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Abstract

The notion of D−mutation of torsion pairs in triangulated categories is introduced. It is
proved that the D−mutation of torsion pairs in triangulated categories is a torsion pair. As
its geometric part, the mutation of Ptolemy diagrams of a regular (n + 3)−gon Pn+3 (resp.
a ∞−gon P∞) is defined naturally. Under the one-to-one correspondence between torsion
pairs in the cluster category of type An (or of type A∞) and the Ptolemy diagrams of a regular
(n + 3)−gon Pn+3 (resp. a ∞−gon P∞) established recently by Holm-Jφrgensen-Rubery and
Ng respectively, the two mutations are proved coincide.
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1 Introduction

The notion of torsion pairs (or torsion theory) in abelian categories was introduced by Dickson
[D]. It is important in algebra and geometry [BR] and plays an important role in representation
theory of algebras, in particular in tilting theory [ASS]. The triangulated version of torsion pairs
was introduced by Iyama and Yoshino [IY] in their study of mutation of cluster tilting subcate-
gories in triangulated categories, see also [KR][BR]. Recently Ng gives a classification of torsion
pairs in the cluster categories of A∞ [Ng] by defining Ptolemy diagrams of a ∞−gon P∞, Holm-
Jφrgensen-Rubery do the same for the cluster categories of An [HJR] by the Ptolemy diagrams of
a regular (n + 3)−gon Pn+3.
Cluster categories were introduced in [BMRRT], see also [CCS] for cluster categories of type An.
They are the orbit categories Db(H)/τ−1[1] of derived categories of hereditary categoriesH aris-
ing from the action of the subgroup < τ−1[1] > of the automorphism group and are 2−Calabi-Yau
triangulated categories [Ke1]. The aim for introducing these categories is to categorify cluster al-
gebras. Cluster algebras were introduced by Fomin-Zelevinsky [FZ] in order to give an algebraic
and combinatorial framework for the positivity and canonical basis of quantum groups. Cluster
categories and cluster tilting subcategories in cluster categories, or more general in a 2−Calabi-
Yau triangulated category have much nice properties. In particular, one can mutate cluster tilting
objects, i.e. one can replace one indecomposable direct summand by a new indecomposable ob-
ject obtained via a special triangle to obtain a new cluster tilting object. In cluster categories,
the mutation of cluster tilting objects model the mutation of clusters of the corresponding cluster
algebras. See the nice surveys [Ke2][Ke3][Re].
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Cluster tilting subcategories in triangulated categories are the torsion classes of certain torsion
pairs. In general, a triangulated category (even a 2−Calabi-Yau triangulated category) may not
admit any cluster tilting subcategory [KZ][BIRS]. In contrast, they always admit torsion pairs,
for example, the trivial torsion pair: (the whole category, the zero category).
In this paper, we define and study the mutation of torsion pairs in triangulated categories. We
study its geometric meaning when the triangulated categories are the cluster categories of type
An or of A∞. Under a reasonable condition on a subcategory D in a fixed triangulated category
C, we show that the D−mutation of a torsion pair (X ,Y ) in C is also a torsion pair (X ′,Y ′),
where the new torsion class X ′ is the D−mutation of X , and the new torsion free class Y ′ is
the D[1]− mutation of Y . In the study of D−mutation of torsion pairs, the core of the torsion
pair (X ,Y ) which is defined as the subcategory X

⋂
Y [−1] plays an important role. Some

properties of the D−mutations of torsion pairs are given. Using the notion of Ptolemy diagrams
defined in [HJR] and in [Ng], we give a geometric realization of theD−mutation of torsion pairs
in the cluster categories of type An and in the cluster categories of type A∞.
This paper is organized as follows: In section 2, some basic definitions and results are recalled.
In any torsion pair (X ,Y ), we introduce the Ext-injective subcategories in X (or Ext-projective
subcategories in Y ). They are called the core of the torsion pair, and are important in our study.
In Section 3, fixed a subcategory D which is functorially finite and rigid, and τ[−1]D = D, the
D−mutation of torsion pairs is defined. It is proved that theD−mutation of a torsion pair is also
a torsion pair, in which the cores of the corresponding torsion pairs form also aD−mutation pair.
A direct application to mutations of rigid subcategories, maximal rigid subcategories, and cluster
tilting subcategories is given. It is also proved that the only possible mutation of t-structures is
the shift of t-structures. We study the properties ofD−mutation of torsion pairs. In section 4, we
define the mutation of Ptolemy diagrams in a regular n+3−gon Pn+3 and∞−gon P∞ respectively.
It is proved that the mutation of Ptolemy diagrams in Pn+3 or P∞ coincides with the mutation of
corresponding torsion pairs in the cluster category of type An or in the cluster category of type
A∞, respectively.

2 Torsion pairs in triangulated categories

In this section we recall some basics on torsion pairs in a triangulated category. We first fix some
notations. Let C be an additive category. We write X ∈ C to mean that X is an object of C. For
a subcategory X of C, we always assume that X is a full subcategory and closed under taking
isomorphisms, direct summands and finite direct sums. When X is a subcategory, we use X ⊥

to denote the subcategory consisting of objects Y satisfying HomC(X,Y) = 0 for any X ∈X , and
⊥X to denote the subcategory consisting of objects Y satisfying HomC(Y, X) = 0 for any X ∈X .
For two subcategories X ,Y , we write HomC(X ,Y ) = 0 to mean that HomC(X,Y) = 0, for any
X ∈X and any Y ∈ Y .
Now we assume that C is a triangulated category with shift functor [1]. We denote by Extn(X,Y)
the Home space HomC(X,Y[n]). We will use Hom(X,Y) to denote HomC(X,Y) for simplicity.
For two subcategories X ,Y , we use X ∗ Y to denote the subclass of C consisting of objects Z
such that there is a triangle X → Z → Y → X[1] with X ∈X ,Y ∈ Y . It is easy to see that X ∗Y
is closed under taking isomorphisms and finite direct sums. We say a subcategory X is closed
under extensions (or an extension-closed subcategory) if X ∗X ⊂ X . If Hom(X ,Y ) = 0,
then X ∗Y is closed under taking direct summands (Proposition 2.1(1) in [IY]). In this case we
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understand X ∗Y as a subcategory of C. We recall the definition of torsion pairs in a triangulated
category C from [IY].

Definition 2.1. Let C be a triangulated category. The pair (X ,Y ) of subcategories of C is called
a torsion pair if

Hom(X ,Y ) = 0 and C = X ∗ Y .

A pair (X ,Y ) is a torsion pair if and only if (X ,Y [−1]) is a cotorsion pair in the sense of
[N]. A pair (M,N) of subcategories of C is called a cotorsion pair if Ext1(M,N) = 0 and
C = M ∗ N[1]. If (X ,Y ) is a torsion pair, then X = ⊥Y , Y = X ⊥. It follows that X
(or Y ) is a contravariantly (covariantly, respectively) finite and extension-closed subcategory of
C. We call a subcategory X is contravariantly finite in C, if any object M ∈ C admits a right
X −approximation f : X → M, which means that any map from X′ ∈ X to M factors through
f . The left X −approximation of M and covariantly finiteness of X can be defined dually. X is
called functorially finite in C if X is both covariantly finite and contravariantly finite in C.

Remark 2.2. Let X be a subcategory of C closed under taking extensions. Then (X ,X ⊥) is a
torsion pair if and only if X is contravariantly finite in C (Proposition 2.3(1) in [IY]). In partic-
ular, if X is a contravariantly finite subcategory satisfying Hom(X ,X [1]) = 0, then (X ,X ⊥)
is a torsion pair. This is because for a subcategory X with the property Hom(X ,X [1]) = 0, X
is automatically closed under taking extensions. Dually, if X is a covariantly finite subcategory
satisfying Hom(X ,X [1]) = 0, then (⊥X ,X ) is a torsion pair.

Definition 2.3. Let X be an extension-closed subcategory of C. An object T ∈ X is called
an Ext-injective object of X provided Ext1(X ,T ) = 0. The Ext-projective objects of X are
defined dually. The subcategory of X consisting of Ext-injective (or Ext-projective) objects in
X is denoted by I(X ) (P(X ), respectively).

Proposition 2.4. Let (X ,Y ) be a torsion pair of C. Then I(X ) = X ∩ Y [−1], P(Y ) =

I(X )[1]. Moreover I(X ) is covariantly finite in X , P(Y ) is contravariantly finite in Y .

Proof. We prove I(X ) = X ∩ Y [−1], the proof of P(Y ) = I(X )[1] is similar. Let T ∈ X .
Then Ext1(X ,T ) = Hom(X ,T [1]) = 0 if and only if T [1] ∈ Y . Then T ∈ I(X ) if and only if
T ∈X ∩ Y [−1].
Now we prove that I(X ) is covariantly finite in X , the proof for the contravariantly finiteness
of P(Y ) in Y is similar. Since (X ,Y ) is a torsion pair, we have that (X [−1],Y [−1]) is a
torsion pair. Then for any X ∈ X , there exists a triangle X1[−1] → X

g→ Y[−1] → X1 with
X1 ∈ X and Y ∈ Y . Then we have the triangle X

g→ Y[−1] → X1 → X[1]. It follows from the
extension-closeness of X that Y[−1] ∈X , and hence Y[−1] ∈ I(X ). It is easy to see that g is a
left I(X )−approximation of X. Then I(X ) is a covariantly finite in X . �

Definition 2.5. Let (X ,Y ) be a torsion pair in C. We call I(X ) the core of the torsion pair
(X ,Y ), which is usually denoted by I. In this case we also call I the core of the corresponding
cotorsion pair (X ,Y [1]).

There are several special cases of torsion pairs, which have received much attention recently
[BIRS, BMV,BR,IY,KR,KZ,MP,N]:
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Definition 2.6. Let X ,Y be subcategories of a triangulated category C.

1. The pair (X ,Y ) is called a t−structure in C if (X ,Y ) is a torsion pair and X is closed
under [1] (equivalently Y is closed under [−1]). In this case X

⋂
Y [1] is an abelian

category, which is called the heart of (X ,Y ) [BBD][BR].

2. The pair (X ,Y ) is called a rigid torsion pair if (X ,Y ) is a torsion pair and Ext1(X ,X ) =

0. In this case, we call the subcategory X is a rigid subcategory [BIRS].

3. The pair (X ,Y ) is called a cluster tilting torsion pair if (X ,Y ) is a torsion pair and
satisfies the property: X ∈ X if and only if Ext1(X , X) = 0. In this case, we call the
subcategory X a cluster tilting subcategory [BMRRT].

4. The pair (X ,Y ) is called a maximal rigid torsion pair provided (X ,Y ) is a torsion pair,
X is rigid and satisfies the property: ”if Ext1(M ⊕ X,M ⊕ X′) = 0 for any X, X′ ∈ X ,
then M ∈ X ”. In this case, we call the subcategory X is a maximal rigid subcategory
[BIRS][BMV].

Remark 2.7. The original definition of cluster tilting subcategories [KR] requires more condi-
tions than that in 3. in Definition 2.6. It turns out by Lemma 3.2 in [KZ] that the present one is
equivalent to the original one.

Remark 2.8. The cotorsion pair (X ,W ) is called a rigid cotorsion pair (a cluster tilting cotor-
sion pair, or a maximal rigid cotorsion pair respectively) if the torsion pair (X ,W [1]) is a rigid
torsion pair (cluster tilting torsion pair or a maximal rigid torsion pair respectively).

It is more common to define a t-structure to be a pair (T ≤0,T ≥0) of subcategories satisfying a
short list of conditions; see for example [BBD][BR]. This definition is equivalent to the one above
if we put X = T ≤0 and Y = T ≥0[−1]. The subcategory X is sometimes referred to as an aisle
[KeV]. By definition, a torsion pair can be regarded as a t−structure without the shift-closedness.

Proposition 2.9. Let (X ,Y ) be a torsion pair in C and I its core. Then

1. (X ,Y ) is a t−structure in C if and only if I = 0.

2. (X ,Y ) is a rigid torsion pair if and only if I = X .

3. (X ,Y ) is a cluster tilting torsion pair if and only if Y = X [1].

4. (X ,Y ) is a maximal rigid torsion pair if and only if X [1] ⊆ Y , and any rigid object
belongs to X ∗X [1].

Proof. 1. If (X ,Y ) is a t−structure in C then Y [−1] ⊆ Y . Hence I = X ∩ Y [−1] ⊆
X ∩ Y = 0.

Now suppose that I = 0. For any Y[−1] ∈ Y [−1], we have a triangle X → Y[−1]→ Y1 →
X[1] with X ∈ X , and Y1 ∈ Y . Then we have the triangle Y[−1] → Y1 → X[1] → Y . It
follows that X[1] ∈ Y , and subsequently X ∈ Y [−1]. Then X = 0 due to that X ∈ I = 0,
and hence we have that Y[−1] � Y1 ∈ Y . This proves that Y [−1] ⊆ Y . Therefore (X ,Y )
is a t−structure.
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2. It follows directly from the definition and Proposition 2.4.

3. It follows directly from the definition.

4. The one direction was proved in Corollary 2.5 in [ZZ], we prove the other direction. Let
(X ,Y ) be a torsion pair with X [1] ⊆ Y , and any rigid object belongs to X ∗X [1].
Then X is rigid. If we have an object M satisfies Ext1(M ⊕ X1,M ⊕ X2) = 0 for any
X1, X2 ∈ X , then M is rigid. It follows that there is a triangle X → M → X′ → X[1],
where X, X′ ∈X , Then the triangle splits, and M ' X ⊕ X′ ∈X . X is maximal rigid.

�

3 Mutation of torsion pairs

Let C be a triangulated category and D a rigid subcategory of C, i.e. Ext1(D,D) = 0. For any
subcategoryM of C which containingD as a subcategory, put:

µ−1(M;D) := (D ∗M[1]) ∩ ⊥(D[1]).

Dually, for any subcategory N of C containingD as a subcategory, put:

µ(N ;D) := (N[−1] ∗ D) ∩ (D[−1])⊥.

The notion of D−mutation is defined in [IY] as a generalization of mutation of cluster tilting
objects in cluster categories.

Definition 3.1. The pair (M,N) of subcategories of C is called a D−mutation pair if M =

µ(N ;D) and N = µ−1(M;D).

It is not difficult to see that: for subcategories M,N , both containing D, (M,N) forms a

D−mutation pair if and only if for any X ∈ M, there is a triangle X
f→ D

g→ Y → X[1]
where D ∈ D, Y ∈ N and f (or g) is a left (right, respectively) D−approximation; and for any

Y ∈ N , there is a triangle X
f ′→ D

g′→ Y → X[1] where D ∈ D, X ∈ M and g′ (or f ′) is a right
(left, respectively) D−approximation. In this case, we write Y = µ−1

D (X) and X = µD(Y). We
have that µ−1(M;D) is the subcategory of C generated (additively) by µ−1

D (X), X ∈ M and D,
µ(N ;D) is the subcategory of C generated (additively) by µD(Y), Y ∈ N andD.

We note that ifD = 0, then µ−1(M;D) =M[1] and µ(N ;D) = N[−1].

Set Ď := {X ∈ C | ∃ a leftD− approximation f : X → D}
Ď is a subcategory of C closed under direct summands and finite direct sums, Ď ⊇ D.
Dually, we set D̂ := {Y ∈ C | ∃ a rightD−approximation f : D→ Y}which is also a subcategory
of C closed under direct summands and finite direct sums, D̂ ⊇ D.

Note thatD is contravariantly finite if and only if D̂ = C, and duallyD is covariantly finite if and
only if Ď = C. ThusD is functorially finite in C if and only if D̂ = C and Ď = C.
The following result was proved in [IY] for the case that D is functorially finite. But their proof
can be applied for the general case without any change.
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Proposition 3.2. Let D be a rigid subcategory of C. ThenM 7→ µ−1(M;D) gives a one-to-one
correspondence between the set of subcategories M of C satisfying D ⊂ M ⊂ Ď⋂

(D[−1])⊥

and the set of subcategories N of C satisfying D ⊂ N ⊂ D̂⋂⊥(D[1]). The inverse is given by
N 7→ µ(N ;D).

Proof. See the proof of Proposition 2.7 in [IY]. �

From now to the end of this section in this paper, we assume that C is a triangulated category with
Serre duality which we recall now. Fix an algebraically closed field k. A triangulated category
C is called k−linear provided all Hom-spaces in C are k−spaces and the compositions of maps
are k−linear. The k−linear triangulated categories in this paper will be assumed Hom-finite and
Krull-Remak-Schmidt, i.e. dimk Hom(X,Y) < ∞ for any two objects X and Y in C, and every
object decomposes into a finite direct sum of objects having local endomorphism rings (see for
example Section 4.1 in Chapter I in [H]).
A functor Σ : C → C is called a Serre functor if there is a bifunctorial isomorphism Hom(X,Y) �
DHom(Y,ΣX) for objects X,Y ∈ C, where D = Homk(−, k) [Ke1]. In this case, C is called a
triangulated category with Serre duality. A k−linear triangulated category C is called 2−Calabi-
Yau (2−CY for short) if the functor [2] is the Serre functor, see for example, [Ke1][Ke2].
If C has Serre functor Σ, then it has Auslander-Reiten triangles and the Auslander-Reiten translate
τ. We have that Σ = τ[1] [RV].
In what follows, we always assume that the subcategoryD of C satisfies the following condition
RF : D is a functorially finite rigid subcategory, and D is a F2−subcategory, i.e. F2D = D
(equivalently τD = D[1]), where F2 = Σ−1[2].
We note that if C is a 2−CY triangulated category, then F2 = id, and subsequently any functorially
finite rigid subcategoryD satisfies the condition RF.

Under this condition, ⊥D[1] = D[−1]⊥, which is denoted byZ. It is easy to see that (Z,Z) forms
aD−mutation pair [IY]. The quotient category U := Z/D is defined as follows: the objects are
the same as Z, the Hom space from X to Y is defined as the quotient group of HomC(X,Y) by
the subgroup consisting of morphisms factoring through an object inD. It was proved by Iyama-
Yoshino that the quotient category U carries a natural triangulated structure inherited from the
triangulated structure of C (see Proposition 4.6 and Theorem 4.2 in [IY]). For the convenience of
the reader, we recall briefly the triangulated structure ofZ/D below:
The shift in U is defined as follows: for any object X, consider the left D−approximation f :

X → D, and extend it to a triangle X
f→ D→ Z → X[1], then Z is defined as the shift of X in U ,

denoted as: X < 1 >.
For any triangle X

a→ Y
b→ Z

c→ X[1] in C, take a triangle X
f→ D

g→ X < 1 >
h→ X[1] with f

being the leftD−approximation of X. Then we have the commutative diagram:

X
a−→ Y

b−→ Z
c−→ X[1]

‖ ↓ ↓ d ‖
X

f−→ D
g−→ X < 1 >

h−→ Y[1].

Then triangles in U are defined as the complexes in U which are isomorphic to a complex

X
a−→ Y

b−→ Z
d−→ X〈1〉
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where X,Y,Z ∈ Z, and a, b, c are the images of maps a, b, c under the quotient functor Z → U
respectively.

Under the condition RF onD, when X is a subcategory of C satisfyingD ⊂ X ⊂ D[−1]⊥, we
have the following result.

Lemma 3.3. If (X ,W ) is a cotorsion pair andD ⊂X ⊂ D[−1]⊥, thenD ⊂ W ⊂ D[−1]⊥.

Proof. Note that W = X [−1]⊥. Since X ⊂ D[−1]⊥ = ⊥D[1], we have Hom(X ,D[1]) = 0,
and then Hom(X [−1],D) = 0. Therefore, D ⊂ X [−1]⊥ = W . Since D ⊂ X , D[−1] ⊂
X [−1]. Hence X [−1]⊥ ⊂ D[−1]⊥.

�

Thus, one can consider the relations between cotorsion pairs in C and cotorsion pairs in the
quotient category U . We shall need the following lemma.

Lemma 3.4. Let X and W be two objects in Z. Then HomC(X,W[1]) = 0 if and only if
HomU (X,W < 1 >) = 0.

Proof. Since W ∈ Z, there is a triangle in C

W → DW
g→ W < 1 >→ W[1]

where DW ∈ D and g is a rightD−approximation of W < 1 >. Applying the functor HomC(X,−)
to this triangle, we have the following exact sequence

HomC(X,DW)→ HomC(X,W < 1 >)→ HomC(X,W[1])→ 0

as HomC(X,D[1]) = 0. It follows that the lemma holds.
�

The following theorem gives a one-to-one correspondence between cotorsion pairs whose core
containing D in C and cotorsion pairs in U . In the following, X denotes the subcategory of U
consisting of objects X ∈X , for the subcategory X satisfyingD ⊂X ⊂ D[−1]⊥.

Theorem 3.5. Assume that X is a subcategory of C satisfyingD ⊂X ⊂ D[−1]⊥. Then (X ,W )
is a cotorsion pair with the core I(X ) in C if and only if (X ,W ) is a cotorsion pair with the
core I(X ) in U .

Proof. Firstly we note that U is a triangulated category with shift functor < 1 >.
Assume that (X ,W ) is a cotorsion pair. It follows from HomC(X ,W ) = 0 and D ⊂ X ⊂
D[−1]⊥ that D ⊂ W ⊂ D[−1]⊥. Then HomU (X ,W < 1 >) = 0 by Lemma 3.4. For any
Z ∈ Z, there is a triangle

W → X → Z → W[1]

where X ∈ X and W ∈ W as (X ,W ) is a cotorsion pair in C. Since all of W, X, Z are in Z,
there is a triangle W → X → Z → W < 1 > in U . Therefore, U ⊂ X ∗ W < 1 >, and then
(X ,W ) is a cotorsion pair in U .
Conversely, assume that (X ,W ) is a cotorsion pair. Then HomC(X ,W ) = 0 by Lemma 3.4.
For any Z ∈ Z, there is a triangle in U :

W → X → Z → W < 1 >
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where X ∈X and W ∈X [−1]⊥. Then there is a triangle

W → X → Z′ → W[1]

in C such that Z � Z′ in U . Then Z � Z′ in C up to direct summands in D. Thus Z is a
subcategory of X ∗ W [1]. Then C = Z ∗ D[1] ⊂ X ∗ W [1] ∗ D[1] = X ∗ W [1]. Therefore
(X ,W ) is a cotorsion pair in C.
Finally, we have that I(X ) = X ∩W = X ∩W = I(X ).

�

Restricting ourselves to the special cases of cluster tilting torsion pairs, rigid torsion pairs, maxi-
mal rigid torsion pairs and t-structures, we have the following results.

Corollary 3.6. Assume that X is a subcategory of C satisfyingD ⊂X ⊂ D[−1]⊥.

1. (X ,W ) is a rigid cotorsion pair in C if and only if (X ,W ) is a rigid cotorsion pair in U .

2. (X ,W ) is a cluster tilting cotorsion pair in C if and only if (X ,W ) is a cluster tilting
cotorsion pair in U .

3. (X ,W ) is a maximal rigid cotorsion pair in C if and only if (X ,W ) is a maximal rigid
cotorsion pair in U .

4. (X ,W ) is a t−structure in U if and only ifD = I(X ).

Proof. 1. By Proposition 2.9, we only need to prove that I(X ) = X if and only if I(X ) =

X . But by Theorem 3.5, I(X ) = I(X ). Thus the assertion holds.

2. It follows from Theorem 5.1 in [IY].

3. Obviously, X ⊂ W if and only if X ⊂ W . Suppose that any rigid object in C belongs to
X ∗X [1]. For any rigid object Y in U , we know that Y is rigid in C by the first part of
this corollary. Then there is a triangle in C:

X′ → X → Y → X′[1]

with X, X′ ∈X . Then there is a triangle in U :

X′ → X → Y → X′ < 1 > .

Therefore, Y ∈ X ∗X < 1 >. It follows from Proposition 2.9 that (X ,W ) is a maximal
rigid cotorsion pair in U .

Conversely, suppose that any rigid object in U belongs to X ∗X < 1 >. For any rigid
object Y in C, there is a triangle in C:

Z → Y → D[1]→ Z[1]

with D ∈ D and Z ∈ Z. It is easily checked that Z is a rigid object in C. Then it is rigid in
U by the first part of this corollary, and then there is a triangle in U :

X′ → X → Z → X′ < 1 > .
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with X, X′ ∈X . Then there is a triangle in C

X′ → X → Z′ → X′[1].

such that Z′ is isomorphic to Z up to direct summands in D. Therefore, Y ∈ X ∗X <

1 >. Since Hom(X ,X [1]) = 0, then X ∗X [1] is closed under extensions. Therefore
Z ∈X ∗X [1] and then Y ∈X ∗X [1] ∗D[1] = X ∗X [1]. By Proposition 2.9, we have
that (X ,W ) is a cotorsion pair in C.

4. It follows from Proposition 2.9 and Theorem 3.5.
�

The following theorem is a generalization of well-known results on mutations of cluster tilting
objects [BMRRT][IY], maximal rigid objects[BIRS][ZZ] to the setting of torsion pairs.

Theorem 3.7. Assume that (X ,W ) is a cotorsion pair with the core I in C, D is a subcategory
of I satisfying the condition RF. Then (µ−1(X ;D), µ−1(W ;D)) is also a cotorsion pair in C.
Moreover µ−1(I;D) = I(µ−1(X ;D)), and (I, I(µ−1(X ;D))) forms aD−mutation pair.

Proof. We denote µ−1(X ;D), µ−1(W ;D), µ−1(I;D) by X ′, W ′, I′ respectively.
By Theorem 3.5, we have that (X ,W ) is a cotorsion pair in U . Then its 0−mutation (X <

1 >,W < 1 >) is also cotorsion pair in U . By Proposition 4.4 in [IY], X < 1 >= X ′ and
W < 1 >= W ′. Then by Theorem 3.5 again, we have that (X ′,W ′) is a cotorsion pair in C.
For the last statement, we have that I(X ) = I(X ) and I(X ′) = I(X ′) by Theorem 3.5. It is
easily checked that I(X ) < 1 >= I(X < 1 >). So

I′ = I(X ) < 1 >= I(X ) < 1 >= I(X < 1 >) = I(X ′) = I(X ′).

Therefore, I′ = I(X ′) and (I, I(X ′)) forms aD−mutation. �

Note that (X ,Y ) is a torsion pair if and only if (X ,Y [−1]) is a cotorsion pair, and µ−1(Y ;D[1])[−1] =

µ−1(Y [−1];D). Then we have the torsion pair version of the above theorem.

Theorem 3.8. (The torsion pair version) Assume that (X ,Y ) is a torsion pair with the core I
in C, D is a subcategory of I satisfying the condition RF. Then (µ−1(X ;D), µ−1(Y ;D[1])) is
also a torsion pair in C. Moreover µ−1(I;D) = I(µ−1(X ;D)), and (I, I(µ−1(X ;D))) forms a
D−mutation pair.

Dually, one can prove that (µ(X ;D), µ(Y ;D[1])) is a torsion pair if (X ,Y ) is a torsion pair.
It follows from Theorem 3.8 and its dual, Propositions 3.4,3.7 that if (X ,Y ), (X ′,Y ′) are
two torsion pairs in C, then (X ′,Y ′) = (µ−1(X ;D), µ−1(Y ;D[1])) if and only if (X ,Y ) =

(µ(X ′;D), µ(Y ′;D)).

Definition 3.9. Let D be a functorially finite rigid F2−subcategory of C and (X ,Y ), (X ′,Y ′)
two torsion pairs in C satisfyingD ⊂X ,X ′ ⊂ D[−1]⊥. We say that the torsion pairs
(µ−1(X ;D), µ−1(Y ;D[1])), (µ(X ′;D), µ(Y ′;D[1])) are the D−mutations of the torsion pairs
(X ,Y ), (X ′,Y ′) respectively. We call the equivalence ≈D on the class of torsion pairs in C
generated by the D−mutations of torsion pairs the D−mutation equivalence. The equivalence
class of a torsion pair (X ,Y ) is denoted by (X ,Y )D.
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From the definition above, we have that two torsion pairs (X ,Y ) (X ′,Y ′) form aD−mutation
pair if and only if X ′ = µ−1(X ;D) and Y ′ = µ−1(Y ;D[1]) if and only if X = µ(X ′;D) and
Y = µ(Y ′;D[1]).
Now we apply the mutation of torsion pairs to the special cases of t−structures, cluster tilting
torsion pairs, rigid torsion pairs, and maximal rigid torsion pairs. The mutations of these special
cases appeared recently in the study of cluster tilting theory and cluster algebras, see the surveys
[Ke3] [Re] and the references there.

Corollary 3.10. LetD be a functorially finite rigid F2−subcategory of C, (X ,Y ) a torsion pair
in C satisfyingD ⊂X ⊂ D[−1]⊥ and (X ,Y )D the equivalence class of a torsion pair (X ,Y ).

1 When (X ,Y ) is a t-structure, then any torsion pair in (X ,Y )D is a t-structure.

2 When (X ,Y ) is a rigid torsion pair, then any torsion pair in (X ,Y )D is a rigid torsion
pair.

3 When (X ,Y ) is a cluster tilting torsion pair, then any torsion pair in (X ,Y )D is cluster
tilting torsion pair.

4 When (X ,Y ) is a maximal rigid torsion pair, then any torsion pair in (X ,Y )D is a
maximal rigid torsion pair.

Proof. Let (X ′,Y ′) be theD−mutation of (X ,Y ).

1 When (X ,Y ) is a t-structure, then the only possible mutation of (X ,Y ) is (X [1],Y [1]),
the shift of the t-structure (X ,Y ). This is because the possible functorially finite rigid
F2−subcategory D satisfying D ⊂ X ⊂ D[−1]⊥ must be zero due to Remark 3.7 and
Proposition 2.9(1). It is easy to see that (X [1],Y [1]) is a t-structure.

2 When (X ,Y ) is a rigid torsion pair, then I(X ) = X . It follows from Theorem 3.9 that
I(X ′) = µ−1(I(X );D) = µ−1(X ;D) = X ′. Then (X ′,Y ′) is a rigid torsion pair by
Proposition 2.9.

3 When (X ,Y ) is a cluster tilting torsion pair, then Y = X [1] (Proposition 2.9). So for
Y = X [1], it is easy to see Y ′ = X ′[1]. Then (X ′,Y ′) is cluster tilting torsion pair.

4 This was proved in [BMV][ZZ] forD being an almost complete maximal rigid subcategory,
which means D contains the same but one indecomposable objects (up to isomorphisms)
as X . Here we present the proof for the general case for the convenience of the readers.
Denote Y [−1] by W , then (X ,W ) is a maximal rigid cotorsion pair. By Theorem 3.5,
we have that (X ,W ) is a maximal rigid cotorsion pair in U . Then so is its 0−mutation
(X < 1 >,W < 1 >). By Proposition 4.4 in [IY], X < 1 >= X ′ and W < 1 >= W ′.
Then by Theorem 3.5 again, we have that (X ′,W ′) is a maximal rigid cotorsion pair in C.
Therefore (X ′,Y ′) is a maximal rigid torsion pair in C.

�

In the following, we study the properties of the mutation.
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Theorem 3.11. LetD be a functorially finite rigid F2−subcategory of C, (X ,Y ) a torsion pair
with core I in C satisfying D ⊂ X ⊂ D[−1]⊥ and (X ′,Y ′) = (µ−1(X ;D), µ−1(Y ;D)). Then
the following holds:
(1). There is a bijection between the set of isomorphism classes of indecomposable objects in X
and the set of isomorphism classes of indecomposable objects in X ′, which induces the bijection
between the set isomorphism classes of indecomposable objects in I and in I′ respectively.
(2). WhenD is a proper subcategory of the core I, then I′ , I, (X ,Y ) , (X ′,Y ′).
(3). When I = D, then I′ = I, X ′ ⊆X and Y ⊆ Y ′.

Proof. (1). We use the same notations as the above in this section. Let Z = ⊥D[1] = D[−1]⊥

and U = Z/D the triangulated quotient category with the shift < 1 >. Since (X ′,Y ′) is the
D−mutation of (X ,Y ) with the core I′, X ′ (Y ′[−1], or I′) is the D−mutation of X (Y [−1],
or I, respectively). It follows that X

′
= X < 1 >, Y [−1]

′
= Y [−1] < 1 >, and I

′
= I < 1 >.

Therefore there is a bijection between the sets of isoclasses of indecomposable objects in X and
in X ′ respectively, which induces the bijection between the sets of isoclasses of indecomposable
objects in I and in I′ respectively. The lift of the first bijection above gives a bijection between
the sets of isoclasses of indecomposable objects in X and in X ′ respectively, which induces the
bijection (which is also the lift of the second bijection above) between the sets of isoclasses of
indecomposable objects in I and in I′ respectively.
(2). Suppose I′ = I. Since I′ is the D−mutation of I, we have that D = I. Otherwise, we take a

non-zero object X in I\D. Let f : X → D be a leftD−approximation, and X
f→ D

g→ X′
h→ X[1]

the triangle which f embeds. We have that X′ ∈ I′ = I, and then h = 0 since Ext1(I, I) = 0. It
follows that the triangle above splits and D ' X ⊕ X′. Then X ∈ D, a contradiction. ThenD = I,
it is a contradiction. Therefore I′ , I, and (X ′,Y ′) , (X ,Y ).
(3). Suppose D = I. Then I′ = I = D and (X ,Y [−1]) is a t−structure in U . It follows that
X ′ = X < 1 >⊆ X and Y [−1] ⊆ Y [−1] < 1 >= Y ′[−1]. So we have that X ′ ⊆ X and
Y ⊆ Y ′. �

A triangulated category C is called of finite type if there are only finitely many indecompos-
able objects up to isomorphisms in C. Finite type triangulated categories are studied recently in
[XZ1, XZ2][Am][Koe][Kr]. Cluster categories of Dynkin quivers and stable Cohen-Macaulay
categories of finite type [BIKR] provide examples of finite triangulated categories.

Corollary 3.12. LetC be a finite triangulated category,D be a functorially finite rigid F2−subcategory
of C, (X ,Y ) a torsion pair with core I in C satisfying D ⊂ X ⊂ D[−1]⊥ and (X ′,Y ′) =

(µ−1(X ;D), µ−1(Y ;D)) with core I′. Then (X ′,Y ′) = (X ,Y ) if and only if I′ = I.

Proof. The ”if” part is obviously. We prove the ”only if” part. Suppose I′ = I. Then by Theorem
3.11(2)D = I. It follows from Theorem 3.11(3) that X ′ ⊆ X. Then we have X ′ = X from the
finiteness of C. Therefore (X ′,Y ′) = (X ,Y ).

�

We note that there are two different torsion pairs with the same core in C. For example, we take
X = addM with M an rigid indecomposable object in any cluster category of a quiver with at
least two vertices. Then (X ,X ⊥) and (X ⊥[−1],X [1]) are torsion pairs, their cores are X .

We also note that Corollary 3.12 is not true without the condition that C is of finite type. For
example we take C to be a (bounded) derived category of the abelian category A. Let (X ,Y )
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be the torsion pair given by the standard t−structure in C, and D = 0. Then the D−mutation
(X ′,Y ′) of (X ,Y ) is a (X [1],Y [1]). Their cores are zero, but X ′ , X in general.

4 A geometric realization of mutation

In this section, we will give a geometric interpretation of D−mutation of torsion pairs in the
cluster categories of type An and in the cluster categories of type A∞. The geometric construction
of cluster categories of type An (or type A∞) was given by Caldero, Chapton and Shiffler [CCS]
(resp. by Holm and Jørgensen [HJ]). The notion of Ptolemy diagrams was introduced recently
by Holm-Jørgensen-Rubey [HJR] and by Ng [Ng] as a geometric model of torsion pairs in the
cluster categories of type An and of type A∞ respectively. We will define the mutation of Ptolemy
diagrams for each case and prove that it coincides with the D−mutation of torsion pairs in the
cluster categories of type A ( An or A∞).

4.1 Type An

Let Pn+3 be a regular convex (n + 3)-gon with the vertices 1, 2, · · · , n + 3, labeled counterclock-
wise. An edge of Pn+3 is a set of two neighboring vertices. A diagonal of Pn+3 is a set of two
non-neighboring vertices. Caldero, Chapoton and Schiffler [CCS] defined a category whose in-
decomposable objects are diagonals of Pn+3 and proved that this category is equivalent to the
cluster category CAn of type An defined in [BMRRT] (the cluster categories were defined there
for arbitrary acyclic quivers). Then there is a bijection between the set of diagonals of Pn+3 and
the set of isoclasses of indecomposable objects in CAn . This bijection induces a bijection between
the collection of sets of diagonals of Pn+3 and the collection of subcategories of CAn . We denote
the indecomposable object in CAn corresponding to the diagonal {i, j} by M{i, j} and denote the
subcategory of CAn (additively) generated by indecomposable objects corresponding to elements
in the subset U of diagonals of Pn+3 by U′. The bijection above on subsets of diagonals is denoted
by (−)′. It was proved recently in [HJR] that under the bijection (−)′, there is a one-to-one corre-
spondence between the collection of Ptolemy diagrams of Pn+3 and the torsion pairs in CAn . For
convenience, we will consider the edges of the polygon Pn+3 to be a part of a Ptolemy diagram,
and M{i, j} of an edge {i, j} of Pn+3 is the zero object in CAn .
We recall the definition of Ptolemy diagrams from [HJR]. Let U be a subset of diagonals of Pn+3.
U is called a Ptolemy diagram if it satisfies the following property: when there are two crossing
diagonals {i, k} and { j, l} in U, then those of {i, j}, { j, k}, {k, l}, {l, i} which are diagonals are in U.
See Figure 1.
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Figure 1.

We know that two diagonals {i, k}, { j, l} cross each other if and only if Ext1(M{i,k},M{ j,l}) , 0
(see [CCS]). In this case dimExt1(M{i,k},M{ j,l}) = 1. Suppose that the four vertices i, j, k, l turn
come in anti-clockwise order (Figure 1). Combining with the Ptolemy relation in Pn+3 which
corresponds to the exchange relations in the cluster algebra of type An studied in Section 12.3 of
[FZ] and the equivalence of the categories of diagonals of Pn+3 with the cluster categories of type
An studied in [CCS], there are two non-split triangles in CAn :

M{ j,l} → M{i, j} ⊕ M{k,l} → M{i,k} → M{ j,l}[1]

and
M{i,k} → M{ j,k} ⊕ M{i,l} → M{ j,l} → M{i,k}[1].

By Theorem A in [HJR], (U′,U′⊥) is a torsion pair in CAn for any Ptolemy diagram U. We denote
the set of edges of Pn+3 by E(P) and the set {α ∈ U | α crosses no diagonal in U} by I(U). It is
easy to see that I(U)′ = I(U′). Given a subset D of I(U). A set {i1, i2, · · · , is} of integers with
1 ≤ i1 < i2 < · · · < is ≤ n + 3 is called a D−cell if {i1, i2}, · · · , {is−1, is}, {i1, is} are in the set
E(P)

⋃D and other subsets formed by two elements of {i1, i2, · · · , is} are not in D. We say a
diagonal {a, b} is in the interior of the D−cell {i1, · · · , is} with i1 < · · · < is if a, b ∈ {i1, · · · , is}
and 1 < |b − a| < s − 1, i.e. {a, b} is not the edge of the D−cell {i1, · · · , is}. We note that the
Ptolemy diagram U of polygon Pn+3 is divided to severalD−cells by diagonals inD.
Now we define theD−mutation of a Ptolemy diagram U of the polygon Pn+3.

Definition 4.1. 1. Let {i1, i2, · · · , is} be a D−cell of U. For any diagonal {ik, il} in the interior of
this D−cell, we define the D−mutation of {ik, il} is {ik−1, il−1} where we take i0 to be is. For any
diagonal {a, b} inD, we define theD−mutation of {a, b} is itself. TheD−mutation of theD−cell
is the set ofD−mutations of diagonals in this cell.
2. TheD−mutation of U is the union of theD−mutations of itsD−cells.

Since every diagonal in U but not in D belongs to only one D−cell as one of its diagonals, the
definition ofD−mutation of U above is well-defined.

Remark 4.2. Roughly speaking, the D−mutation of U is a diagram obtained by the following
operator: the endpoints of diagonals in U which are not in D are moved clockwise along the
boundary of theD−cell containing the diagonal to the next vertices. For example, ifD is empty,
then the D−mutation of U is the Ptolemy diagram obtained by shifting clockwise the diagonals
in U.

Proposition 4.3. TheD−mutation of a Ptolemy diagram U is also a Ptolemy diagram.

Proof. For any two crossing diagonals of U, those two diagonals are not in I(U). Then they
belong to the sameD−cell. It follows that theD−mutation of U is a Ptolemy diagram.

�

Example 1. Let n = 5, and U = {{2, 7}, {2, 8}, {3, 7}, {3, 8}, {4, 6}, {4, 7}, {5, 7}} be a Ptolemy dia-
gram of Pn+3, see Figure 2. Then I(U) = {{2, 8}, {3, 7}, {4, 7}}.
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Figure 2.

Let D = {{3, 7}} which is a subset of I(U). Then U divides into two D−cells: {1, 2, 3, 7, 8},
{3, 4, 5, 6, 7}. Then theD−mutation of U is the following diagram, see Figure 3.

Figure 3.

Now we prove the main result in this subsection which gives a geometric realization of mutation
of torsion pairs in CAn .

Theorem 4.4. Under the correspondence (−)′, the D−mutation of a Ptolemy diagram U coin-
cides with theD′−mutation of the torsion class U′ of the torsion pair (U′,U′⊥).

Proof. Let U be a Ptolemy diagram of Pn+3, D a subset of I(U). Then U divides into several
D−cells. Let {ik, il} be in U, not in D. Then {ik, il} belongs to a D−cell, say {i1, i2, · · · , is}. Then
we have the following triangle in CAn :

M{ik ,il} → M{ik−1,ik} ⊕ M{il−1,il} → M{ik−1,il−1} → M{ik ,il}[1].

The diagonals {ik−1, ik} and {il−1, il} are the edges of the D−cell {i1, i2, · · · , is}, so they are edges
of Pn+3 or in D. Then M{ik−1,ik} ⊕ M{il−1,il} ∈ D′. The diagonal {ik−1, il−1} crosses no diagonals in
D, so Ext1(M{ik−1,il−1},D′) = 0. Therefore, M{ik−1,il−1} = µ−1

D′(M{ik;il}), the mutation of the object
M{ik;il} in the cluster category CAn .

�
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4.2 Type A∞

The cluster category CA∞ was introduced in [HJ]. It is the orbit category D f (modΓ)/τ−1[1]. Here
Γ is a quiver of type A∞ with zigzag orientation and [1] and τ are the Auslander-Reiten translate
and the shift functor of the finite derived category D f (modΓ). Recall that the Auslander-Reiten
quiver of CA∞ is ZA∞. See Figure 4.
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Figure 4. The AR-quiver of CA∞ .

The action of the shift functor [1] is (a, b)[1] = (a − 1, b − 1).
Let P∞ be a∞-gon with the vertices labeled by integers. An edge of P∞ is a set {a, b} of integers
with |b − a| = 1. An arc of P∞ is a set {a, b} of integers with |b − a| ≥ 2. For any arc {a, b},
we denote the indecomposable object in CA∞ corresponding to the pair (min{a, b},max{a, b}) by
M{a,b}. Sometimes we use (min{a, b},max{a, b}) to denote M{a,b} for simplicity if no confusion
can arise. We always use the ordered sets {a, b} to denote arcs, which means that for an arc
{a, b}, a < b. Then the map {a, b} 7→ M{a,b} induces a bijection between the set of arcs of P∞
and the set of isoclasses of indecomposable objects in CA∞ (see [HJ]). This bijection induces a
bijection between the collection of sets of arcs of P∞ and the collection of subcategories of CA∞ .
This bijection is denoted by (−)′. We denote the subcategory of CAn (additively) generated by
indecomposable objects corresponding to elements in the subset U of arcs of P∞ by U′. Two arcs
{a, b} and {c, d} are said to cross each other if we have either a < c < b < d or c < a < d < b. We
recall some notion from [HJ].

Definition 4.5. ([HJ] Definition 3.2) Let A be a set of arcs. If for each integer n there are only
finitely many arcs in A which end in n, then A is called locally finite. If n is an integer such that
A contains infinitely many arcs of the form {m, n} (resp. {n, p}), then n is called a left (resp. right)
fountain of A. If n is both a left and a right fountain of A, then it is called a fountain.

It was proved recently in [Ng] that for a subset U of arcs, (U′,U′⊥) is a torsion pair in CA∞ if and
only if U satisfies the following two conditions:

(i). If for each pair of crossing arcs {a, b} and {c, d} in U, those of the pairs {a, c}, {c, b}, {b, d} and
{a, d} which are arcs belong to U (see Figure 5);

(ii). Each right fountain of U is a fountain.
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Figure 5.

We will call a subset U a Ptolemy diagram of P∞. We know that two arcs {a, b} and {c, d} cross if
and only if dimExt(M{a,b},M{c,d}) = 1 (see Lemma 3.6 in [HJ]). We can determine the non-split
triangles between M{a,b} and M{c,d}. For convenience, we will use M{a,a+1} to denote the object
corresponding to the edge {a, a + 1} of∞−gon. It is set to be the zero object in CA∞ .

Lemma 4.6. Suppose that {a, b} and {c, d} are two arcs of P∞ with a < c < b < d. Then there are
two non-split triangles in CA∞ between (a, b) and (c, d):

(a, b)→ (a, d) ⊕ (c, b)→ (c, d)→ (a, b)[1]

and
(c, d)→ (a, c) ⊕ (b, d)→ (a, b)→ (c, d)[1].

Proof. The first triangle is from the AR-quiver of CA∞ straightly. It is a non-split triangle. We
show the existence of the second one. Note that there are two non-split triangles in CA∞ which
are from the AR-quiver of CA∞ :

(c, b + 1)→ (c, d)→ (b, d)→ (c, b + 1)[1],

(c − 1, b)[−1]→ (a, c)→ (a, b)→ (c − 1, b).

Applying Hom((b, d),−) to the last triangle, we have that the following exact sequence

Hom((b, d), (a, c))→ Hom((b, d), (a, b))
f→ Hom((b, d), (c − 1, b)).

When d − b ≥ 2, we have that a + 1 < b < b + 1 < d and a + 1 < c + 1 ≤ b < d. We have that
(a + 1, b + 1) and (b, d) cross, (a, b) = (a + 1, b + 1)[−1]; (a + 1, c + 1) and (b, d) don’t cross. By
Lemma 3.6 in [HJ], it follows that Hom((b, d), (a, b)) is one-dimensional and Hom((b, d), (a, c)) =

0. Therefore f is injective and then bijective because dimk Hom((b, d), (c − 1, b)) ≤ 1. When
d − b = 1, (b, d) is a zero object in CA∞ , then f is also bijective. So any map from (b, d)
to (c − 1, b) factors through (a, b). But (c, b + 1)[1] = (c − 1, b), then there is the following
commutative diagrams

(c, b + 1) → (c, d) → (b, d) → (c, b + 1)[1]
‖ ↓ ↓ ‖

(c − 1, b)[−1] → (a, c) → (a, b) → (c − 1, b).

By Lemma 2.2 in [XZ1], we get the second triangle in the lemma. It is a non-split triangle since
(c, d) ⊕ (a, b) � (a, c) ⊕ (b, d). �

We denote the set of edges of P∞ by E(P∞) and the set {α ∈ U | α crosses no arc in U} by I(U). It
is easy to see that I(U)′ = I(U′). Given a subsetD of I(U), it is not difficult to see thatD contains
at most one fountain. By Theorem 2.2 and Theorem 2.3 in [Ng], we have that D′ is functorially
finite if and only if D is locally finite or has a fountain. Under this condition on D, a finite set
{i1, i2, · · · , is} with i1 < i2 < · · · < is of integers is called a finite D−cell if {i1, i2}, · · · , {is−1, is},
{is, i1} are in the set E(P∞)

⋃D and other subsets of the form {ik, il} of {i1, i2, · · · , is} are not in
D; an infinite set {it | t ∈ Z} of integers where it < is for t < s is called an infinite D−cell if
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{it, it+1} is in the set E(P∞)
⋃D for any t ∈ Z and other subsets of the form {ik, il} of {it | t ∈ Z}

are not inD.
We say an arc {a, b} is in the interior of a finite D−cell {i1, · · · , is} with i1 < · · · < is (resp. an
infinite D−cell {it | t ∈ Z} where it < is if t < s) if a, b ∈ {i1, · · · , is} and 1 < b − a < s − 1 (resp.
a, b ∈ {it | t ∈ Z} and b − a ≥ 2).

Proposition 4.7. Let U be a Ptolemy diagram of P∞ and D be a subset of I(U) satisfying that
it is locally finite or has a fountain. Then U divides into several D−cells by arcs in D (maybe
infinitely many).

Proof. We need to prove that any arc {a, b} (a < b) in U but not in D belongs to a D−cell.
We will construct a D−cell containing the arc {a, b}. There is the maximal integer a1 such that
a < a1 ≤ b and {a, a1} belongs to D⋃

E(P∞). By induction, we can find ai, 2 ≤ i ≤ m such that
ai is the maximal integer satisfying that ai−1 < ai ≤ b and {ai−1, ai} belongs to D⋃

E(P∞) for
any 2 ≤ i ≤ m, and am = b.
If there is no arc {c, b} ∈ D⋃

E(P∞) with c ≤ a, then b is not a left fountain ofD and then is not
a right fountain of D. Then there is the maximal integer b1 such that {b, b1} ∈ D⋃

E(P∞). We
denote b by b0. By induction, we have two cases: The first one, we can find bi, 0 ≤ i ≤ n, such
that bi is the maximal integer satisfying that {bi, bi+1} ∈ D⋃

E(P∞) for 0 ≤ i ≤ n − 1 and there
is an arc {c, bn} ∈ D⋃

E(P∞) with c ≤ a but any arc {c′, bi} is not in D⋃
E(P∞) for c′ ≤ a and

0 ≤ i ≤ n − 1. And the second case, we can find bi, i ≥ 0, such that bi is the maximal integer
satisfying that {bi, bi+1} ∈ D⋃

E(P∞) for i ≥ 0 and any arc {c, bi} is not in D⋃
E(P∞) for any

c ≤ a and i ≥ 0.
For the first case, we take c to be the maximal integer such that {c, bn} ∈ D⋃

E(P∞) and c < a.
We denote c by c0. By the same method above, we can find ci, 1 ≤ i ≤ l, such that ci is the
maximal integer satisfying that {ci−1, ci} ∈ D⋃

E(P∞) and ci ≤ a, and cl = a. We claim that
{c, c1, · · · , cl−1, a, a1, · · · , am−1, b, b1, · · · , bn} is a D−cell. By construction, any set consisting
of two neighboring numbers in the set {c, c1, · · · , cl−1, a, a1, · · · , am−1, b, b1, · · · , bn} belongs to
D⋃

E(P∞) where we view bn, c as two neighboring numbers. Let {x, y} be an arc consisting
of two non-neighboring numbers in the set {c, c1, · · · , cl−1, a, a1, · · · , am−1, b, b1, · · · , bn}. If x, y
belong to the same set {c, c1, · · · , cl}, {a, a1, · · · , am}, or {b, b1, · · · , bn}, then this arc is not in
D by the choice of ci, ai or bi. If x is in the set {c, c1, · · · , cl−1} or {b1, · · · , bn}, y is in the set
{a1, · · · , am−1}, then this arc crosses the arc {a, b}. Then {x, y} is not in D. If x is in the set
{c, c1, · · · , cl}, y is in the set {b, b1, · · · , bn}, then {x, y} is not inD by the choice of bn and c. This
proves our claim.
For the second case, a is not a fountain of D. Otherwise there is an arc {a, b′} ∈ D with b′ > b.
If b′ = bi for some i, this is a contradiction. If bi < b′ < bi+1 for some i, then {a, b′} crosses
{bi, bi+1}, a contradiction. So there is the minimal integer a−1 such that {a−1, a} ∈ D⋃

E(P∞).
For the same reason, a−1 is not a fountain of D. Then by induction, we can find ai, i ≤ −1, such
that ai is the minimal integer satisfying that {ai, ai+1} ∈ D⋃

E(P∞) for i ≤ −1. Similar as the
first case, we have that {ai, i ≤ m − 1}⋃{bi, i ≥ 0} is aD-cell. It is an infiniteD-cell.

�

Now we define theD−mutation of a Ptolemy diagram U of the polygon P∞.

Definition 4.8. 1. Let {i1, i2, · · · , is} be a finite D−cell with i1 < i2 < · · · < is. For any arc {ik, il}
in the interior of this D−cell, we define the D−mutation of {ik, il} to be {ik−1, il−1} where we take
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i0 to be is. Let {it | t ∈ Z} be an infinite D−cell where it < is for t < s. For any arc {ik, il} in the
interior of thisD−cell, we define theD−mutation of {ik, il} to be {ik−1, il−1}. For any arc {a, b} in
D, we define the D−mutation of {a, b} to be itself. The D−mutation of the D−cell is the set of
D−mutations of diagonals in this cell.
2. TheD−mutation of U is the union of theD−mutations of itsD−cells.

Since every arc in U but not in D belongs to the interior of only one (finite or infinite) D−cell,
the definition ofD−mutation of U above is well-defined.

Example 2. Let U = {{1, 3}, {1, 4}, {2, 4}, {1, 5}} ∪ {{t, 1} | t ≤ −1} , see Figure 6. Then I(U) =

{{1, 4}, {1, 5}} ∪ {{t, 1} | t ≤ −1}.

Figure 6.

Let D = {{1, 5}} which is a subset of I(U) and is locally finite. Then U divides into two D−cells:
a finite D−cell {1, 2, 3, 4, 5} and an infinite D−cell {t | t ≤ 1 or t ≥ 5}. Then the D−mutation of
U is the following diagram, see Figure 7.

Figure 7.

Theorem 4.9. Under the correspondence (−)′, the D−mutation of a Ptolemy diagram U of P∞
coincides with theD′−mutation of the torsion class U′ of the torsion pair (U′,U′⊥).

Proof. Let U be a Ptolemy diagram of P∞,D a subset of I(U) satisfying thatD is locally finite or
has a fountain. Then P∞ divides into several D−cells. Let {ik, il} be in U, not in D. Then {ik, il}
belongs to the interior of a D−cell, say {i1, i2, · · · , is} if it is finite or {it | t ∈ Z} if it is infinite,
then we have the following triangles in CA∞ by Lemma 4.6:

M{ik ,il} → M{ik−1,ik} ⊕ M{il−1,il} → M{ik−1,il−1} → M{ik ,il}[1]

where we take i0 to be is when theD−cell is finite.
The arcs {ik−1, ik}, {il−1, il} are in E(P∞) ∪ D. Then M{ik−1,ik} ⊕ M{il−1,il} belongs to D′. The
arc {ik−1, il−1} crosses no diagonals in D since it is in a D−cell, so Ext1((ik−1, il−1),D′) = 0.
Therefore, M{ik−1,il−1} = µ−1

D′(M{ik ,il}), the mutation of object M{ik ,il} in the cluster category CA∞ .
�

From the theorem above and Theorem 3.18 [Ng], we have that the D−mutation of a Ptolemy
diagram of P∞ is again a Ptolemy diagram.

Corollary 4.10. If U is a Ptolemy diagram of P∞, then so is theD−mutation of U.
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