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Abstract. We give an axiomatic description of coils, which improves the
Assem-Skowronski characterization of coils by removing two of the conditions
in Theorem 4.2 in [4]. This gives a suitable generalization of the D’Este-Ringel
characterization of coherent tubes given in [7].
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1. Introduction

One of the main concerns of the representation theory of a finite dimensional
algebra A is the components of the Auslander-Reiten quiver I' 4 : the vertices
of T'4 are the isomorphism classes [X] of the indecomposable A—modules X,
[X] — [Y] is an arrow in T'4 if there is an irreducible map from [X] to [Y],
the translation in I'4 is the Auslander-Reiten translation 7 = DTrA. If A is
connected and not representation-finite, all the components of I" 4 are countable.
The present paper concerns a special class of such components which arise rather
frequently for tame algebras: the coils introduced by Assem and Skowronski in
(3, 4].

In their study of tame algebras of polynomial growth, Assem and Skowroniski
in [3, 4] introduced the notions of admissible operations on a component of
I' 4, which generalized those of ray insertions or coray insertions [7, 9]. These
admissible operations are named as adl), ad2), ad3), adl)*, ad2)*, ad3)*.
These definitions can be given on a translation quiver, for details, we refer to [3].
Using these operations, they defined and described components of Auslander-
Reiten quiver, called coils. A translation quiver I' without multiple arrows is
called a coil if there exists a sequence of translation quivers I'g,I'y,---,I'), =T
such that Iy is a stable tube and, for each 0 < i < m, I';;; is obtained from
I'; by an admissible operation. Thus, any stable tube is a coil. A coherent
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tube [7] is a coil having the property that each admissible operation in the
sequence defining it is of the form adl) or adl)*. A quasi-tube is a coil having
the property that each admissible operation in the sequence defining it is of the
form adl), adl)*, ad2) or ad2)*. Coils play an important role in the study of
tame algebras [2, 6, 8, 10, 11, 12], in particular, in the study of algebras of
polynomial growth, which received recently more attentions, see [5, 8, 12] and
their references.

Our aim in the paper is to give an axiomatic description of coils, which
improves the Assem-Skowronski characterization of coils: we show that two of
their conditions just can be dropped. This gives a suitable generalization of
the D’Este-Ringel characterization of coherent tubes given in [7]. Our proof is
based on a careful analysis of length functions on such components.

Before we state our main result, we need the notion of a crowned cylinder
(for the definition, see [4]). It is known that the underlying topological space
of the full translation subquiver of a coil consisting of all points except those
which are projective-injective middle terms of a mesh with three middle terms
is homeomorphic to a crowned cylinder, for details we refer to section 4.2 in [4].
Asin 4.2 in [4], let T be a translation quiver without multiple arrows containing
a cyclical path, and let I denote the full translation subquiver of I consisting
of all vertices except those which are projective-injective middle terms of a mesh
with three middle terms. Assume the underlying topological space |I”| of TV is
homeomorphic to a crowned cylinder, then I' contains a (maximal) tube as a
cofinite full translation subquiver. And then we may consider rays and corays,
and denote the ray starting at « by [z, oo, the coray ending at y by oo, y]. Any
mesh in I" has at most three middle terms. A mesh with exactly three middle
terms will be called exceptional, and a projective middle term of an exceptional
mesh will be called exceptional projective. Other meshes and projectives will
be called ordinary.

Now we state the main theorem, which improves Theorem 4.2 in [4] by
removing the conditions (c2) and (c3) there.

Theorem. Let I' be a translation quiver without multiple arrows and con-
taining a cyclical path. Then T is a coil if and only if it satisfies the following
conditions:

(c1) Let TV denote the full translation subquiver of T’ consisting of all vertices
except those which are projective-injective middle terms of a mesh with three
middle terms. Then the underlying topological space of T is homeomorphic to
a crowned cylinder.

(c2) For any projective vertex p € Ty, or injective vertex ¢ € Tq, the ray
[p, 00[, or the coray oo, q|, respectively, exists, and if p is exceptional projective,
or q is exceptional injective, then the ray [p, ool, or the coray |oo, q|, does not
contain any projective vertex, or injective vertex, respectively.

(¢3) The T—orbit of any projective vertex or injective vertex contains a vertex
which belongs to a cyclical path.



(c4) There exists a length function f on T.
2. Preliminary definitions and basic lemmas

Let N be the set of natural numbers.

Definition Let I' be a translation quiver. A function f: Ty — N is called
a length function for U if f satisfies the following properties:

(1) (Additivity). For any non-projective vertex x of ', one has f(x)+f(1x) =
Yy—af(y).

(2). If z is a projective vertex of T', then f(z) =1+ 2,_.f(y).

(2%). If x is an injective vertex of T', then f(x) =14 Yoy f(y).

In the following, we always assume that I' is a translation quiver without mul-
tiple arrows, with a length function f. We denote respectively by $aped, $a_cd
the following full translation subquivers of I' (compare [1]),

b
N o
R S

N | &

A mesh is just a minimal rectangle. For a mesh {4z, we denote by d¢,..
(sometimes denoted by &, for simplicity) f(a) + f(y) — f(z) — f(2), which is
called the defect of mesh $qzzy. If 6, = 0, the mesh is called a complete mesh,
otherwise, it is called an incomplete mesh. We denote by the interval [a, b] the
unique sectional path from a to b if it exists, and denote by d,,., the sum of
defects of all meshes contained in rectangle {qpeq(see the picture above) i.e.,

6Oabcd = Z Oe-
EEOabcd\{[av b]U[a, C]}

The following three lemmas are easy to prove, but they will play an impor-
tant role in the proof of the Theorem.



Lemma 2.1. Let T' be a translation quiver with a length function f, {aped
a full translation subquiver of T ( the shape is as above). Then f(a)+ f(d) =

f) + f(e) + 0% avea-
Proof. It is well-known, see Lemma 2.1 in [1].
The following lemma is similar to Lemma 4.4 in [4].

Lemma 2.2. Let I' be a translation quiver with a length function f. We
consider the full translation subquiver of T' of the form.

Cl C2 C3

o—»oﬂ ﬂoﬂ —»o—»

AN

Then  f(e2) — f(y2) = f(as) = f(y3) + 000y ypyss
flar) = f(y1) = fle2) = F(¥2) + 004, cryryy T Oas
f(aS) - f(y?)) + §<>c2,y2y3 + 5<>b1623/17/2 + 6112'

Proof. By applying Lemma 2.1 to the rectangle ., ,y,, one obtains that
c2) + f(ys) = f(y2) + flas) + do., ,,,,- 1t follows that f(c2) — f(y2) =
a3) = f(y3) +0¢., 4y, BY applying Lemma 2.1 again, we get f(b1)+ f(y2) =

fle2)
flas)—
Fn)+flaz)+f(c2)+0e,,.,,. . » which follows that f(b1)+8a, — f(az)— f(y1) =
F(e2) = f(y2) +0,.,,10 T Oay- This, combined with the equality f(by) + da, =
f(a1) + f(a2), follows that

flar) = fy1) = fle2) = f(¥2) + 001, epyr0y T Jas
= f(ad) - f(yS) + 6<>c2,y2y3 + 60b162y17/2 + 6a2'

Lemma 2.3. Suppose I' contains a full translation subquiver of the form



where p; is projective, and a, or p, is injective. Then if n is odd, p, must be
injective, if n is even, then a,, must be injective, and in each case, f(z) — f(z) >

Proof. The proof of the first part is similar to Corollary 4.4 in [4], but for
the completeness, we present it here. Assume a,, is injective in case n being
odd, then by Lemma 2.2 and f(a,) — f(z,) > 1, we have f(a1) — f(21) > 1.
But by applying Lemma 2.1 for the rectangle <., ..,, we obtain that f(z) +
f(pl) + f(a1) + 502101”1 = f(le) + f(zl) Therefore, f(Z) +2+ 5021“1221 <0.
It is a contradiction. The proof for even case is similar.

We prove now the second part. By Lemma 2.2, we have f(z) — f(z) >

f(p) — f(z1), f(p1)— f(z1) > f(a2) — f(#2), and so on. Then B
f(@) = f(z) > fp1) = flz1) =2 = A,

where \,, = f(p,) — f(z) if nis odd, and A, = f(a,)— f(z,) if n is even. Then
flx) = f(z) > 1.

Similarly, if n is odd, we have f(y) — f(2) > f(pn) — f(z,) > ---
fp1) — f(21) > 1, and if nis even, f(y) — f(2) > flan) — f(z3) = -
f(p1) = f(z1) > 1.

AVAIAY]

3. Proof of Theorem

The necessity part follows by an easy induction on the number of admissible
operations defining the coil and the fact that any stable tube satisfies the con-
ditions (c1)-(c4) in Theorem. To prove the sufficiency part, we need a number
of lemmas.

Assume T satisfies the conditions (c1)-(c4) in Theorem. We need some facts
from section 4.2 in [4]. The set of points which are the starting, or ending,
points of a mesh in I" with a unique middle term is called the mouth of T.
Thus an exceptional mesh must have one of its middle terms on the mouth or
projective-injective.



Lemma 3.1. Let p be an exceptional projective, x be the unique direct
predecessor of p. Then the ray [z, oo| exists.

Proof. By the condition (¢2), the ray [p, oo[ exists, denoted by
p=by— by — by e

If the ray [z, oo[ does not exist, then there is a number m such that b,, is
projective. It contradicts (¢2). The proof is finished.

Remark. Dually, we have that for the direct successor of an exceptional
injective, the coray ending at this vertex exists.

Lemma 3.2. Let p be an exceptional projective vertex, x be the direct

predecessor of p, and y = 7 "p be such that one of the direct predecessor
of y is injective. Denote by a the intersection of [x, ool with oo, y|, by
a— Yy — - — Yp(=Y) = Yny1 — - — Ym the sectional path of maxi-

mal length from a to mouth. Then the ray |y;, oo[ exists, for each i.
Proof. The proof is divided into two cases.

1. The vertex p is projective-injective. In this case, y; = y, = y and the
ray [y, oo| exists. We assume that the rays [y;, oof, for all 1 < j < s, exist,
and prove that ray [ysy1, oo[ exists. Otherwise, the ray [ys, oo| contains an
injective. Denote by

Ys = Ys(1) = 9s(2) = -+ — (i) = -
the ray [ys, oo[. Assume that ys(k) is injective, then we have a full translation

subquiver A of the form.
Ys+1(0)

o
VS(O}/ \ys+1(1)
o o
NN
[}
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Then by Lemma 2.1, we have the equality f(a(k + 1)) + f(ys+1(0)) + f(p) +
000y iy @asny = JS(a(0)) = 1. Thus, by using f(p) = f(a(0)) + 1, we get
fla(k+1)) + f(ys+1(0)) + 00y, s 1 @aesny +2=0.1It is a contradiction.

2. The vertex p is projective but not injective. Set z; = 7 'z, for all
1 < i < n. Therefore z, =y = yn. Let ¢; = 77'p, 1 <i <n—1. Then c,_; is
an injective direct predecessor of y, denoted by g.

First, we prove that the rays [z;, oo[, for all 1 < i < n, exist. Since the ray
[21, oo exists, we shall prove that the ray [zx+1, 0o exists under the assumption
that the rays [z;, oo exist, for all 1 < ¢ < k, where 1 < k < n — 1. Otherwise,
the ray [z, oo[ contains an injective vertex, which is denoted by zj(j). Then T’
contains a full translation subquiver A of the form

do dy do dy, EP
/ 71/ zk/ Zk/
— > o— > p— o— > 0o—>

o’ 21 (3)

o, /)
z(k +>% /
x(k+j +>x

with complete meshes ending at z; or ¢;, where 1 <7 < k + 1. By Lemma 2.1,
we get

f(.%‘(]f)) -1= f($(k +] + 1)) + f(Ck) + f(dk+1) + §Ow(k)dk+1l'(k+1'+1)f
f(do) + f(di) + -+ f(der) = f(2(F) + F(p) + fler) + -+ Fer—1) + 0800 0qiyay -

It follows that

f(p) + f(cl) +oe Tt f(ck—l) + f(ck) + f(l‘(k‘ +7+ 1)) + 6Oz(k)dk+1z(k+j+1),
+5Ad0z(k)dk+1 = f(do) + f(dr) + -+ f(dx) — 1.



By using

f(do) + f(d1) = f(x)+64, = f(p) — 1+ da,

f(d2) + f(ds) = f(#22) + 64y = f(c1) + fle2) + da,

FdQ) + F(dier) = o) + 0y = Flenas) + Fled) +0a,s (2] F)
flde—1) + flde) = f(zr-1) + 6, = flck—2) + fck—1) + 0a, (21K),

we obtain that f(z(k+j+ 1)) +2 < 0. It is a contradiction.

Secondly, we prove that the rays [y;, oo[ exist, for i > n + 1. We assume
that the rays [yn4;, 00| exist, for all ¢ < s < m. We shall prove that the ray
[Ynts+1, oof exists. Indeed otherwise the ray [y,ts, oo contains an injective
vertex, denoted by y,4s(7). Then there is a full translation subquiver of I" of
the form

Yn+s+1(0)

o

Yn+s(0) Yn+s+1
. \ Ynts .

do dy da di41

o o

\/ 21/ Zn—, /
— 0—> p—» O o— Hb—» 0o—>

\ . / Ynts+1(1)
o Un+s (%)

Ynts(i+1)

o

@(n+i+ D\%/
with complete meshes at z;, ¢; for all 4.

If s > 1, then ¢, is injective, it follows that n is odd, and f(c,) — f(z,) =1
by Lemma 2.3. By Lemma 2.1, we have that f(z(n)) —1= f(z(n+i+ 1)) +
fWnts+1(0)) + f(en) + 5<>z(n)yn+s+1(o)z(n+i+1>, - Then we have f(z(n+i+1)) +
FUnt541(0)) + 00,010 emsiry T2 =0. It is a contradiction. The proof
is finished.



Remark. One can obtain dually the statment about the exstence of corays
under the condition of Lemma 3.2 .

Remark. The proof of the lemma above provides a proof of the state-
ment that there does not exist any vertex in any ray [y;, oo[, which is a direct
predecessor of a projective-injective vertex.

Lemma 3.3. The middle term of any mesh with three middle terms in T’
contains at most one projective vertex and at most one injective vertex, but not
two such vertices.

Proof. Assume that I' contains a mesh with three middle terms, two of

which are projective or injective.
p2

bW
.

c

If one is projective, another is injective, then there is a mesh <
with po being projective, p; being injective Then f(p1) = f(z) + 1, f(p2) =
fla)+1, f(a)+ f(z) = f(p1) + f(p2) + f(c). It follows that f(c) +2 = 0, and
this is a contradiction.

If the two of the middle terms of the mesh are projective, none of them is
injective, then there is a full translation subquiver of I' with complete meshes
at each vertex except ¢; and b; for all 4 > 2, with b; and ¢; being projective, b,
or ¢, being injective,

c1
Ny,

A0 ol o—>$Z>o

e
N

Yo

Then f(b1) = f(e1) = f(ap) + 1, which follows that d., = 0 and f(c2) =
f(b2). By an easy induction on 4, one can get that d., = 0 and f(b;) = f(¢;) for
all ¢, in particular, f(b,) = f(cn) = f(an+1) + 1. By Lemma 2.1, we have the
equalities

f(yo) + f(b1) + f(er) = flao) + f(y1)
fyr) + f(b2) + f(e2) = flar) + f(y2)
Fn)+ FOu) + F(en) = Flan) + Flant).

Then by adding up each side of all equalities above, we obtain

Fyo)+ £ 1)+ 4+ f(bn) + fer) +- -+ flen) = flao) + far) +- -+ flant).



We note that f(al) +6bi+1 = f(bl) + f(bi+1)7 f(bl) = f(ci)’ 1<i<mn, f(bl) =
fla1)+1, f(b,) = f(anst1)+1. Then we have f(yo)+2 < 0. This contradiction
finishes the proof.

The next lemma shows that the condition (¢2) in Theorem 4.2 [4] may be
removed with the help of the lemmas above.

Lemma 3.4. For any mesh with three middle terms, none of which is
projective-injective, two of the middle terms must lie on the mouth of T'.

Proof. We assume that I' contains a mesh with three middle terms, none
of which is projective-injective. Then I' contains a full translation subquiver of
the form

Yo
with z; being projective, a,, or x, being injective, and with complete meshes
ending at b;, x; for all ¢ > 1:

Assume the assertion in the lemma is false, this means that there is a t €
{2,---,n} such that §; # 0, where 6; = f(a;) + f(a;—1) — f(b;). Then we have
inequalities 0; + 0,41 > f(a¢) and 6¢—1 + 6 > f(ar—1). We will prove the first
inequality, the proof for the second is similar. For §; # 0, then beside b; there
is other predecessor of a;, say z. If z is injective, then d; > f(z) > f(a:), hence
8¢ + 0ip1 > f(ay). If 2 is not injective, then &; + 8,11 > f(7712) + f(2) > f(ay).
The proof for the inequality 6; + d:11 > f(a¢) is finished. We note here that if
n is odd, then z,, is injective; if n is even, then a,, is injective by Lemma 2.3.
In the following, we assume that n is odd, then z,, is injective. The proof for n
even is similar.

By applying repeatedly Lemma 2.1 to the subquiver above, one obtains the

10



following equalities:

(o) + f(@1) + 01+ 664,000, = flao) + f(y1)
F(y) + f(22) + 02 + 06000100 = fla1) + f(y2)
F) + F@n) 460 4+00, 0 0 = Flan-1)+ F(ua)
J(Wn) + 0ns1 = flan) + f(@ns1)-

Then by adding up each side of all equalities above, we obtain an equality:

Fo) + fl@r) + fl@z) + -+ f(@n) + 0 0+ 0 0marns o
= f(ao) + flar) + -+ f(an) + f(ans1)-

By using that f(z1) = f(b1) + 1, f(2n) = f(bny1) + 1, f(b1) + 61 = f(ao) +
fla1), f(bpt1) + 6nt1 = f(an) + f(an+1), we obtain an inequality which is
denoted by (*):

fyo) + 2+ fw2) + flza) + A flen—1) + 205 0 + 3001 000,00,
< flaz) + f(az) + -+ f(an-1)

The remaining proof will be divided into two cases as follows:
(1). t is even. By Lemma 2.1, we have equalities

flan=1) + flan—2) = f(bp=1) +6n-1 = f(zn_1) + f(@n—2) + dp—1 — On—1
flars2) + flaws1) - f(bes2) + 6142 = f(@r12) + f(Ti41) + Oty — Oty
fla—1) + flai—2) = f(bi—1) +0t—1 = f(wi—1) + f(@p—2) + 64—1 — 641
flaz) + f(az) - f(b3) + 63 = f(x3) + f(w2) + J5 — d3.

Thus by adding up each side of the equalities above, one obtains an equality

g—l fl(l‘i) + Z:L_;ll fl(ilfi) +03+05+ -+ 0—1+ 042+ +Ip_1
t— n—
= Zz flai) + Zt+1 flai) + Z(Sj'

This, combining with the inequality (*), implies that
J(o) +24 0 + 641 < flar),

which is a contradiction, since §; + d¢11 > f(ar)-
(2). t is odd. We can also obtain a contradiction in a similar way.
The proof is finished.

Lemma 3.5. T' does not contain a full translation subquiver of the form

11



with 8 > max{f(at) + 1, f(ar—1) + 1}, with 1 being projective and x,, or a,
being injective, and with complete-meshes ending at vertices in Ny .q, ., except
a, i=0, 1, -+, n+1.

Proof. Suppose I' contains a full translation subquiver of the form shown
in the lemma. By Lemmas 2.2, 2.3, 3.4, 3.5, 3.6, we have f(z:—1)— f(y;_;) > 1,
and f(ar) — F(y) > 1 or far1)— f(y1) > 1, and f(z)— f(y) > 1. But then
we obtain f(y;_q)+ f(yr) = f(2) + f(ze—1) + f(z) + f(c), by Lemma 2.1. This
combined with f(c¢) = f(at)+1 = f(a;—1)+1, implies that f(z)+ f(z:)+2 <0
or f(z) 4+ f(xt—1) +2 < 0, which is a contradiction.

Lemma 3.6. The mesh category k(T') contains no oriented cycle of pro-
jectives

Proof. The lemma can be proved in a similar way as Lemma 4.5 in [4] with
the help of lemmas above.

Proof of Theorem: It remains to prove the sufficiency part. We prove it
by induction on the number of projective vertices in I'. If I' does not contain
any exceptional projective vertex, then I' is a tube. It implies that I is a coil
obtained from a stable tube by some admissible operations of type adl) or ad1)*
[7].

We assume that I' contains an exceptional projective. First we should remark
that T' contains a (maximal) tube as a cofinite full translation subquiver [4].
Therefore there are only finitely many projective vertices and injective vertices in
I'. Tt follows from Lemmas 3.6, 3.1 that there is an exceptional projective p with
the following property: if we let a be the direct predecessor of p, let ¢ = 77"z be
the vertex such that one of the direct predecessor of ¢ is injective, then there is no
projective vertex such that the direct predecessors of it are on the ray [a,,, ool
Where ag = [a, oo[ () ]oo, ¢, and ag — a1 — -+ — ap — Apg1 — - — Gy
is the sectional path with maximal length from ag to a mouth point. Let s be

12



the largest index such that there exists a ray passing through as, and the ray
contains a direct predecessor of some projective vertex p’. Then by the lemmas
above, I admits a mesh-complete subquiver A of one of the forms below, which
depends on p and p’ :

(1). If p is a projective-injective vertex and p’ is an ordinary projective
vertex, then A is of the form

L

¢j (& asqyn42)

Denote by R the set of points in I' lying on the sectional paths from the
mouth to infinity passing through by, ---, b,, and by I'; the translation quiver
obtained from I" by deleting R and replacing the sectional paths x; — --- — ¢;
(if they exist) by arrows z; — ¢;, ¢ > 1. Then I'y still satisfies the conditions
(c1)-(c4) and has at least one projective vertex less than T'.

(2). If p and p’ are projective-injective, then A is of the form:

13
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Denote by R the set of vertices P’, z}, i > 0,2z;5, ¢ > 1, 1 < j <t and

79
by I'; the translation quiver obtained from I' by deleting R and replacing the
sectional paths z; — --- — 7712/, (if they exist) by arrows x; — 77 12/_,.
Then T’y still satisfies the conditions (c1)-(c4) and has one projective less than

I.

(3). If p is a projective-injective vertex and p’ is projective, not injective,
then A is of the form:

14



if ¢ is odd, in this case z}_; is

Y1

!
1
: Z11 :
o o
\Q: ) y2
ml\ z21
:52\

injective, or

Yt—1
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if ¢ is even, and in the case x;_; is injective. Denote by R the set of vertices
xf, >0, z;, 1 > 1, 1 <t, and by I'; the translation quiver obtained from I'
by deleting R, and replacing the sectional paths y; — --- — y;41 by arrows
x; — Yi+1(0 < i < t — 1), the sectional paths y; — z; — y;y1 by arrows
yi — Yiy1 (1 < i <t —1) and the sectional paths z; — -+ — z} — 7712}
(if they exist) by arrows z; — 7'z} | i > t + 1. Clearly, I'; satisfies the

conditions (c1)-(c4).

(4).If p is a projectivevertex, not injective vertex and p’ is an ordinary pro-
jective vertex, the proof is similar to (1).

(5).If p is projective, not injective and p’ = p, the proof is similar to (3).

For each case, we obtain a translation quiver I'y, which satisfies the condi-
tions (c1)-(c4) and has one projective vertex less than I'. Then an induction on
the number of projective vertices finishes the proof.
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