Reiten quiver of a connected triangulated category with loops is of
the formL,,, whereL, is the following quiver:

—_—, e e e —_—
o o o o
n n—1 2 1

By using this result, Auslander—Reiten quivers of connected locally finite triangulated
categories are proved to EeA/G where A is a diagram of Dynkin type an@ an auto-
morphism group oZ A. In Section 3, we apply covering theory to triangulated categories
over an algebraically closed field. The automorphism groudeQkZ), for Dynkin dia-
gramsA, are determined, and for most automorphism graps/e construct triangulated
categories whose Auslander—Reiten quiverszatg G.

1. Preliminaries
1.1. Triangulated categories over a field

We fix some notation and recall some definitions which will be used throughout the
paper. Letk be a field. Any category in the paper is assumed to bé&-dilinear Hom-
finite additive category with Krull-Schmidt property, i.e., any object can be decomposed
into a direct sum of indecomposable objects, and such decomposition is unique up to
isomorphisms [2,20]. For any categod, we will denote by ind4 the subcategory of
isomorphism classes of indecomposable objectd;idepending on the context, we shall
use the same notation to denote the set of isomorphism classes of indecomposable objects
in A. The composition of two mapg: M — N andg:N — L in A is denoted byfg.
A is called connected provided for any pair of objektst in A, there are finitely many
objectsX1 =X, X2, ..., X,, =Y such that Hom (X;, X;+1) #0or Homy(X;+1, X;) #0
for eachi. A categoryA is called ak-linear triangulated category A is ak-linear Krull—
Schmidt category and a triangulated category. We refer to [9] and [15] for the definition of
triangulated categories and to [9] for Auslander—Reiten theory for triangulated categories.
The main examples far-linear triangulated categories are the derived categories of finite
dimensional algebras; the stable categories of self-injective finite dimensional algebras.

1.2. Auslander—Reiten triangles

The notation of Auslander—Reiten triangles in a triangulated category were introduced
by Happel [8,9].

Definition 1.2.1. Let A be a triangulated category. A triangle> ¥ % Z % TX in A
is called an Auslander—Reiten triangle if the following conditions are satisfied:

(AR1) X andZ are indecomposable.

(AR2) w #0.

(AR3) If f:W — Z is not a retraction (i.e., there is a Z — W such thatgf = 17),
then there existg’: W — Y such thatf’'v = f.
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Remark 1.2.2. The maps: andv in an Auslander—Reiten trianghe - ¥ % Z % TX
are irreducible maps. The obje&t is denoted byrZ, Z is denoted byr~1X and they
are uniquely determined each other (up to isomorphism), wher¢he Auslander—Reiten
translation [8,9].

One says that a triangulated categetyhas Auslander—Reiten triangles if for any in-
decomposable objeé € Obj.A, there exist an AR-triangle ending4dt X - Y — Z —
T X, and an AR-triangle starting &: Z —~ M — N — T Z. In this caseA is also called
a triangulated category with Auslander—Reiten triangles.

1.3. Serre functors

Now we recall the notation of Serre functor from [18]. L&tbe ak-linear triangulated
category. A right Serre functor is an additive functér. A — A together with isomor-
phisms

na.p:HOomM(A, B) > Hom(B, HA)*

for any A, B € A which is natural inA and B, where(—)* = Homy (—.k). A left Serre
functor can be defined dually. We call a triangulated category has Serre functor if it has
right and left Serre functor. Any right Serre functor is fully faithful, and Serre functor is an
equivalence of triangulated categories.

The precise relation between the existences of Auslander—Reiten triangles and of Serre
functor was given in [18]: For a-linear triangulated categooy, .A has a Serre functor if
and only if it has Auslander—Reiten triangles. Moreover, the action of the Serre functor on
objects coincides with T'.

1.4. Locally finite triangulated categories
Now we define the notation of locally finite triangulated categories (compare [23]).

Definition 1.4.1. A k-linear triangulated categoryl is called locally finite provided
SuppHoniX, —) contains only finitely many indecomposable objects (denoted by
|SuppHoniX, —)| < oo for simplicity) for any objectX in ind.A, where SuppHorX, —)
denotes the subcategory generated by objgdtsind A with Hom4 (X, Y) £ 0.

The derived categories of finite dimensional hereditary algebras of finite type and the
stable module categories of finite dimensional self-injective algebras of finite type are ex-
amples of locally finite triangulated categories.

The following two lemmas were proved in [23] which are needed later on. We refer the
reader to [23] for their proofs.

Lemma 1.4.2. A k-linear triangulated categoryA is locally finite if and only if
|SuppHoni—, X)| < oo for any objectX in ind A.
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Lemma 1.4.3. Let A be a locally finitek-linear triangulated category. Thel has
Auslander—Reiten triangles.

1.5. Dynkin diagrams

We recall the Dynkin diagrams and the diagramfrom [11,12].
The Dynkin diagrams are the following:

o
A, o o o +++ O o o Eg o J‘ o
o
12 \
B, o o o .-+ © o o E; o o
@1 i
C, o 5 o -+ © o o Eg o i o
"~ w2
D, o o --- o0 o o F4 o—o—"0 o
o/
13
Gy o o
and
L, (o o -+ 0 o o.

For any diagrant” in the list above, there is a subadditive functinip — N which
is not additive. The existence of non-additive subadditive function characterizes these dia-
grams [11,12].

2. Gabrid’stheorem for triangulated categories
2.1. Auslander—Reiten quivers

The Auslander—Reiten quivers of derived categories of some finite dimensional alge-
bras are displayed in [8,9]. In this section, we will give a description of Auslander—Reiten
quivers of locally finite triangulated categories.

We recall the notation of Auslander—Reiten quivEy of a triangulated category
from [9]. Let.A be a triangulated category with Auslander—Reiten triangles. The Auslander—
Reiten quiverl’4 is a valued stable translation quiver, its vertices are the isomorphism
classeq X] of indecomposable objects id; for two vertices[X] and [Y], there is an
arrow with valuation(a, a’) as follows:

(a.a’)

X Y
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provided that there are AR-triangles.h

Z—->X'oM—-Y—>TZ,
X>Y'®N-—>Z-—>TX,

with X not being isomorphic to a direct summandMfandY not being isomorphic to a
direct summand oN respectively.

2.2. Triangulated categories with loops in their Auslander—Reiten quivers

An arrow starting and ending at the same vertex in a valued translation quiver is called
a loop. It is well known that the Auslander—Reiten quiver of an Artin algebra contains no
loop [2,3,20]. But for representations of orders and isolated singularity, loops appear in
their stable Auslander—Reiten quivers [5,22]. Therefore there are stable categories of Bass
orders with loops in their Auslander—Reiten quivers [13,22]. We will prove a general result
on the shape of Auslander—Reiten quiverstdinear triangulated categories with loops.
The result indicates that if the Auslander—Reiten quiver of a triangulated category contains
loops, then the triangulated category is very special (as follows).

Theorem 2.2.1. Let A be a connected-linear triangulated category with Auslander—
Reiten triangles. Suppose its Auslander—Reiten quiveicontains loops. Thet 4 is of
the form

n n—1 2 Q
wheren is a positive integer. Such quiver is denotediby

To prove the theorem, we need to prove a technical lemma. First of all, ig(set=
dim; Hom(P, —) which is a function on ind.

Lemma 2.2.2. Suppose the Auslander—Reiten triangle startingvais: N - M & Y —
N — TN with M indecomposable andM = M. If [p (M) > [p(N) for any indecompos-
able objectP, thenY is indecomposable or is zeroy =Y andip(N) > 1p(Y).

Proof. LetY =P ¥; be the decomposition df into indecomposable objects. Then the
conditions that M = M andt N = N imply thatt induces a permutation diry, ..., Y;}.
Firstly, we claim thatr¥; = Y;, for all i. Otherwise we assume that> = Y1 and the
Auslander—Reiten triangle starting & is Y1 - N & X — Y» — TY1. By applying
Hom(N, —) to this triangle and the Auslander—Reiten triangle starNngespectively, we
have the following inequalities:

In(Y1) +In(Y2) 2 IN(N) + In(X), 1)

2N(N) > IN(M) +IN(Y). )
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It follows from (2) and the conditioriy (M) > Iy (N) thatiy(N) > Iy (Y) which is a
contradiction to (1). This shows that; = Y; for all i. Next we prove that the number of
indecomposable summands Bfis less than 2. Otherwise we take two indecomposable
summandg’;, Y2 and assume that the Auslander—Reiten triangle startirlg it of the
form:Y; > N® P, — Y; 5> TY;, i =1, 2. By applying HontN, —) to these two triangles
respectively, we have that

2AnY) ZINn(N)+Iy(P;) Vil

Then Qly (Y1) + In(Y2)) = 2Iy(N) + Iy (P1) + Iy (P2). Combining with inequality2),
we have that @y (Y1) + Iy (Y2)) = 2y (N) + Iy (P1) + Iy (P2) > 25 (Y), which is a con-
tradiction. This shows that the number of indecomposablésiefless than 2. Finally, we
prove the last statement in the lemma. By applying KiBm-) to the Auslander—Reiten
triangle starting atV, we get that 2 (N) > [p(M) + Ip(Y). It follows from the given
conditionlp(M) > 1p(N) thatlp(N) > Ip(Y). This finishes the proof. O

Proof of Theorem 2.2.1. Suppose there is a loop &tin I"4. Then we can assume that
the Auslander—Reiten triangle startingis: X % X @ M % t~1x % T X. We prove
that X = r—1X. OtherwiseM = r~1X @ M;. Now by applying Honir ~1X, —) to the
Auslander—Reiten triangle above, we have that

Lay(X) + 11y (T71X) > Loy (X) + L1y (£71X) + L1y (My).

Itimplies that/, -1y (M1) < 0, which is a contradiction. Then we have thag t~1X and
the Auslander—Reiten triangle startingais:

X5H5XeoMS XS TX.

If M =0, i.e., the Auslander—Reiten triangle starting¥ats X % X % X X TX.

It follows that the space I¢X, X) of irreducible map fromX to X has dimension 1 as
left or right D-space respectively, whei® = EndX/radEndX). Thenu = rv, for some
t € D, andut = 'u for somet’ € D. For any other indecomposable objatte ind.A
which is not isomorphic tdX, if there exists a hon-zero morphisfne Hom(X, Y), then
there exists a morphisg: X — Y such thatf = ug, whereg is not a section. Also fog,
there is a morphism; € Hom(X, Y) such thag = ugs. Itfollows that f = ug = u(ug1) =
((utv)g1) = (t'uv)g1 = 0. It is a contradiction. Therefore HaiX, Y) = 0. Similarly we
have that Hortt, X) = 0. Then the connectedness .dfmakes ind4 = {X}. ThenI4
isLj.

Next we assumeé/ # 0. Since the Auslander—Reiten triangle startingXais X %
XoM>3 XL TX, itis easy to seép(X) > [p(X). It follows from Lemma 2.2.2. that
M is indecomposable,M = M andip(X) > 1p(M).

In the following, we denot@/ by M;. Now we consider the Auslander—Reiten triangle
starting atM1: M1 — X ® N - M1 — TM;. By Lemma 2.2.2. again, we have that the
number of indecomposable summandaVois less than 2 andN = N. If N =0, then the
connected component containifigis Ly. If N 0, we continue this process and get,a
(n possiblyco) in the Auslander—Reiten componeiit
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X My  M> M,
—_—, . . . . —_— ., . . . . . .
o o o o

o

We now proven must be finite. From the Auslander—Reiten triangle starting:at —
Xe M — X —TX, we havelx(X) > Ix(M1). Let M1 - X & My — M1 — TM;
be the Auslander—Reiten triangle. By applying Hom—) on it, we have the inequality:
2ix(M1) > lx(M>2) + Ix(X). It follows thatix(M1) > Ix(M>). An easy induction on
shows thaty (M;) > [x(M;11). Therefore we have the strictly inequality:

Ix(X) >Ix(My) > --- > Ix (M) > ---.

Thereforen must be finite sincéy (X) is a positive integer. For any indecomposable ob-
ject N, by the connectedness g, we have that HoitiV, X) # 0 or Hom(X, N) # 0 for
someX € L,. We assume tha¥ ¢ L, and f: X — N is not 0. Then there is a chain of
infinitely many irreducible maps between indecomposable objeclts, isuch thatf fac-
tors through any maps in the chain. It follows that= 0, contracting to the assumption
above. This shows tha¥ € L,. ThenL, is the Auslander—Reiten quiver. The proof is
finished. O

Corollary 2.2.3. Assume that4 is a k-linear connected triangulated category with
Auslander—Reiten triangles, ard, contains loops. Thefi X = X forany X € A.

Proof. By Theorem 2.2.1, the Auslander—Reiten quivey = L. ltis necessary to prove
thatTY =Y foranyY € L,. If Y = X, and assume that

X>XoM—>X—>TX Q)
is the Auslander—Reiten triangle startinggtthen
TX > TX®TM1— TX - T?X (2)

is the Auslander—Reiten triangle startifigt, and with a loop at it. The® X = X since the
loop in the Auslander—Reiten component does exist at &rityL,,. The Auslander—Reiten
triangles (1) and (2) ax shows tha” M1 = M1. An induction orv proves that” M; = M,
for M, e L,. This shows that for any indecomposable objéet L,,TY=Y. O

2.3. Gabriel's theorem for triangulated categories

In this subsection, the-linear triangulated categony is assumed to be locally finite.
We recall from [11] the definition of subadditive function on a valued translation quiver
I' = (I, I, 7, a). A function f from a translation quivef” to N is called subadditive if
fX)+ f(rx) > Zy_m f(y)a;,x for all non-projective vertices. A subadditive function
is additive if f (x) + f(tx) = Z),%X f(y)a/yx for all non-projective vertices.

Remark 2.3.1. For any generalizeg Dynkin diagram, there is a non-additive subadditive
function on the translation quiverA (see [11]).



J. Xiao, B. Zhu / Journal of Algebra 290 (2005) 473-490 481

Let M* = @y cing.4 X- We define a functiory from ind.A to N as follows:
£(X) = dim Hom(M*, X),
whereX €indA.

Remark 2.3.2. From the definition of locally finiteness of triangulated categories, one
knows that the functiorf is well defined.

The following lemmas are proved in [23], we give a simpler proof for the completeness.
Lemma 2.3.3. f is a non-additive subadditive function @ry.

Proof. It is necessary to prove that for any Auslander—Reiten triangle> ¥ — X —

TtX, f(zX)+ f(X) > f(Y).Foranyindecomposable obje¢t by applying HoniM, —)

to the Auslander—Reiten triangle above, we have thdt X) + Iy (X) > Iy (Y). The
inequality is strict if N = X. Then by summing all inequalities whené runs all inde-
composable objects, we have the required inequalityX) + f(X) > f(Y). The proof
is finished. O

Lemma234. f(tX)= f(X)foranyX € I'4.

Proof. By Theorem 1.2.4. in [18] and Proposition 1.4.3, there is a Serre furfét@and
H =T on objects ofd. Thent X = HT~1(X) forany X € ind.A. Thus Honir X, tY) =
Hom(HT~1(X), HT~1(Y)) = Hom(T~1(X), T~1(Y)) = Hom(X,Y). Then f(tX) =
dim; Hom(M*, £ X) = dim, Hom(t M*, t X) = dimy Hom(M*, X) = f(X). The proof is
finished. O

Now we come to prove the main theorem in this section, which was proved in [23] under
the assumption that the Auslander—Reiten quiNgrcontains no loops.

Theorem 2.3.5. Let A be a IocaIIy finite triangulated category. Then its Auslander—Reiten
quiverI'y is |somorph|c toZA/G whereA is a diagram of Dynkin type an@ an auto-
morphism group OFA.

Proof. Let.A be a locally finite triangulated category. Firstly we assume fhatontains

no loops. By Lemmas 2.3.3, 2.3.4, we have a subadditive fungtion I'" 4, which is not
additive andf (t X) = f(X), for any indecomposable objekt. It follows from [11] that
A =ZA/G and A is a Dynkin diagram ord,. Since A is locally finite, Ay is not
allowed. Next we consider the case ttigf contains loops. It foIIows from Theorem 2.1.1.
that "4 is of the formL In the following, we prove thaLn = ZAZ,,/(Tr ), whereAz,,
denotes the linear orientation @b, . Let (i, a;) denote the vertices @'En) wherei € Z
anda; are vertices ofi,,. For any arrowtj — a1 in Ao, there are an arrog, aj)—
(i,aj4+1) and an arroni — 1,a;_1) — (i,a;). It is easy to see(i,a;) = (i — 1,4;) and
T(i,a;) = (i + j,az—j+1). SinceT andt are automorphisms of triangulated categories,
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they are isomorphisms of translation quiver. It is easy to seelthat= r%+1£n ZAg,.
So we have(Tt")~2 = ¢ and thenr € (Tt"). Therefore the orbit quiveZAZnA/<Tr")

of ZE contains only vertices0, ;) wherei =1, ...,n, and it is of the formL,.. The
proof is finished. O

Remark 2.3.6. There is a derived category b# whose Auslander—Reiten quiverZsZ
for any Dynkin diagramA. For L, in the next section, we will provide an example of
k-linear triangulated categories wifl), as its Auslander—Reiten quiver.

3. Covering theory for triangulated categories

Throughout this section, we assume thas an algebraically closed field. As we have
seen in Section 2, Auslander—Reiten quivers of locally finite triangulated categories are of
the formZZ/G, whereG is automorphism group & A for some Dynkin diagram. An
interesting problem is how to construct triangulated categories whose Auslander—Reiten
quivers are of the fornZZ/G. Thanks to the result in [14], we will construct triangulated
categories for mos®, in particular, &-linear triangulated category with Auslander—Reiten
quiver of the formL,,. The construction will involve covering technique in representation
theory of algebras (see [4] and [7]).

3.1. Covering for triangulated categories

Let A, Ag bek-linear triangulated categories afd A — Ag the triangle functor with
the property:F(X) € ind.Ag for any X € ind.A. Then functorF induces a functor from
ind A to ind.Ag which is also denoted b¥ . A triangle functorF : A — Ag is called a cov-
ering functor of triangulated categories provided the induced fun€tand A — ind.Ag
is a covering functor in the sense of Bongartz—Gabriel [4,7], i.e., the maps

5 Homy(x,z) — Homy,(F(x).b) and
F(2)=b

@ Homu(, y) — Homy,(a, F(»))
F(t)=a

which are induced by, are bijective for any two objects andb of ind F(A) C ind Ag.
The triangle functo : A — Ag is called a Galois covering functor with a Galois graiip
provided the induced functdr :ind.A — ind Ag is Galois with a Galois groug [4,7].
Covering functor between homotopy categories over algebras was considered in [1].
It was proved that for a Galois covering: A — A/G with a Galois groupG in the
sense of [4,7], there is a Galois covering funcif(proA) — H”(proA/G) with Ga-
lois groupG.
Let A be a finite dimensionat-algebra and: a positive even integer. It was proved
in [16] that there are a triangulated category denotedD8yA)/(T") and a functor
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F:DP(A) — D’(A)/(T™) which is a Galois covering functor with Galois groyp”).
The results there were used to construct Lie algebras in [16,17].

Lemma3.1.1. Let F: A — Ag be an additive functor of triangulated categories such that
the induced functof :ind.A — ind.Ag is a covering functor in the sense of Bongartz—
Gabriel. If F is dense, thet! is locally finite if and only if so is4o.

Proof. AssumeA is locally finite. Leta be an indecomposable objectity andx one of
indecomposable objects ~1(a). Then for anyb € ind Ag, we have a bijection

@ Homu(x, z) - Homy,(a, b).
F(2)=b

It follows from the finiteness of digHomy,(a, b) that indF~1(») contains only fi-
nitely many indecomposable objects with hon-zero morphism starting frohierefore
> beind Ao diMe HOM4o (@, D) = 3 cing 4g 2 F(yy=p iMk HOMA(x, y) < co. HenceAg is
locally finite. Now we prove the converse. Letbe an indecomposable object.df and
a = F(x). The bijection

@5 Homy(x,z) — Homy,(a. b)
F(2)=b

implies that there are finitely manye ind A such that Hom (x, z) # 0. It follows from

the finiteness of indecomposable objectslinwith non-zero morphisms froma that there
are only finitely many indecomposable objectsAnwith non-zero morphisms from.

ThenA is locally finite. The proof is finished. O

Remark 3.1.2. From the lemma above, we know #: A — Ag is a covering functor of
triangulated categories which is dense, thers locally finite if and only if so is4p.

Proposition 3.1.3. Leti)él be a locally finite connecteldlinear triangulated category. Then
I' 4 is isomorphic taZ A/ G, whereA is a diagram of classical Dynkin typ#, D, E.

Proof. From Theorem 2.3.2 and Lemma 3.1.1, without loss of the generality, we as-
sume A is a k-linear triangulated category Wit A as its Auslander—Reiten quiver.
There are no cycles (paths starting and ending at the same vertéﬁ.irt follows that
Endy X is k. For the valuationay,y,a ) on the arrow fromX to Y in I"4, we have

ax,y =dimglrr(X,Y) = a;(ﬁy [2,9]. From the listing of Dynkin diagrams in Section 1,
one has thaty y = a;“, = 1. ThenA is a Dynkin diagram ofA, D, E type. The proof is
finished. O

Proposition 3.1.4. Let A be a locally finite connected-linear triangulated category.
Then there is an additive functoF:Db(kZ) — A such that the induced functor
F:indD”(kZ) — indA is a covering functor in the sense of Bongartz—Gabriel and
FT ZTF, whereA is a diagram of classical Dynkin typé, D, E.
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Proof. From Theorem 2.3.2 and Proposition 3.1.3, we know that whgndoes not
contain loops, there is a covering of translation quiweriZ — I'4, whereA is a di-
agram of classical Dynkin typd, D, E [4]; when I, contains loops/ 4 = L, and
theng = ZE/(Tr"), for which there is a covering functor of translation quivers
w:ZAy, — I4. It follows from (Section 3.1 in [3]) that there is a covering functor
F:k(ZA) — ind A, wherek(Z4) is the mesh category & A. From Proposition 5.6
in [8], we know that incDb(kZ) is equivalent tak(ZA). Therefore we have the cover-
ing functor F :ind D?(kA) — ind A. By extending the functoF to D?(kA), we have
the desired functor fronD?(k4) to A which is also denoted by'. F preserves the
Auslander—Reiten triangles since it is a covering of translation quivers if we restrict
to the Auslander—Reiten quiver &f® (kA). Therefore for any indecomposable object
FT(X)ZTF(X). ThenFT = TF. The proof is finished. O

Remark 3.1.5. The functorF should be a triangle functor of triangulated categories, but
we do not find a proof for it at the present.

Corollary 3.1.6. Let A be ak-linear triangulated category having Auslander—Reiten tri-
angEs. Therd is locally finite if and only if the Auslander—Reiten quivéy is isomorphic
to ZA/G, whereA is a diagram of classical Dynkin type.

Proof. The necessity follows from Theorem 2.3.5. We prove the sufficiency. Using the
same proof as for Proposition 3.1.4., we have a covering furictand Db(kZ) — indA

in the sense of Bongartz—Gabriel which is dense on objects. It is easy toRAGWA) is

of locally finite type for any Dynkin diagrami. By Lemma 3.1.1 A is locally finite. The
proofis finished. O

3.2. Covering for Frobenius categories

In the subsection, we study the Galois covering of stable categories of Frobenius cat-
egories. The stable category of a Frobenius categbiig denoted by stabl). It is a
k-linear triangulated category whose translation functor is the suspension functor [9]. Let
F be a functor between two Frobenius categorieg: [freserves projective objects, then
F induces a functor between the corresponding stable categories, which is also denoted
by F.

Proposition 3.2.1. Let A and A be Frobenius categoried; : A — A a Galois covering
functor with groupG. If F preserves projectives and all projectives./hare images of
projectives ind under the functor, then the induced functaf : stal{.A) — stal{.A) is a
Galois covering functor with groug.

Proof. Itis easy to see thaf : a — b factors through an injective objectiﬁ if and only
if F(f):F(a)— F(b) factors through an injective object it. ThenF : stahA — stahA
is a covering functor with Galois grou@. It remains to prove thak preserves triangles.
SinceF is covering functorF is faithful, and thenF preserves injective (surjective) mor-
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phisms. LetX 1Ly .7 TXbea distinguished triangle associated morphjsrmhen

Z is isomorphic to the push-out gf and the injective cover of : X — 1(X) (in stal{.4),
we can assume that is this push-out), i.e., we have the following push-out diagram:

0—> X —> I(X) —= T(X) ——=0

R

0 Y z rX) ——0.

By applying F to this diagram, we also get a push-out diagram. This shows that

F(X) LiCAN F(Y) - F(Z) - TF(X) is a distinguished triangle. The proof is fin-

ished. O

For a finite dimensional algebr, we denote byl (A) the trivial extension ofd. Itis a
Z-graded algebra. The category gr-mifdA)) of Z-graded"(A)-modules is isomorphic
to the module category of the repetitive algeldraf A.

Corollary 3.2.2. The forgetful functor : stat{modA) — stalimod7 (A)) is a Galois cov-
ering functor with Galois grous = (T'7).

Proof. T(A) and A are self-injective algebras andl: modA — modT (A) is a Galois
covering with Galois groug;. By applying Proposition 3.2.1, we get the desired conclu-
sion. The proofis finished. O

3.3. Automorphisms of Dynkin diagrams

For each classical Dynkin diagram of type A, D, E, we fix an orientation on it as
follows:

A, o o o o o —>o0
20

D, lo——o0 —— o0 O —>0 ——>0
o
v

Es o o o o o
o
v

E7 o o o o o o
o
v

Eg o o o o o o o



486 J. Xiao, B. Zhu / Journal of Algebra 290 (2005) 473-490

The proof for the following lemma is obvious.

Lemma 3.3.1. Let A be one of classical Dynkin diagrams_gﬁdthgcorresponding quiver
with the fixed orientation as above. We fix an embedding of ZA. If o is an automor-
phism of translation quiveZ A, theno (A) is isomorphic toA as subquivers af A.

Proposition 3_.)3.2. Let A be one of classical Dynkin diagrams. Then the automorphism
groupsAut(Z A) can be described as follows

(1) WhenA is of typeA,, Aut(z@ (T, 7)/(T2t"H0y;

(2) WhenaA is of typeD,,, Aut(ZD,) = (1, o); whereo is the automorphism induced by
the automorphism ob,, which fixes all vertices iD,, except exchanging verticds
and2;

(3) WhenA is of typeEg, Aut(ZEg) = (T, r)/_()Tzrlz);

(4) WhenA is of typeE,, forn =7, 8, Aut(ZE,) = (t).

Proof. Obviously T and r are automorphisms A for any Dynkin diagrama and
o is also an automorphism @D, . Let f be an automorphism @A. It follows from
Lemma 3.3.1 and a routine exercise tlfais a power ofl" or t. For A = A,,, we have that
T2 =7=0+D: for A = D,,, we have thaf” = t~"; for A = Eg, we have thaf'? = t~12;
for A = E7, we have that” = 9 and for A = Eg, we have thaf’ = t~15. This finishes
the proof. O

Let A be an arbitrary triangulated category. A sextuflé> Y % Z % T X is called
an anti-triangle ity % ¥ % Z =% T X is a triangle in4. The category4, endowed with
the family of anti-triangles, is a triangulated category. We denote ity

Proposition 3.3.3. Let A be a triangulated category. Then the translation functom-
duces a triangle functofin fact, an isomorphisin(7, id;2) from A to A* and a triangle
functor (in fact, an isomorphisin(7, —id;2) from A to itself. MoreoverA has Auslander—
Reiten triangles if and only if so ha4” and their Auslander—Reiten quivers are the same,
T induces an automorphism of translation quivég, which is also denoted by .

Proof. Let X & Y % Z 2 T X be a triangle ind. Then the image of this triangle un-
derT is a triangle inA4“, since it is isomorphic to the anti-triangieX —Tu, ry =1,

77 1% T2X. ThenT is triangle functor fromA to A“. If A has Auslander—Reiten tri-
angles, thend“ has so. The Auslander—Reiten quivers of them are the same. Thefefore
induces an automorphism of this quiv€y. The proof is finished. O

By Propositions 3.3.2 and 3.3.3, we have all automorphism@ktﬁcZ) for Dynkin
diagramsA.

Corollary 3.3.4. Let A be one of classical Dynkin diagrams. Then the shift llmﬂcxmd
Auslander—Reiten translationare generators of automorphism groupsi®f(k A) which
satisfy the relations in Propositicd. 3.2
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Now we recall Eom [14] the construction of triangulated orbit categories. Let
F:D?(kA) — D’(kA) be a triangle functor, which is assumed to satisfy the following
properties; see [14].

(g1) For eachU in indk A4, only a finite number of object&”U, wheren € Z, lie in
indkA.

(92) There is som&/ € N such thaf{U|[n]| U € indk_é, n € [—N, N]} contains a system
of representatives of the orbits 6fon indD? (k A).

We denote b)D”(kZ)/F the co_r)responding factor category. The objects are by defini-
tion the F-orbits of objects inD? (kA), and the morphisms are given by

neZ

Here X andY are objects inD?(kA), and X and ¥ are the corresponding objects in
D”(kZ)/F. It is proved by Keller [14] thaD”(kZ)/F is a triangulated category and that
the natural functorr : D?(kA) — D’ (kA)/F is a triangle functor. The shift iD? (kA)/F

is induced by the shift i’ (kA), and is also denoted .

Theorem 3.3.5. Let A be a Dynkin diagramyz, n integers. LetG be one of the automor-
phism groups oZ A of the forms(z™), (T™) for any m, or of the form(Tt™), where
m# (n+1)/2if AisoftypeA,; orm #£ 6if A is of typeEg. Then there are a locally finite
triangulated categoryd? (kA)/ G, and a covering functat : D? (kA) — Db (kA)/ G with
Galois groupG.

Proof. Let F be one of the automorphismé', 7™, or Tt™ satisfying the conditions in
the theorem. Ther¥ is a triangle functor satisfying conditions (g1) and (g2) above, and
the orbit categorwb(kZ)/F is a Krull-Schmidt triangulated category and the projection
functor :Db(kZ) — Db(kZ)/F is a triangle functor [14]. Given an indecomposable
objectX in D”(kZ), its imageF (X) is indecomposable im)”(kZ)/G. Thereforer in-
duces a functor between their indecomposablemd(D? (kA) — ind D?(kA)/F, itis a
covering functor in the sense of Bongartz—Gabriel [4]. This finishes the praof.

Corollary 3.3.6. The orbit categoryDb(kE,:)/r"T is a triangulated category with
Auslander—Reiten quiver,,.

Proof. The group(z”T) containst sincer?*t1 =72 as automorphisms_c)ﬂ)b(k@).
T@ the Auslander—Reiten quiver of the orbit triangulated cate@@rsk Ao, )/t T is
ZAg,/Tt"T. Itis isomorphic toL, as proved in the proof of Theorem 2.3.5. The proof is
finished. O

Example 3.3.7. Thek-linear triangulated catego® (kA2)/tT has one indecomposable
with one loop. Its AR-quiver i8Q.
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There is an anothci)way by taking covering of stable categories to realize the triangu-
lated categories witf A,,,/(z") as their Auslander—Reiten quivers.

Prggosition 3.3.8. For any positive integera and m, there is a stable categﬂ.y( with
ZA,, /(") as its Auslander—Reiten quiver, and there is a Galois covefing?(A,,) — A
with Galois group(t™).

Proof. Let A =kQ/I be the infinite dimensional algebra, whedes the infinite quiver:

o o o o o
[e] (¢] o (¢] [e]

0 1 n n+1

and! is generated by” 1. Itis easy_t)o see thzg?t = kQ/I is a self-injective algebra whose
stable Auslander—Reiten quiverds\,,. A = kQ/I is the Galois cover oA = kQ/ Iy with
Galois groupC,,, the cyclic group of order, whereQ is the quiver

2 o 3

O——>0

>

lo

and Io is generated byw”tl. Then A is also a self-injective algebra. It follows
from Bongartz—Gabriel that there is a Galois coverifigindA — indA with Galois
group (™). F preserves the injective modules irmod and all injectiveA-modules
are images of injectivei-modules. Then by Proposition 3.2.1 thét stalA-mod) —
stallA-mod) is a Galois covering of triangulated categories with Galois gratip. Then
the Auslander—Reiten quiver of stasmod) is ZA,,/(t"). The proof is finished. O

3.4. Grothendieck groups of locally finite triangulated categories

Now we apply Theorem 2.3.5 to the Grothendieck groups of triangulated categories. We
recall some basics on the Grothendieck groups of triangulated categories from [9,10,23].
Let K be the free abelian group generated by representatives of the isomorphism classes
of objects inA and Ko(A, 0) the factor groups oK by the subgroup generated by the
elements of the formA] + [C] — [A & C]. We have the following well-known facts:

(1) The sef[M]| M €ind.A} is a free basis foKp(A, 0);

(2) The Grothendieck grouip(A) of A is the factor group ofKo(A, 0) modulo the
subgroupG(A) generated by elements of the fornpa] + [C] — [B], provided there
existsé:A— B — C — TA.

(3) There is a canonical epimorphistm Ko(A, 0) — Ko(A).
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Proposition 3.4.1. Let A be a connected locally finite triangulated category. Then
Ko(A)~Z"/H.

Proof. If I'4 contains loops, thel 4 = L,. It is easy to see thakto(A) = 0. If I'4 con-
tains no loops, from Theorem 2.3.5, Proposition 3.1.4, we have a fuﬁctm”(kZ) —
A, which induces a surjective group morphistm KO(D”(kZ, 0)) > Ko(A,0):[X] —

[F X]. The restriction off' to indDb(kZ) preserves Auslander—Reiten triangles. We know
from Theorem 2.1 in [23] that the relation grodp(.A) is generated by all Auslander—
Reiten triangles ind for any locally finite triangulated category. Therefore the nyap
maps the relation groug (D” (kZ)) of the Grothendieck group cﬂ)”(kZ) to the relation
group G (A) of the Grothendieck group ofl. It follows that f induces a surjective mor-
phism fromD?(kA) to that of A. It follows from Lemma 1.2 in Chapter Il in [9] that
Ko(DP(kA)) ~ Z™ wheren is the number of vertices of. Then Ko(A) ~ Z"/H. The
proof is finished. O

Remark 3.4.2. There are triangulated categories with no loops but their Grothendieck
groups are zero. We refer to [21] for examples.
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