Cluster algebras arising from cluster tubes !

Yu Zhou and Bin Zhu

Department of Mathematical Sciences  Department of Mathematical Sciences
Tsinghua University Tsinghua University
100084 Beijing, P. R. China 100084 Beijing, P. R. China

E-mail: yu-zhou06 @mails.tsinghua.edu.cn E-mail: bzhu@math.tsinghua.edu.cn

Abstract

We study the cluster algebras arising from cluster tubes with rank bigger than 1. Clus-
ter tubes are 2—Calabi-Yau triangulated categories which contain no cluster tilting objects,
but maximal rigid objects. Fix a maximal rigid object T in the cluster tube I, of rank n
(n > 1). For any indecomposable rigid object M in I',, we define an analogous X, of
Caldero-Chapton’s formula (or Palu’s cluster character formula) by using the geometric in-
formation of M. We show that X, Xy, satisfy the mutation formula for cluster variables
when M, M’ form an exchange pair, and that X, : M +— X, gives a bijection from the set of
indecomposable rigid objects in I',, to the set of cluster variables of the cluster algebra of type
C,-1, which induces a bijection between the set of (basic) maximal rigid objects in I', and
the set of clusters. This strengths a surprising result proved recently by Buan-Marsh-Vatne
[BMV] that the combinatorics of maximal rigid objects in the cluster tube I',, encodes the
combinatorics of the cluster algebra of type B,_; since the combinatorics of cluster algebras
of type B,_; and of type C,_; are the same by one of results of Fomin-Zelevinsky in [FZ2].
As a consequence, we give a categorification of cluster algebras of type C.
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1 Introduction

Cluster algebras were introduced around 2000 by Fomin-Zelevinsky [FZ1] in order to give an
algebraic and combinatorial framework for the canonical basis of quantum groups and for the
notion of total positivity for semisimple algebraic groups, see [FZ4][F] for nice surveys on this
topic and its background. Since they introduced, interesting connections between such algebras
and several branches of mathematics have emerged. In the categorification theory of cluster alge-
bras, cluster categories [BMRRT, CCS, Kel, CC, Am, Dul], and (stable) module categories over
preprojective algebras [GLS1, GLS2, BIRS] play a central role. They all have cluster tilting ob-
jects, and those cluster tilting objects model the clusters of the corresponding cluster algebras via
Caldero-Chapoton’s formula [CC] in the case of cluster categories or Geill-Leclerc-Shroer’s map
[GLS1] in the case of preprojective algebras. This motivates the study of arbitrary 2—Calabi-Yau
triangulated categories with cluster tilting objects (subcategories). Palu defined the cluster char-
acter for the 2—CY triangulated categories which have cluster tilting objects [Pal] (see also [FK]).
Recently Plamondon defined cluster character for 2—Calabi-Yau triangulated categories with in-
finite dimensional morphism spaces [Plal-2]. It was proved in [IY] [BIRS] that one can mutate
cluster tilting object T = &/_, T; (respectively maximal rigid object) at any indecomposable direct
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summand 7; to get a new cluster tilting object u;(T) (resp. maximal rigid object) via exchange
triangles in a 2—CY triangulated category I'. To any maximal rigid object T, one can associate
an integer matrix Ay by using the exchange triangles (where A7 we define is the transpose of By
defined in [BMV], see Section 2 for the precise definition please). If A7 and A7) are related by
Fomin-Zelevinsky’s matrix mutation for any maximal rigid object 7" and any direct summands 77,
then we call that the maximal rigid objects form a cluster structure in I' [BMYV, BIRS]. In [BMV],
Buan-Marsh-Vatne showed that maximal rigid objects without 2—cycles form a cluster structure
in I" (see also [BIRS]). Therefore cluster tilting objects and maximal rigid objects are important
objects in 2—CY triangulated categories. They have many nice properties, see for example [I],
[KR], [KZ], [IY], [DK], [V], [Y], [ZZ]. It was proved that any maximal rigid object in 2—Calabi-
Yau triangulated categories admitting a cluster tilting object is cluster tilting [ZZ]. Cluster tilting
objects are obvious maximal rigid, but the converse is not true, see [BIKR] for the first examples.
Cluster tubes provide the second examples, in which the quivers of endomorphism algebras of
maximal rigid objects contain loops, but no 2—cycles [BMV]. Cluster tubes of rank n, denoted by
I, is by definition, the orbit category by 7~![1] of the derived category of the hereditary abelian
category of nilpotent representations of the quiver with underlying graph A,_1 and with cyclic
orientation. It is a 2—CY triangulated category [Ke][BKL1-2]. In [BMV], a classification of
maximal rigid objects in the cluster tube I',, is given. The maximal rigid objects are proved to
form a cluster structure. Furthermore they use the geometric description of the exchange graph
of the cluster algebras of type B,_; in [FZ2] to prove that there is a bijection between the set of
indecomposable rigid objects in the cluster tube I', and the set of cluster variables of the cluster
algebra of type B,—;. Under this bijection, maximal rigid objects go to clusters [BMV]. Since
the cluster combinatorics of the cluster algebras of type C,_; is the same as that of the cluster
algebras of type B,-; by Proposition 3.15 in [FZ2], there is also a bijection between the set of
indecomposable rigid objects in the cluster tube I',, and the set of cluster variables of the cluster
algebra of type C,_;.

The aim of the paper is to study the cluster algebras arising from cluster tubes. This is the first
attempt to the well-known question how to define cluster character with respect to a maximal
rigid object in a 2—Calabi-Yau triangulated category, in which maximal rigid objects may have
loops (compare to [P11-2]). We give an analogue of Caldero-Chapoton’s formula [CC] (or Palu’s
character [Pal]) for cluster tubes. Fix a basic maximal rigid object T in the cluster tube I',(n > 1).
A7 denotes the skew-symmetrizable matrix associated with 7', which is of type C,_; [BMV]
(please see the precise meaning in Section 2). For any indecomposable rigid object M in I',,, with
respect to T, we define an analogous X, of the Caldero-Chapoton’s formula defined for cluster
categories in [CC], see also [Pal]. We prove that the formula X, satisfies mutation formula for
cluster variables: i.e. if M and M* are indecomposable rigid objects such that M@ N and M* @ N,
for some rigid object N, are maximal rigid objects in I',, then Xy - Xy = Xg + X}, where E, E’
are the middles of the exchange triangles: M — E — M* — M[1], M* - E' - M — M*[1].
We note here that the dimension of Ext! (M, M*) can be 2 (compare to the cases considered before
in [CC),[Pal],[FK],[Plal-2], the k—dimension of Ext' (M, M*) is always one). Thus X» gives a
bijection from the set of indecomposable rigid objects in I',, to the set of cluster variables of the
cluster algebras of type C,—;. This gives an explicit bijection parallel with that given by Buan-
Marsh-Vatne [BMV] for type B,,_; (since there is a natural bijection between type B,_; and type
Cy-1, see [FZ2]). The algebra generated by the X;;, where M runs over indecomposable rigid
objects in I', is isomorphic to the cluster algebras of type C,—;. In [Du2], Dupont proved the



multiplication formula for cluster characters associated to regular modules over the path algebra
of any representation-infinite quiver; Ding-Xu [DX] also defined an analogous map for cluster
tubes and gave multiplication formulas. But their formulas are not the exchange formula for
cluster variables on the one hand, and their maps can not be used to realize the cluster algebra of
type C or B on the other hand.

The paper is organized as follows: In Section 2, we recall some basics on cluster algebras and
2—-CY triangulated categories. In particular, we recall the definition of cluster tubes and basic de-
scription on indecomposable rigid objects in cluster tubes [BMV]. In Section 3, for any positive
number n > 1, fix a basic maximal rigid object T in I',, We calculate the index of any indecom-
posable rigid object M respect to T (defined in [Pal, DK, Pla]) and define the analogue Xj; of
CC-maps or Palu’s map for indecomposable rigid object M with respect to 7. This map X, is
called simply cluster map. Using the structure of the cluster tube I';, of rank n, we divide the set
of indecomposable rigid objects into three disjoint subsets. Using the structure of endomorphism
algebras of T [BMV, VY, ZZ], we calculate the explicit formula of X, according to which subset
M belongs. In Section 4, we prove that X, Xy satisfy the mutation formula when M, M* form
a mutation pair. Using the mutation triangles, we explain the matrix A7 associated with T is a
skew-symmetrizable matrix of type C,,—;. We prove that the map X» gives a bijection between the
set of indecomposable rigid objects in I', and set of cluster variables of Ay, which also induces a
bijection between of the set of basic maximal rigid objects and the set of clusters of Ar. It follows
that the cluster algebra generated by Xj,, where M runs over all indecomposable rigid objects,
is isomorphic to the cluster algebra of type C,_;. In the final section, we give an application of
the cluster map X,. We prove that the simplicial complex generated by the indecomposable rigid
objects in I',, gives a realization of the cluster complex of the root system of type C,—; defined in
[FZ2].

2 Preliminaries

We recall some basic notations on cluster algebras which can be found in the papers by Fomin
and Zelevinsky [FZ1-3]. The cluster algebras we deal with in this paper are without coefficients.

Let ¥ = Q(ui,uy, - -, u,) be the field of rational functions in indeterminates u, up, - - - , u,. Set
u = {uy,u, -+ ,uy}. Let A = (a;j) be an n X n skew-symmetrizable integer matrix. For any
k € [1,n], where [1,n] denotes the set of the numbers 1,2, --- ,n, the mutation yx(A) of A in
direction k is by definition, an integer matrix A" = (a; j), where
, —aijj ifi=k01'j=k,
i = { aij + Mila*aidaiy| ;aiklakj | otherwise.

A’ is a skew-symmetrizable matrix too.

A seed is a pair (x, A), where x = {x;, x2, -, x,} is a transcendence base of ¥ and A is ann X n
skew-symmetrizable integer matrix.

A mutation i (x,A) of a seed (x, A) in direction & is a new seed (x’,A’), where A" = ((A), and
X' = (x\ {x}) Ulxp), x is defined in the following mutation formula:

XkX), = 1_[ x4+ l_l x;

aik>0 aik<0



The “mutation equivalence ~” is an equivalence relation on the set of all seeds generated by the
mutation.

The cluster algebra A4 associated to the skew-symmetrizable matrix A is by definition the subal-
gebra of # generated by all x; in x such that (x, A1) = (4, A). Such x = (x1,x2,- -, x,) is called a
cluster of the cluster algebra A4 or simply of the matrix A, and any x; is called a cluster variable.
The seed (u, A) is called an initial seed. The set of all cluster variables is denoted by y4. If the
set x4 is finite, then the cluster algebra Ay is called of finite type. For any skew-symmetrizable
integer matrix A, one can define the Cartan counterpart C4 of A as follow: C4 = (¢;;)nxn, Where

o= —laijl ifi # J,

S ) ifi = j.
It was proved by Fomin-Zelevinsky [FZ3] that cluster algebras are of finite type if and only if
there is a seed (x’, A1) which is equivalent to (u, A) such that the Cartan counterpart C4, of A; is

a Cartan matrix of finite type. In this case, the type of the Cartan matrix Cy, is called the type of
the cluster algebra Ajy.

2 -1 0 - 0
-2 2 -1 - 0
For example if Cy4, = cee e , then the cluster algebra is called of type C,,.
o o --- 2 -1
0 S )

Now we recall some basics on 2—CY triangulated categories.

Fix an algebraically closed field k. A triangulated category I is called k—linear provided all
Hom-spaces in I" are k—spaces and the compositions of maps are k—linear. The k—linear tri-
angulated categories in this paper will be assumed Hom-finite and Krull-Remak-Schmidt, i.e.
dimyHom(X, Y) < oo for any two objects X and Y in I', and every object decomposes into a fi-
nite direct sum of objects having local endomorphism rings. For using Hom-infinite triangulated
categories to study cluster algebras, we refer the recent paper [Plal-2].

A k—linear triangulated category I is called 2—Calabi-Yau (2—CY for short) if there is a bifunc-
torial isomorphism Hom(X, Y) = DHom(Y, X[2]) for objects X,Y € I', where D = Homy(—, k)
[K1].

The main examples of 2—CY triangulated categories are the cluster categories of abelian heredi-
tary categories with tilting objects [BMRRT, Kel ]; the Hom-finite generalized cluster categories
of algebras with global dimension of at most 2[Am]. Many other examples are the stable cate-
gories of Cohen-Macaulay modules [BIKR] [BIRS], cluster tubes [BKL] and some others, please
see the survey [K3].

Cluster tilting objects are defined first in cluster categories [BMRRT], which are generalized to
arbitrary 2—CY triangulated categories by Keller and Reiten in [KR].

Definition 2.1. Let T be an object of a 2—CY triangulated category I'.
1. T is called rigid provided Ext'(T, T) = 0.

2. T is called maximal rigid provided T is rigid and is maximal with respect to this property,
ie. if Ext'(T @ M, T & M) = 0, then M € addT. Where addT denotes the subcategory of T
consisting of (finite) direct sums of direct summands of T

3. T is called cluster-tilting provided for any M € T, M € addT if and only if Ext'(M,T) = 0.
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From the definition, any cluster tilting object is maximal rigid, but the converse is not true. It
was proved in [BMV] that the cluster tube I',, of rank »n (n > 1) has no cluster tilting objects, but
maximal rigid objects. See [BIKR] for more such examples. 2—CY triangulated categories with
cluster tilting objects are important for the categorification of cluster algebras of skew-symmetric
matrices, see the survey [K2][Re] and the references there.

For a basic maximal rigid object T =T1&---®T;®---®T, with all T; indecomposable. Fix any
ie[l,n],writte T =T &T;, where T = @z 1. Then there are two non-split triangles:

T L E ST S T,

i 8
T, —> El’ - Ti* - Ti[1],

where f; and f; are minimal left T —approximations; g; and g are minimal right T —approximations.
Furthermore T is indecomposable and T®7" is maximal rigid [I'Y, BIRS]. Define u;(T) = T®T;.
ui(T) is called the mutation of maximal rigid object 7" in direction i and the two triangles above
are called exchange triangles. It is easy to see that y; o y;(T) = T.

LetT =T1®---0T;®---®T, be a basic maximal rigid object in I". We define an integer matrix
At = (a;j) as follows:

a;j = ajj — a, i where «a;; denotes the multiplicity of 7; as a direct summand of E}, a; : denotes
the multiplicity of 7; as a direct summand of E ;. Note that a;; = 0.

Our definition of the matrix Ay associated to T is the transpose of the matrix By associated to
T defined in [BMV]. When the endomorphism algebra of 7' contains no loops or 2—cycles, then
A7, Br are skew-symmetric matrices, and then Ay = —By. In general the matrices Ay, Br are
sign-skew-symmetric (see Lemma 1.2 in [BMV]).

We also note that

Remark 2.2. We use our definition of the matrix Ay associated to T to replace the matrix By
defined in [BMV] since we will prove the exchange formula for our cluster formulas of indecom-
posable rigid objects inI';, (n > 1), and will prove the cluster algebras realized by cluster tubes

are of type Cy_1.

Let I be a 2—CY triangulated category with maximal rigid objects. Suppose that for all maximal
rigid objects T =T, ®---®T; ®--- & T, E; and E; have no common direct summands for any
i € [1,n]. Then u;(A7) = Ay r) (equivalent to u;(Br) = By,r), the latter was proved in [BMV]).
In this case we say that the maximal rigid objects form a cluster structure in I" as in [BMV].

In what follows, we will focus on cluster tubes, an special 2—CY triangulated category.

We will denote the tube of rank n by 7, , where n is always assumed to be greater than 1. One
realization of this category is the category of finite-dimensional nilpotent representations over k

of the cyclic quiver _A>n with n vertices such that arrows are going from i to i + 1 (taken modulo
n). It is a k—linear hereditary abelian category with Hom-finite, i.e. dimHomgs (X,Y) < oo.
Each indecomposable representation is uniserial, i.e. it has a unique composition series, and
hence is determined by its socle and its length up to isomorphism. We denote by (a, b) in T,
the unique indecomposable object with socle (a,1) and quasi-length b, where (a, 1) is the simple
representation at vertex a, where a € [1,n] (see Fig.2 in Section 3). 7, has Auslander-Reiten
sequences, and the Auslander-Reiten translation 7 is an automorphism of 7, 7(a, b) = (a — 1, b).



The cluster tube of rank n is defined in [BKL], see also [BMV], as the orbit category I';, :=
DP(77,)/7~ 1], where [1] is the shift functor of D?(77,). This category is a triangulated category
such that the projection r : DV(T,) » T, isa triangle functor. It is also 2—CY [K][BKL].

I', has Auslander-Reiten triangles which induced from ones in D(T7). Tt is easy to see the
indecomposable objects in 77, are also indecomposable in I', (via the composite of the inclusion
functor 7,, < DP(T,,) with projection 7 : D(T,) — T,) and all indecomposable objects in I,
are of this form. So we use the same (a, b) to denote the indecomposable object in I',, which
is induced from the object (a, b) in 7,. In what follows, we always use Hom(X, Y) to denote
Homr, (X, Y) for simplicity.

By the definition of I',,, for two objects X, Y € 7,
Hom(X, Y) = Homg, (X, Y) ® DHomg, (¥, TZX).

As in [BMV], the maps from X to Y in I, which are from Homg (X, Y) are called 7 —maps and
the maps from X to Y in I', which are from DHomq (¥, T 2X) are called PD—maps.
The indecomposable rigid objects are classified in [BMV]:

Proposition 2.3. (a, b) is rigid if and only if b < n — 1.

We fix n — 1 special rigid objects: (1,n — i), denoted by 7;,i = 1,--- ,n — 1. It is easy to see that
69;’:‘11 T; is a basic maximal rigid object in I',, [BMV]. We will use T to denote this maximal rigid
object throughout this paper.

It was proved in [BMV] that the basic maximal rigid objects in I', have no 2—cycles, and form a
cluster structure of I',;. Moreover there is a bijection between the indecomposable rigid objects
and the cluster variables of the cluster algebra of type B,,_;.

For two subcategories D1, D, of ', denote by D; = D, the full subcategory of I',, consisting of
object E such that there is a triangle Dy — E — D, — Dq[1], where D; € D, fori =1, 2.

3 Index and the cluster map X5

Let I',, be the cluster tube of rank n and ¥ = Q(xy, x2, - - , x,_1) be the field of rational functions
in indeterminates xj, X2, -+ , Xp—1.

In this section, we will define the cluster map X» from the set of indecomposable rigid objects in
I';, to ¥ by using the geometric information of the indecomposable rigid objects. We will give
an explicit expression of Xj; as a Laurent polynomial of xy,--- , x,— according to which subset
M belongs to, where the set of indecomposable rigid objects in I',, is divided into three disjoint
subsets.

Fix T := GB?:_II T;, where T; = (1,n — i) is as before. T is a maximal rigid object in I',,. Let
KSP m(T) be the split-Grothendieck group of addT, i.e. the free abelian group with a basis
[T11,[T1]),- - ,[Ty-1]. We use [T’] to denote the image of 7’ € addT in K(S)pm(T), which is
also denote the dimension vector with respect to the basis above.

Set O = addT[-1] = addT. For an object X of D[1], there exists a triangle

Ty -1, L x> T



where T{/, T} € addT. It follows that f is a right add7 —approximation. We define the index
indr(X) = [T]-[Ty] € KSP m(T) asin [Pal, DK, Pla]. It was proved in [ZZ] that any rigid object
belongs to D[1] (also in D). The next lemma tells us how to get the right add7 —approximation
of any indecomposable rigid object in I',,.

Lemma 3.1. For any indecomposable rigid object (a, b) in T, every right addT —approximation
of (a,b) in T, is a right addT —approximation of (a,b) in T',,.

Proof. Let ¢ : Ty — (a, b) be a right addT —approximation of (a, b) in 7,,. We will prove it is a
right addT —approximation of (a, b) in I';, too, i.e. any maps from T to (a, b) factor through ¢. We
only need to consider D—maps since any maps are the sum of some 7 —map and some D—map,
and 7 -maps factor through ¢ for ¢ is a right add7 —approximation of (a, b). Now suppose there
are non-zero D-maps in Homr, (7, (a, b)). For any non-zero D-map g : T; — (a,b), by Lemma
2.2 in [BMV], there exists a D-map g; : T1 — (a,b) and a 7 —map g, : T; — T such that
g = g1&2. It follows from Lemma 2.2 in [BMV] that dimHomg, ((a, b), 2T)) = 1. So it is
sufficient to show that for any nonzero D—map f in Homr, (71, 1) and any nonzero 7 —map h
in Homr, (7’1, (a, b)) the composition Af is not zero. The triangle involving f is (2,2n — 2) —

T, —f> T LN (1,2n — 2) where g is a 7 —map. We know that g = 0 for any 7 —map a in
Homr, ((1,2n — 2),(a, b)), so h can not factor through g, and then Af # 0. Thus we prove the
assertion. m]

We recall the index of an indecomposable rigid object (a, b) respect to T [Pal, DK, Pla]: indz(a, b) =
[T'1-[T"] € KSPZZI(T), where 77, T" are the terms in the triangle 7" — T’ — (a,b) — T"'[1].

Theorem 3.2. For any indecomposable rigid object (a, b) in T,

[T1] = [Th-a+1] = [T2n-a-b] ifa+bzn+1

[Tn—a—b+l] - [Tn—a+1] ifa +b<n.

indr(a,b) = {

Proof. For a = n, there is a triangle (1,b) — 0 — (n,b) — (1, b)[1], so indy(n, b) = —[(1, b)].
Forl <a<n-1landa+b > n+1, there is a minimal right add7T —approximation f : T1 — (a, b)
in 7,. Then ker(f) = (1,a — 1) and coker(T‘lf) = (1,a + b — n). We get a triangle

C T b (@b >l
in I', and an exact sequence
0 — coker(r™' f) > C - ker(f) = 0

in 7, (cf. [Y]). Since ExtlTn((l,a -1),(d,a+b—-n) =0,thenC = (1,a—-1)® ({1,a+ b —n).
Hence indr(a, b) = [T1] — [Th-a+1] — [T2n-a-b]-

For a + b < n, there is a minimal right add7 —approximation f : T,_4,—p+1 — (a,b) in T, with
ker(f) = (1,a — 1) and coker(r~! f) = 0. Hence ind7(a, b) = [Th-a-ps1] = [Tn-as1]. O

Let B = Endr,(T[-1]), then F' := Hom(T[-1],-) : ©/addT — modB is an equivalence of
categories [1Y, Y, ZZ], where modB denotes the category of finite dimensional right B—modules.



Definition 3.3. For any indecomposable rigid object M in T, we define

Xy = 2M4M N (Gro(Hom(T[-1], M) x™©

ecN"-1

where the sum takes over all dimension vectors e such that there exist an object Y in D N D[1]
with e = dimHomc,(T[-11, Y); where «(e) = indrY + indrY[1] and y (Gr.(Hom(T[-1], M))) is
the Euler characteristic of Gr.(Hom(T[-1], M)) ([K2]).

The definition of Xy; can be extended to rigid objects: for any rigid object N = EBZ M in T,
with M; indecomposable, we define
m
Xy = [ Xu.
i=1

In [Plal-2], similar definition is given respect to a fixed rigid object 7 in a 2—CY triangulated
category with infinite Hom-spaces. The definition in [Plal-2] needs an additional assumption that
the simple B—module at each vertex can be lifted through the functor F to an object in D N D[1]
and then any finite-dimensional B—module can be lifted through F to an object in DN D[1]. This
assumption is not satisfied in our situation. For example, simple B—module S ; corresponding to
T can not lift to any object in D N D[1] by functor F (see the dimension formula stated before
Lemma 3.6). So the definition in [Plal-2] can not apply to our case. In our definition, we omit
the B—submodules which can not be lifted through F to D N D[1].

We give some remarks about the definition:

Remark 3.4. We will point out in Lemma 3.6 that for an indecomposable rigid object M, if an
B—submodule of FM can not be lifted to D N D[ 1], then so are other B—submodules of F M with
the same dimension. Then the Euler characteristic is well-defined.

Remark 3.5. Why does not «(e) depend on the choice of such an Y? We will show this in the
proof of Theorem 3.7.

Following [V][Y], the set of indecomposable objects in D[1] is the set of indecomposable objects
(a, b) satisfying either (1) (a,b) isrigidor 2) n < b <2n—-2and a + b < 2n — 1. We divide the
set of indecomposable objects in D into five subsets (see Fig.1):

{a,b)la=1,b<n-1}

{(@,b)|2<a<n-1,a+b<n}
II = {(@ab)|la+b>n+1,b<n-1}
I = {(a,b)la+b<2n-1,a#1,b>n}
1V = {@b)|a+b=2na+1,b>n}
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I
58

(1,1 2,1) (n-1,1) (n,1)

Fig.1 Five disjoint subsets of D.
It is easy to see that for any indecomposable object (a, b) in D, we have

0 if(a,b)eOorl,
dimHom(7'[-1],(a,b)) =2 if (a,b) € Il or I1I,
1 if(a,b)elV.

So we have the following fact.

Lemma 3.6. Let M be an indecomposable rigid object in I, and Y be an object in D such that
FY is a B—submodule of FM. Then Y € D N D[1] if and only if dimHom(T[-1],Y) # 1.

Proof. For an object Y in D, it is easy to see that ¥ € D N PD[1] if and only if all inde-
composable summands of Y are in O\ JI\JII|JIIlI. If dimHom(7T[-1],Y) = 2, then it fol-
lows from dimHom(7;[-1], M) < 2 that dimHom(7;[-1],M) = 2 and Hom(T[-1],Y) =
Hom(7'i[-1], M). Then there is a 7 — map f in Hom(7'|[-1], M) such that f is a generator
of B—module FM. So FY = FM andthen Y = M @& T’, where T’ € addT. Hence Y € D N D[1].
When dimHom(7'{[-1], Y) = 1, Y has some summand in /V, then Y ¢ D N D[1].
When dimHom(7'1[-1],Y) = 0, all summands of Y arein O or I, then Y € D n D[1].
The proof is finished.

O

Let E; : Hom(7;[-1],Y) — Hom(T[-1],Y) be the natural embedding and e; be the dimension
vector of the simple B—module S; corresponding to 7;. In the following expression of x,, and
[T,.], when m = n, x, is taken to 1 and [7,] is taken to O.

Theorem 3.7. The X, in Definition 3.3 is well-defined and for any indecomposable rigid object
(a, D),

Xn—b if (a,b) € O;
—a+1 1 . .
X(a,b) = { Xn—a+2Xn—a—b+1 (Zzzs_a_b_,_] kak_ﬂ) if (a,b) € I,
1 —-a+1 __1 2n—a—-b __1 .
K1 Xn-a+2X2n-a-b+1 (x_f + (ZZ=?+ XXkt 1 ) (lel ‘ X[X141 )) if (a,b) € I1.



Proof. For the first statement, we only need to show that for an indecomposable rigid object
M € D, if there are two B—submodules FY’ and FY” of FX with the same dimension dimFY’ =
dimFY”, where Y',Y"” € D, thenindrY’ +ind7Y’[1] = indrY” +ind7 Y”’[1]. This and the second
statement will be proved in the following detailed calculations. We note that if FY’ = FY” as
a B—submodule of FM, then Y & T’ = Y"” & T”, for some T’,T” € addT. Hence we have
indr(YY @ T”) + indp(Y’ @ T7)[1] = ind7(Y” & T”) + indp (Y @ T”)[1]. Since [T’[1]] = —[T"]
and [T”[1]] = —[T"”], it follows that indrY’ + indrY’[1] = ind7Y” + ind7Y”’[1]. So we can
assume that the objects Y, Y’ are those such that F'Y’, F'Y” are not isomorphic to each other as
submodules of FM in the following.

1. The case of (a,b) € O. In this case, we have (a,b) € addT, and then F((a,b)) =
Hom(T[-1], (a,b)) = 0. Hence indy(a, b) + indr(a,b)[1] = 0, indr(a,b) = [T,—p], and
X(a,b) = Xn-b-

2. The case of (a,b) € I. It is easy to compute the dimension vector of F ((a, b)):

. 1 ifn—-a-b+2<i<n-a+1
dimHom(7;[-1], (a, b)) = .
0 otherwise.

We write F((a, b)) = @’};Zf;_b o Ej(Hom(T';[-1], (a, b))) (as vector spaces). For any nonzero
element f in Hom(7T;[-1], (a, b)), n—a—b+2 < i < n+1-a, E;(f)B = ED’};?“EJ-(Hom(Tj[—l], (a, b))).
For any object Y € D n D[1], if F(Y) is a non-zero B—submodule of F ((a, b)), then
we can find non-zero f € F(Y) such that f € Hom(T;[-1], (a, b)) with minimal num-
ber i. Obviously i > 1 since Hom(7'[-1], (a,b)) = 0. We have that F(Y) = E;(f)B =
EB’};f“Ej(Hom(Tj[—l],(a, b))) and dimHom(7'{[-1],Y) # 1. Hence FY = F((a,n —
a-i+2)withe = dimFY = Y}2'e,n—a-b+2 <i <n-a+ 1. Then
indr Y+ind7 Y[1] = indr(a, n—a—i+2)+indr(a, n—a—i+2)[1] = indr(a, n—a—i+2)+indr(a—
I,n—a—i+2) = ([Ti1]1=[Tn-a+1D)+(Til = [Th-g+2]) and indr(a, b) = [Tp-g-p+1]1—[Tp-a+1]-
In this case, y (Gr.(Hom(7T'[-1],(a,b)))) = 1. Hence, by Definition 3.3, we have that

= Xn—acb+l n-a+l Xpar] Xn-ar2 |\ — n—a+1 1
X(a,b) - (1 + Zk:n—a—b+2( Xe—1 Xk )) = Xn—a+2Xn-a-b+1 (Zk:n—a—b+l Xk Xkt 1 )

Xn-a+1

3. The case of (a, b) € 11. In this case,

2 ifl<i<n-a+l1;
dimHom(7;[-1],(a,b)) =31 ifn+2-a<i<2n—a-b;

0 otherwise.
We write F ((a, b)) = @fj;“"’Ei(Hom(Ti[—l],(a, b))) (as vector spaces). When 1 < i <
n — a + 1, there are non-zero 7 —maps and nonzero D—maps from 7;[—1] to (a,b) and
whenn +2 —a <i < 2n - a— b, there are not non-zero D—maps from T;[-1] to (a, b).
So there is a basis {E1(f1), " s En-a+1(fu-a+1)> E1(81)5 -+ » E2n-a-b(g2n-a-»)} of F ((a, D))
where f; (g;) is a nonzero 7 —map (D—map respectively) in Hom(7;[-1], (a, b)). Actually
/1 is a right addT —approximation of (a,n — 1) due to lemma 3.1 and it proof. It follows
that E1(f1)B = F((a,b)). There are no nonzero HD—maps from T ;[-1] to T;[-1] for any
i > 2. Then E;(f})B = @;?;?HEJ-(fJ-)k 2 <£i <n-a+1) Since any D—map from

Tj[-1]to (a,n— 1) factors the ray starting at 7';[—1] [BMV], then E;(g;)B = GB?ZIT“‘Z’Ej(gj)
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(1 i £ 2n-a->b). Now we determine the B—submodules F(Y) of F ((a,b)) with
dimHom(7'{[-1],Y) # 1, and their Euler characteristic of the Grassmann associated to the
dimension vectors of such F(Y).

If fi € F(Y), then F(Y) = F((a, b)), e = dim(FY) = Y774*1 2¢; + 3,20~ ¢, In this case,
indrY +ind7 Y[1] = indr(a, b) + indr(a — 1,0) = ([T1] = [Th-a+1D) — [T2n-a-s]D) + ([T1] -
[Tn-a+2]) = [T2n-a-p+11), x (Gre(Hom(T'[-1], (a,n — 1)))) = 1.

Now we assume f] ¢ F(Y). In this case, we have g; ¢ F(Y) otherwise dimHom(7[-1],Y) =
1.

We consider the sets:

M, ={i|l<i<n-a+1, dim(FY NHom(T;[-1],(a,n—-1))) =1}, t=1,2,

and

My={iln—a+2<i<2n-a->b, dm(FY NnHom(T;[-1], (a,n—1))) = 1}.

We assume jj (ip, ko) is the minimal number in M; (M,, M3 respectively) if the corre-
sponding set is nonempty.

There are seven subcases. When b = n — 1, the subcases (b), (e), (f) do not exist, the
subcase (d) is different from the situation that b < n — 1 and in the subcase (g), both the
two submodules in (i) and (ii) are isomorphic. We recall that E; : Hom(T;[-1],Y) —
Hom(T[—-1], Y) denotes the natural embedding.

(a) M; = 0fort =1,2,3. Then e = dim(FY) = 0. In this case, indrY + indr Y[1] = O,
x (Gre(Hom(T'[-1], (a@,n - 1)))) = 1.

(b) My =0fort =1,2and M3 # 0. Then Ey,(gx,) € FY and F'Y = E; (gx,)B which is
indecomposable. Therefore e = dim(FY) = Z;%:Zg_b ecandY =(a+b-n+1,2n-
a-b—-ky+1), n—a+2 <ky <2n-—a-b>b. Inthis case, indp FY + indp FY[1] =
[Tko-11 = [T2n-a-b] + [Tiy] = [T2n-a-p+11, x (Gre(Hom(T'[-1], (a,n — 1)))) = 1.

(¢) M; =0 and M, # (. Then iy > 2 otherwise ip = 1 which implies E(f;) € F(Y) con-
tradicting to our assumption. Then E; (f;,), Ei,(gi,) € F(Y), and F(Y) = E; (f;,)B®
Ei)(gi)B. Then e = dim(FY) = 32" 2 + 3300 e, 2 < ip < nm—a+ 1.
From the construction of E; (f;,)B and E;,(g;,)B, they are indecomposable with di-
mension vectors ZZ;Z)” e; and Z%ﬁ;}”_b ex respectively. Then E; (fi,)B = F((a1,b1))
and E; (gi,)B = F((az, b2)), (as, bs) € D, for s = 1,2. Comparing the dimension vec-
tors of F(X), where X is indecomposable in O, we have that (as, bs) € I. Therefore
(a1,b) =(a,n—a—-iy+2),(ar,by) =(a+b—-n+1,2n—a—->b —1iy+ 1) and then
Y=(an-—a-ig+2)®@+b-n+1,2n—a-b—-ip+1),2 <ipg <n-—a+ 1. Inthis
case, ind7Y +ind7 Y[1] = [Tiy-1] — [Tn-a+1] + [Tip-1] = [T2n-a-b] + [Tiy] = [Tn-a+2] +
[Tio] - [T2n—a—b+1] = 2[Ti0—l] - [Tn—a+l] - [TZn—a—b] + 2[Ti0] - [Tn—a+2] - [T2n—a—b+l ],
x (Gr,(Hom(T'[-1], (a, b)))) = 1.

(d) My # 0, M, = @ and M3 = (. Then jy > 2 otherwise jo = 1 which contradicts to the
fact that dimHom(7'[-1],Y) # 1. If b # n — 1, then E(f;,) € F(Y) otherwise we have
that F(Y) contains an non-zero element E (fj, + Agj,) with 4 # 0, which implies
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(e)

®

M3 # 0, a contradiction. Then F(Y) = E (fj,)B. Similar as above, we have F(Y) is
indecomposable with dimension vector ZZ;;?O“ er. Then F(Y) = F((a,n—a— jo+2)).
Therefore Y = (a,n—a— jo+2),2 < jo <n—a+ 1. Inthis case, ind7Y +ind7 Y[1] =
[Tjo-11 = [Tn-a+1] + [Tjo] = [Tn-a+2], x (Gre(Hom(T'[-1], (@, b)))) = 1.

If » = n — 1, then for any non-zero map hj, € Hom(7T',, (a,b)), E; (hj,) € F(Y)
and F(Y) = Ej (hj,)B. As the same reason, F(Y) is indecomposable with dimension
vector ZZ;?O“ er. Therefore Y = (a,n —a — jo +2),2 < jo < n—a+ 1. In this case,
ind7 Y+indr Y[1] = [T j-11=[Tn-a+11+[T jo 1= [Tn-a+2], x (Gre(Hom(T'[-1], (@, D)))) =
2.

My #0, My =0, M3 # 0and kg = n —a + 2. Then jo > 2. There is a nonzero map
hj, € Hom(T j,, (a, b)) such that E; (h;,) € F(Y). There are two different cases:

(1) hjo is a scalar of fj0~ Then En—a+2(gn—a+2) € F(Y)9 but En—a+2(gn—a+2) ¢ Ejo(fjo))B~
We have that F'Y = E; (fj))B® En—a42(8n-a+2)B, Ejy(fjp))B and E,,_;12(gn-a+2)B are
indecomposable with dimension vector ZZ;?O“ ey and Zi:ﬁ:iz ey, respectively. Then
F(Y)= F((a,n—a—jo+2)®F(a+b—n+1,n—b-1)) with dimFY = zig;g-b ex.
Therefore Y = (a,n—a—- jo+2)®(a+b-n+1,n-b-1),2< jo<n—-a+1.In
this case, we have

indp((a,n—a—-ig+2)®@+b-—n+1,n->b-1)+
indr((a,n—a—-ig+2)®@+b-n+1,n—>b-1))[1]
= [Tjo—l] —[Th-a+1] + [Tn-a+1] = [T2n—a-»]+
[Tjo] - [Tn—u+2] + [Tn—a+2] - [T2n—a—b+1]
= [Tj-1] = [T2n-a-b]1 + [T}y] = [T2n-a-b+1]

(ii) hj, is not a scalar of fj. Then FY = Ej (h;,)B, which is indecomposable with
dimension vector Z,%Z;g‘_b er. Then F(Y) = F((a+b—-—n+1,2n—a—-b— jy+ 1)).
Therefore Y 2= (a+b—-n+1,2n—a-b—- jo+1),2 < jo<n-a+ 1. We have that
indp(a+b-n+1,2n—a—->b— jo+ 1)+
indp(a+b-n+1,2n—a—->b— jy+ 1[1]
(Tjo-1]1 = [T2n-a-b] + [T}] = [Ton-a-b+1]-

In all case, the indexes ind7Y + ind7Y[1] are equal to each other, and the dimension
vector of F(Y)ise = Zi:};’_b ex. Therefore, ind7 Y +ind7Y[1] = [T jy—1]1=[T2p-a-b]+
[Tjo] = [T2n-a-p+11, x (Gre(Hom(T'[-1], (a, D)))) = 2.

My #0, My =0, M3 # 0 and kg > n—a + 2. Then jo > 2. Then we have that
E; (fj))B,€ F(Y) otherwise similar as the case (e), we will have kg = n —a + 2,
a contradiction. So we have that E; (fj,))B, En—q+2(gn — a + 2)) € F(Y) and then
FY = E (fj))B® E,_as2(gn — a + 2))B, Ej (fj,))B and E,_,42(gn — a + 2))B are
indecomposable with dimension vector ZZ;%"I ex and Zi:;g_b ey, respectively. Then
FY)=Fl@an-a-jo+2)@eF((a+b-n+1,2n—a—-b—-ky+ 1)) withe =
dimFY = ZZ;?;I e + Ziﬁ;g’_b er. Therefore Y = (a,n—a— jo+2)®(a+b—-n+
,2n—a-b-ky+1),n—a+3<ky<2n—-a->b,2< jyo<n-—a-+ 1. Inthis case,
ind7Y +ind7 Y[1] = [Tjo-1] = [Tn-a+1] + [Tho-1] = [T2n-a-b] + [Tio] = [T2n-a-b+1] +
[Tjo] = [Th-a+2], x (Gre(Hom(7T'[-1], (a,b)))) = 1.
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(g) My # 0and M, # (0. Then iy > jo > 2. There is a non-zero map hj, € Hom(Tj,, (a, b))
such that Ejo(hjo)’ Eio(fio)’ Eio(gio) € F(Y).
(i) hj, is a scalar of fj,. Taking a non-zero map h;, : T;, — (a, b) which belongs to
F(Y) but not to Ej,(hj,)B, we have that F(Y) = E; (h;,)B ® E;,(h;,)B, each of them
is indecomposable. dim(E;,(h,)B) = Z” ““ ex, dim(E;, (h;,)B) = 22" @b ¢.. Then
e =dim(FY) = zg;j;l e+ Yo e, and F(Y) = F((a,n—a—j0+2))EBF((a+b—n+
1,2n—a—-b—iy+1)). Therefore, Y = (a,n—a—jo+2)®(a+b—-n+1,2n—a-b—iy+1),
2 < jo <ip <n—a+ 1. In this case, we have that

indr((a,n—a—-jo+2)®(a+b—n+1,2n—a—-b—ip+ 1))+
indr((a,n—a—-jo+2)®@+b-n+1,2n—a—-b—iy+ 1))[1]
[Tjy-1] = [Tn-a+1] + [Tig-1] = [Ton-a-b]+

[T o] = [Th-as2] + [Tiy] = [T2n-a-p+1]

(ii) hj, is not a scalar of f;. Then E; (f;)) € FY and FY = E; (h;,)B & E;/(f;,)B,
each of them is indecomposable. dim(EjO(h io)B) = 22" @b o1, dim(E; (fi,))B) =
i+l er. Then e = dim(FY) = 22" e+ X e, and FY)=F((a+b-n+
1,2n—a—-b - jo+1))® F((a, n—a—zo+2)) Therefore Y=@+b-n+1,2n-
a-b—jo+D)®@n—-—a—-ig+2),2<jo<ig<n-a+ 1. We have that

indp(@+b—-n+1,2n—a-b—-jo+1)®d(@n—a—iy+2)+

indr((@+b—-n+1,2n—a-b—-jo+1)®(@an—a—iy+2)|[1]
= [Tj-1] = [Ton-a-p] + [Tiy-1] = [Tn—as11+

(Tj,] = [T2n-a-b+11 + [Tiy] = [Th-a+2]

The indexes ind7 Y +ind7 Y[1] in the two subcases are equal to each other, and the di-
mension vector of F(Y)ise = ZZ”J: b e+ P ““ ei. Therefore, ind7Y +indrY[1] =

[Tj()] [Tn—a+2] + [Tlo] [T2n—a—b+l] X (Gre(Hom(T[—l], (a’ b)))) =2

We know that indy(a, b) = [T1] — [Th-a+1] — [T2n-a-»]. When b = n — 1, by Definition 3.3,
we have that

X(a’n—]) — o a+1x);l[ — 1)(xn —a+1X2n—a—(n— l)j)%l —a+2X2n—-a-(n—1)+1 + 1 + Zn —a+1 Xn-a+1X2n—a—(n— li)f:t §+2x2n a—(n—1)+1
+2 Zn —a+1 X,— ;Zlic;sz +2 22§k<lsn—a+1 Xn—a+1X2n— ax(:ﬁ:i;r;]a:—ijhl—a—(n—l)+1)
= xl .)(:’,l_a-+.2'xzn_a_(n_1)+1(i + Xn— a+11xnfa+2 xanaf(nfl)-’:anaf(nlel Zn 3! )Cz le%
1 +1 1 1
X2n—a—(n-1)X2n—-a—(n—1)+1 Zn 2 Xje—1 X + 2 Dockel<n-a+1 Xje— 1xkx1—1xz)

1 1 2 1 n— a+l
= Xlxn—a+2x2n—a—(n—1)+1(7 +( ) +2 2k T lxk
1

Xn—a+1Xn—a+2 Xn—a+1Xn—a+2
(Zn —a+1 )2)
K- 1xk

= X1 Xp-a+2X2n-a—(n—1)+1

1 2 1 2
Lz )

+ (Zn 5 Xk— lxk)(zzn b Xl llxl))
(B ) )

=
|~ = 2

= xlxn—a+2x2n—a—(n—1)+l(

= X1Xn—a+2X2n—a—(n-1)+1

X xkxk+l

— 19
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When b < n — 1, by Definition 3.3, we have that

X(ab) P

Xn—a+1X2n—-a—b
n—a+1 Xp—a+1Xon-a-bXn-a+2X2n-a—b+1
+ 250 ;

X2
2n—a—b n—
+ Xl nars 2k=2

X1k

X1 Xk X1-1X]
1

n— u+1 X X
+ Z n—a+1Xn—a+2

a+1 Xn—g+1Xn—a-bXn—a+2X2n-a—b+1 +2

n—a+2

X1 (xn—a+1x2n—a—bxn—a+2x2n—u—b+l +1 +22n—a—b Xon—a—bX2n—a—b+1

Xk—1Xk

Xk—1Xk

22” —a+1 Xon-—g-bXon-a-b+1
Xk—1Xk

Xn—a+1X2n—a—bXn—a+2X2n—a—b+1

2<k<l<n—a+1
1 ZZn—a—b 1

= X1Xp—a+2X2n-a- b+1(
+ Zn a+1 1 S+ 1

o=

Xn—a+1Xn—a+2 X2n—a—bX2n—a—b+1

Xn—a+1Xn—a+2

1 Zn —a+1 1

n— a+l 1
2k &

X2 x2 0 Xona- bXZn a-b+1 —1 Xk Xn—a+1 Xn-a+2 X1 X
+ Z%f,;f;ﬁ Siot e + 2 Yockatzn—ant M)
= xlx"_‘”sz”_“_bH(z + xn-a+|lxn—a+2(xzn—a—b)€12n —a-b+1 Zinna“iz Xk—_llxk k=2
+(Zhs 5" X 11Xk)(X2n —a- b):2n o T a+11xn ax2 lenn aaf3 X 1X/)
+( 2= o e 2 Yocketzn-arl Ty
= xlxn—a+2x2n—a—b+1(L m ]%Zza b+ xk,llxk
+( Zn 5 Xk— 1Xk)( Zlnnaa‘fgl Xl,ll_)C[)

+( Zn a+l

= X1 Xp—-a+2X2n—a-b+1

Xk— lxk)(zn ! X|— lxl))

(Zn a+1

= X1Xp-a+2X2n—-a-b+1

Thus the proof is completed.

We give an example to illustrate the result above:

n—a+2 1 )( 2n—a-b+1 1 )
(Z Xhk—1Xk Z X1-1X]
)(221’1 a—b _1 )

Xka+1 Xixi+1/) )"

Xk—1 Xk X]-1X]

k=n—a+2 xj_1xi

n—a+1

Xk—1Xk

Example 1. In I's, there are twenty indecomposable rigid objects: (1,1), (1,2), (1,3), (1,4),
(2,1),2,2), (2,3), (2,4), 3,1), 3,2), (3,3), 3,4), 4, 1), 4,2), (4,3), 4,4), (5,1), (5,2), (5,3),

(5,4) (see Fig.2). They belong to three disjoint subsets:

32)

(2,1) (3.1) (4,1)

Fig.2 The tube of rank 5.

o0 =1{1,1),(1,2),(1,3),(1,4)}), I =
{2,1),(2,2),(2,3),(3,1),3,2), 4, D}, I1 ={(2,4),(3,4),(4,4),(5,4),(3,3),(4,3),(5,3),(4,2), (5,2), (5, D}.

By Theorem 3.7, we have the following result where we reserve the details of the calculation
where the submodules whose first items of dimension vectors are 1 are omitted:
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subsets | (a,b) | submodule FY | e = dimFY x-ndry+indryiip p% xindr(ab) X(ab)
0 (1, |0 0,000) |1 1| x4 x4
1,2) [0 0,00,0) |1 1| x; X3
(1,3) | 0 (0,0,0,0) 1 1| x x
L4 [0 0,0,0,0) |1 1| x X1
1 2,10 0,000) |1 1]
F(2,1) 0001) |5 7| = o (3 )
2,2)| 0 0,0,0,0) |1 1
F(2,2) 001,1) | £+ I x ok o+ o)
F(Z,I) (0’0’0’]) ﬁ—:x—a ] X4 X4 T X3x4 T xpx3
2,3) ] 0 (0,0,0,0) 1 1
F(2,3) (0,1,1,1) —jiz 1
1
F(2,2) 0011) | &L ik (e e e )
F(2,1) (0,0,0,1) ;-;x—t 1
3,1 |0 (0,0,0,0) I
F3.1) (0010) | =% R sn (g + 55)
(3,2) | 0 (0,0,0,0) 1
F(3!2) (0:]:]:0) ﬁ_i;_; ] ﬂ " 1 o1
F(3,1) (00,1,0) |23 ™ e s )
&1 |0 0,00,0) |1 Iy o o]
F(4.1) (01,00) |22 HE Mes e
11 2,40 0,00,0) |1 1
Z
F(24) (2222) | 55 1
F((2,3)®(2,3)) | (0.2,2,2) —%L% 1 7(1727
Z
F(2,2e@2,2) | (0022) |4+ 1 3,
273
2
F(2,he@,1) | (0002) |34 1 251 )
3 %4
F(2,3) 0.1,1,1) | 2L 2|4 —on &+ (5t ) )
4 1
1
F(2,2) (0,0,1,1) é? 2
F(2.1) (0,0,0,1) ke 2
X 1
F23)e@2) | (0122) | g5y 2
F(2,3)@2,1) | (0112) | L 2
Z
F(2202,1) |(0012) | S&-b 2
(3,40 0,00,0) |1 1
)
F(3,4) (2,2,2,0) —— 1
F((3,2)®(3,2)) | (0.2,2,0) —§—§ 1 400 By,
72 2 2.2
F(3.he@3.1) | (0020 |33 14 B, g o T
F(3,2) (0,1,1,0) o 2 [7 N pp—— ]
F(3.1) 0,0,1,0) | == 2
X2 X3
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2 52

F((3,2
F(4,4 (0 0’0’ ) xii
) ) 'Y ,0) 1X2 X2X3 2
F((4 (2200) |2
F(4 De@ D) | (02 S ]
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F(2,1) (0,0,0,1) §—;x—14 1
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4 Mutation relations

We recall a notation from [BMV]. For any indecomposable object X = (a,b) € I, the wing
determined by X will mean the set of indecomposable objects whose position in the AR-quiver
is in the triangle which has X on top, that is, (a’,b’) such that @’ > a and a’ + b" < a + b. By
Proposition 2.6 in [BMV], every maximal rigid object in I’ is in the wing of some (a,n — 1)
and there is a natural bijection between the set of maximal rigid objects of I';, inside the wing of
(a,n — 1) and the set of tilting modules over path algebra kA, of the linear quiver of type A,_1.
Hence using the complete description of basic tilting modules of the linear quiver of type A in
[HR], one can easily check the following proposition for basic maximal rigid objects in I',,. Here
and what follows, (a, 0) will mean the zero object in I, if (a, 0) appears.

Proposition 4.1. Let R be a basic maximal rigid object in T, and (a, b) be one of the indecompos-
able summands of R. Then there is h with 1 < h < b, such that (a,h— 1) and (a + h, b — h) belong
to addR, and every indecomposable summand of R in the wing of (a, b) which is not isomorphic
to (a, b) belongs to the wing of (a,h — 1) or to the wing of (a + h,b — h). When b # n — 1, there
existsani, 1 <i<n—b -1, such that either (a,b + i) or (a — i,b + i) is in addR.

Proof. The proof follows directly from the proof of the lemma in Section 4.1 in [HR] and the
discussion after the proof there. m|

With this proposition and Theorem 1.1 in [BMV], we can give all exchange triangles in I[',,.

Lemma 4.2. Given two basic maximal rigid objects T' ® R and T” & R in T, such that both T’
and T" are indecomposable. Then dimExt' (T",T") = 1 or 2.

If dimExt"(T",T"") = 2, then T',T" are of the form (a,n — 1). Denote T’,T" by (a,n — 1), (a +
h,n — 1) respectively where 1 < a < n, 1 < h < n— 1. Then the exchange triangles are of the
following forms:

(an-1)->@+hn-h-1)®@+hn-h-1)—>@+hn-1) - (a,n—-1][1],

(a+hn-1)->@h-1)®@h-1)->@n-1)—> (a+hn-1)[1]

If dimExt"(T",T) = 1, then T', T" are of the form (a,b) with 1 <b < n — 1. Denote T’ by (a, b).
ThenT" is(a+h,b—h+1i), wherel <a<n l1<b<n-21<h<bl1<i<n-b-1;and
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the exchange triangles are of the following forms:
(a,b) » (a,b+)®d(@+h,b—h)—> (a+h,b—h+1i) — (ab)l],
(a+hb-—h+i)—>(@+b+1,i-1)®@h-1)—>(a,b)—>(@+hb-h+i[l]

Proof. Let (a,n — 1) ® R be a basic maximal rigid object, 1 < a < n. Denote (a,n — 1) by
T’. It follows from Proposition 4.1 that there is an h, 1 < h < n — 1, such that (a,h — 1) and
(a+h,n—h-1)arein add((a,n — 1) & E) and other indecomposable summands of R are in the
wing of (a,h — 1) or in the wing of (a + h,n — h — 1). It is easy to see that dimExt!(77,X) = 0
when X belongs to the wings of (a,h — 1) or of (a + h,n — h — 1). Then ((a + h,n — 1)) ® R is
a basic maximal rigid object. There is no nonzero map from the wing of (a + h,n — h — 1) to
(a,n — 1) and any maps from the wing of (a,h — 1) to (a,n — 1) factor from (a,h — 1). Since
dimHom((a,h — 1), (a,n — 1)) = 2, Hom((a, h — 1), (a,n — 1)) contains a non-zero D—map g and
a non-zero 7 —map f. Then Hom((a, h — 1), (a,n — 1)) is not a cyclic Endr((a, # — 1))—module,
otherwise we can assume that 7 € Hom((a, h — 1), (a,n — 1)) is the generator with & = o f + a»g,
a; € k. Then g = hAd; = a1 fA;1 + apgly, f = hdy = a1 fAy + axgds. Since the composite of
a 7 —map with a 7 —map is again a 7 —map, the composite of a 7 —map with a D—map is a
PD—-map, and any non-zero endomorphism of (a, #—1) is an isomorphism, we have that @; = 0 for

i = 1,2. This is a contradiction. Therefore the minimal right addR—approximation of (a,n — 1) is

(a,h—-1®(@h-1) (f—’§) (a,n — 1). Similarly, we can get the minimal left addI_Q—approximation

of (a,n—1):(a,n—-1) > (a+h,n—h-1)®(@+ h,n—h—-1). By Theorem 1.1 in [BMV], we
have exchange pair (7, T’"). The exchange triangles must be the followings:

(an-1)->(@+hn-h-1)®@+hn-h-1)—->@+hn-1) - (a,n—-1)[1],

(a+hn-1)->@h-1e@h-1) - (@an—-1)—> (a+h,n-1)[1].

In this case, dimExty. (@,n—1),(a+h,n-1)=2,1<h<n-1.
Let (a,b) ® R be a basic maximal rigid object with 1 < a < n, 1 < b < n—2. Then by
Proposition 4.1, there is an i, 1 < i < n— b — 1, such that either (a,b + i) or (@ — i,b + i) is
in add(R). Assume that (a, b + i) is in add(R) and the number i is the minimal one with respect
to property that (a,b + i) € add(R). Then in the wing of (a,b), there is h with 1 < h < b,
such that (@ + h,b — h) and (a,h — 1) in add(R). By Proposition 2.6 in [BMV], we have that
((a + h,b—h+ 1)) ®R is a basic maximal rigid object. Since the object (a + h, b — h + i) satisfies
thata+b <a+h+b-h+i<a+n—-1landa <a+h—-1< a+b-1, we have that
dimExt((a, b), (a + h,b — h + i)) = dimHom((a, b),(a+ h— 1,b — h + i)) = 1. There is a non-zero
T —map f : (a,b) = (a+ h,b— h+i)[l], which is a part of non-split triangle (a + h,b —h + i) —
(a+b+1,i-1)®(a,h—-1) > (a,b) — (a+bl,i—1)[1]. It is one of exchange triangles between
(a,b)and (a+h,b—h+1i). Since (a,b) — (a,b+i)®(a+h,b—h) — (a+h,b—h+i) — (a,b)[1]isa
non-split triangles in D?(77,), its image under the canonical projective functor is another exchange
triangle between (a, b) and (a + h,b — h + i).
Assume that (a—i, b+1i) is in add(R), and the number i is the minimal one with respect to property
that (a—i, b+i) € add(R). Then in the wing of (a, b), there is A with 1 < & < b, such that (a+h, b—h)
and (a,h — 1) in add(R). Similar as above, we have that (a — i,h + i — 1) ® R is a maximal rigid
object. Rewrite (a —i,h+i—1) = (a’,0'), i’ =b—h+1,then (¢’ +i’,b") = (a—i,b+i) € add(R).
We go back to the previous case. Then the exchange triangles we give are all exchange triangles.
|
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The following theorem is the main result in this section.

Theorem 4.3. Given two basic maximal rigid objects R' ® R and R” & R in T',, such that both
R’ and R” are indecomposable. Then Xgp Xg+» = Xg + Xg, where R — E — R” — R'[1] and
R’" —» E" —» R’ — R"[1] are the exchange triangles.

Proof. We divide the proof into two cases according to the dimension of extension space between
R’ and R”.

1. The case of dimExt! (R',R") = 2. By Lemma 4.2, we assume that R’ = (a,n — 1), R” =
(a+hn-1),E=@+hn-h-1)®@+hn-h—-1)and E' = (a,h-1)® (a,h - 1),
where 1 <a <n,1<h<n-1. Weonly need to consider two subcases:

(a) a=1.Inthiscase, (1,n—-1),(1,h—-1)€ O,(1+h,n—h-1)eland (1 +h,n—-1) € Il.
Then by Theorem 3.7,

Xipn-1y = X1,

1 n—h 1 n—h 1
X(1+hn=1) = X1 Xp-hs1Xn-p+1 | — + Z ,
xS aden |\ S Xixn

n—h 1
X tha—h-1) = Xn—p1X1 ,
=1 CkXk+1

g

X(1h=1) = Xn-h+1-

— y2 2
Hence X(l,n—l)X(1+h,n—l) = X(l,h—l) + X(l+h,n—h—l)'
(b) 2<a<n-1.0necanassume 1 < h < n— a, otherwise we can replace (a,n — 1) by

another complement of R. Inthis case, (a,h— 1) € [ and (a,n — 1), (@ + h,n— 1), (a +
h,n—h—1) € I1. Then by Theorem 3.7,

1 n—a+1 1 n—a+1 1
X(a,n—l) = X1Xn-a+2Xn—a+2 ) + Z Z s
X7 =1 KXk = X

n—a—h+1 n—a—h+1
1 1 1
X(a+h,n—l) = X1 Xp—a-h+2Xn-a-h+2 | —5 T P
2
X XXkt 1 X1 X111

1 k=1
—a—

h+1 1 ] (n—a 1 ]]
9
X | o XX

n—a+1
1
Xah-1) = Xn-a+2Xn—a—h+2 Z o .
k=n—a—h+2 "k k1

n

X(athn-h-1) = X1 Xn-a—h+2Xn-a+2 (—2 + [
x
1

_ Y2 2
Hence X(a,n—l)X(a+h,n—l) = X(a,h—l) + X(a+h,n—h—1)'

2. The case of dimExt'(R’,R”) = 1. By Lemma 4.2, we assume that R’ = (a,b), R” =
(a+h,b—h+i),E=(ab+i)®@+hb-—h)andE' =(@+b+1,i—1)®(a,h—1), where
1<a<n1<b<n-2,1<h<b,1<i<n—-b-1.Weneed todetermine the images of
R’, R”, and the indecomposable direct summands of E, E’ under the map X». According to
Theorem 3.7, we need to know their positions.
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(a) (a,b) € O,1i.e. a = 1. Inthis case, (1,b),(1,b+1),(1,h—1)€ O, (1 + h,b—h),(1 +
h,b—h+1i),(1+b+1,i—1)el Then by Theorem 3.7,

Xa,b) = Xn—b»

n—h
1
X +hbhti) = Xn—ht1Xn—b—i o ,
ken—b—i "k k1

X(1,p+i) = Xn—b—is

n—h 1
X(l+h,b—h) = Xn—h+1Xn—b X
W XX
n—-b—1 1
X(1+b+1i-1) = Xn-pXn—p—i Z o B
ken—b—i kAk+1

X(1h-1) = Xn—h+1-

Hence X(1.0)X(1+n,6-n+i) = X1+ X1 +hb-n) + X(1+6+1,i-1)X(1h-1)-
(b) (a,b) € I. Then (a + h,b — h),(a,h — 1) € I. By Theorem 3.7, we have that

n—a+1 1
Xab) = Xn-a+2Xn-a—b+1 Z ,

k=n—a-b+1 K Xfe+1
n—a—h+1 1
Xa+hp-h) = Xn-a—h+2Xn—a-b+1 Z P ,
k=n—a—b+1 kAk+1
n—a+1
1
X(a,h—l) = Xn—a+2Xn—a—h+2 Z ox .
k=n—a—h+2 kAk+1

There are three cases:
1. a+b <n,1 <i<n—a->b. Inthis case, (a+h, b—h+i), (a,b+i),(a+b+1,i—1) € L.

Then by Theorem 3.7,
n—a—h+1 1
X(athp—h+i) = Xn—a—h+2Xn—a—b—i+1 o ,
k=n-a—b—i+1 “K k1
n—a+1 1
X(a,b+i) = Xn—a+2Xn—a—-b—i+1 Z ox s
k=n-a—b—i+1 “Kk+1

n—a—b 1
Xatbi1,i-1) = Xn—a—b+1Xn—a—b-i+1 { ]
k=n—a—b—i+1 kXkE1
Hence Xw.0)X(a+np-n+iy = Xab+iyXarhp-ny + Xa+p+1,i-1)X(ah-1)-
H.a+b<nn—-a-b+1<i<n->b-1.Inthiscase, (a,b+1i),(a+hb-h+
i),(a+b+1,i—1) €Il Then by Theorem 3.7,

1 n—a—h+1 1 2n—a—b—i 1
Xathb-h+i) = X1 Xn-a-h+2X2n-a-b-i+1 | 5 + Z )
X1 Xk Xk+1 XiX[+1

k=1 =1

1 n—a+1 1 2n—a—b—i 1
Xap+iy = X1 Xn-a+2X2n-a-b-i+1 | 5 + Z ,
X Xk Xk+1 XiXi+1

1 k=1 =1

1 n—a—b 1 2n—a—b—i 1
Xa+b+1,i-1) = X1 Xn-a-b+1X2n-a-b-i+1 | 5 + .
Xq =1 KNk = AR
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Hence X(u.0)X(a+np-n+iy = Xab+iyXarhp-ny + Xa+b+1,i-1)X(a.h-1)-
m. a+b=n1<i<n-b-1. Inthiscase, (a+b+1,i—1)=(,i—-1) € O,
(a,b+1i),(a+h,b—h+i)ell. Then by Theorem 3.7,

1 n—a—h+1 1 2n—a—b—i 1
X(a+hp—h+i) = X1 Xn-a—h+2Xon-a-b-i+1 | = + Z Z )
X7 = KXk o XX

1 n—a+1 1 2n—a—b—i 1
Xap+i) = X1Xn-a+2Xon-a-b-i+1 | 7 + Z ;
o & e = XX

Xarbr1,i-1) = X(1,i-1) = Xn—is1-

Hence X0y X(a+np-n+i) = Xab+iyXarhp-n) + Xa+b+1,i-1)X(a.h-1)-
(© (ab)yell. Then(a+b+1,i-1)=(@+b-n+1,i—-1)€el, (a,b+1i) €Il By
Theorem 3,7, we have that

1 n—a+1 1 2n—a-b 1
Xab) = X1Xn-a+2Xon-a-b+1 | 7 + Z Z ,
X X Xk+1 i X1 X141

1 k=1

1
1 n—a+1 1 2n—a—b—i 1
X(a,hH) = X1 Xn—a+2X2n—a—b—i+1 ) + Z Z s
X = XXk = XX
2n—a-b 1
Xasbr1,i-1) = Xatb-n+1,i-1) = Xon-a—b+1X2n—a—bi+1 Z o .
k=2n-a—b—i+1 “Kk+1

There are three cases:
. 1<h<n-—a.Inthiscase, (a,h—1)eland(a+h,b—h),(a+h,b—h+1) €Il

Then
n—a—h+1 2n—a—b—i 1
Xathp—h+i) = X1 Xn—a—h2X2n—a—b—i+1 Z ,
o1 kN = AR
n—a—h+1 2n—a-b

1 1

Xarhb—hy = X1 Xn-a-h+2X2n—a—b+1 —2 Z Z ,
XXk 1 — XX
X =1 =1
n—a+1
1
X(a,h—l) = Xn—a+2Xn—a—h+2 Z ox .
k=n—a—h+2 "k k1

Hence X(u.0yX(a+np-n+i) = Xab+iyXarhp-n) + Xa+b+1,i-1)X(a.h-1)-
ii. n—a+1<h<b. Inthiscase, (a+h,b—h)=(a+h—-n,b—h),(a+h,b—-h+1i) =
(a+h—-nb-h+i)el,(a,h—1) € ll. Then by Theorem 3.7,

2n—a—h+1
1
Xarnb-n+i) = Xash-nb—h+i) = Xon-a—h+2X2n—a—b—i+1 Z g ,
k=2n—a—b—i+1 K k+1

2n—a—h+1 1
Xashp—ny = Xarh-np-h) = Xon-a—h+2X2n—a—b+1 o ,
k=2n—a—b+1 "k k1

1 n—a+1 1 2n—a—h+1 1
X@h-1) = X1 Xp-q+2X2n-a-h+2 | 5 + Z Z :
x| Xk Xk+1 X1 X1+1

k=1 =1

Hence Xu.0)X(a+np-n+iy = Xab+iyXarhp-ny + Xarp+1,i-1)X(@h-1)-
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iii. h=n—-—a+1.Inthiscase, (a+h,b—h)=l,a+b—n—-1),(a+h,b—h+i) =
(l,a+b+i-n-1)€0,(a,h—1)=(a,n—a) €. Then

Xa+hp-h+i) = X(1arbri-n-1) = Xon-a—b-i+1»

Xarhb-hy = X(1atb-n-1) = Xon-a-b+1
n—a+1 1
X(a,h—l) = X(a,n—a) = Xp—a+2X1 Z .
= XXl

Hence X0y X(a+np-n+i) = Xab+iyXarhp-n) + Xa+b+1,i-1)X(a.h-1)-

Therefore Xpr Xpr = Xg + Xgr. ]

For the fixed maximal rigid object T = GB?:_II T;, where T; = (1,n — i), from Lemma 4.2, we have

o1 0 --- 0
20 1 --- 0
that the matrix Ay associated to T is Ay = cee e . Its Cartan counterpart is of
o 0 --- 0 1
0 .- =10

type C,—1 (compare to Proposition 3.4 in [BMV]).

Let indrI’, be the set of isoclasses of indecomposable rigid objects in I',, and x4, be the set of
cluster variables of skew-symmetrizable matrix A7 associated to 7. Then we have the following:

Theorem 4.4. The map X, : indrl'y, — xa, : M +— Xy is a bijection. This bijection induces
a bijection between the set of isoclasses of basic maximal rigid objects in I, and the clusters of
the cluster algebra of type C,_1. Furthermore the algebra generated by all Xy, where M runs
through indrl',, is isomorphic to the cluster algebra of type C,_1.

Proof. Recall that T = &/="~'T;. From the definition of X); and Theorem 3.7, we have that X7, =
x; for all i. Then X, sends the couple ({7, - ,T,-1}, A7) to the initial seed ({x, - , xX,—1},AT)
of the cluster algebra A4,. Any basic maximal rigid object can be obtained from the maximal
rigid object 7T for some i by iterated mutations, and any 7°T can be obtained from T by iterated
mutations. Therefore the exchange graph of maximal rigid objects in I', is connected. Then
by Theorem 4.3, Xo(indrl';) C x4, and X» : indrl, — xa, is surjective. It follows from
Theorem 3.7 that the denominators of X, are different for all indecomposable rigid objects.
Then X, : indrI', — x4, is injective. Thus the first statement holds. The second statement also
follows from the connection of the exchange graph of maximal rigid objects in I',, and that the
initial maximal rigid object T goes to inial seed ({x1,--- , x,—1}, Ar) of the cluster algebra Ay, .
The final statement is direct consequence. |

5 Cluster complex of type C

In this section, we use the results proved in Sections 3, 4 to prove the combinatorics of indecom-
posable rigid objects in I';, encodes the cluster combinatorics of the root system of type C and
type B. Cluster complexes were defined in [FZ2] for finite root systems. They were realized by
quiver representations via decorated representations [MRZ], and later via cluster categories of
the corresponding quivers [BMRRT][Z]. Combining with the geometric description of the cluster
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complex of the root system of type B [FZ2], Buan-Marsh-Vatne [BMV] give a realization of this
cluster complex via cluster tubes.

We recall the cluster complex associated to any finite root system from [FZ2]. Let ®@ be any finite
root system with simple roots a1, - - , @, and ®s_; the set of almost positive roots in @, i.e. the
union of positive roots with negative simple roots.

Fomin and Zelevinsky [FZ2] define a function (- || =) : ®>_; X ®>_1 — Zx, called the compat-
ibility degree. A pair of roots @, in ®»_; are compatible if (@ || 8) = 0. The cluster complex
A(®D) associated to @ is a simplicial complex, the set of vertices is ®»_; and the simplices are
mutually compatible subsets of ®-_;. This combinatorial object has many interesting properties
and applications, we refer to the survey [FR] for further reading.

For the cluster tube I',;, we call a set of indecomposable objects a rigid subset provided the direct
sum of all indecomposable objects in this set is rigid. Now we define a simplicial complex
associated to the cluster tube I',,. We always assume n > 1 throughout this section.

Definition 5.1. Let I, be the cluster tube of rank n. The cluster complex A(I',) associated to
I,y is a simplicial complex whose vertices are the isoclasses of indecomposable rigid objects and
whose simplices are the the isoclasses of rigid subsets of ',

Now fix a root system ®C of type C,_1, In [FZ1], Fomin-Zelevinsky gave a bijection from the set
of cluster variables of the cluster algebras of type C,—; to d)g_l (they gave this bijection for all
finite root systems). Under this bijection, when a cluster variable y is expressed as

_ P(x)

xa
where P is a polynomial which is not divisible by x; for every i, then the corresponding almost
positive root is a. Therefore, combining this bijection with the bijective map X» to from indrT’,
to x4, in Section 3, we have a bijection from fl)g_l to indrl',,. This map is denoted by M. So,
for any a € d)g_l, we denote the object in I, corresponding to « by this bijection by My (a).

The main theorem in this section is the following:

Theorem 5.2. Let ®€ be the root system of type T_1. Then the map My induces an isomorphism
from the cluster complex A(®C) to the cluster complex A(T',), which sends vertices to vertices,
and simplices to simplices.

To prove the theorem, we need some preparation:

Definition 5.3. For any two almost positive roots a,8 € ®F

S_p» we define the T—compatibility
degree (a || B)r of a3 by

dimExt" (M (), M7(3))
dimEnd(M7(@))

(@ Br =

As in [FZ2], let o; be the permutation of (I)g_1 defined as follows:

a ifa=-aj,j+i
oi(@) = .
si(a) otherwise

where s; is the the Coxeter generator of the Weyl group of ®€ corresponding to i. We denote
the Coxeter element o - - - 07,,_; in the Coxeter group of the root system ®€ of type C,_1 by R
(compare [Z]).
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Lemma 5.4. For any a € ®¢_ |, My(Ra) = tMr(a).

>-1’

Proof. indrl', = O J I I (please see the definition of O, I, II and the Figure.1 in section 3).
We divide the proof into several cases according to the position of the object My ().

1. When My (a) = (a,b) € O, then @ = —a,,_,. Wehave Ra = 0 ---0_1(a) = Z:’ | @;. Hence
Mr(Ra) = (n,n—b) =1(l,n - b) = tMr(a).

2. When Mr(a) = (a,b) € I, then @ = 3= | a;. If a # 2, then Ra = 322, . @;. Hence
Mr(Ra) = (a—1,b) = 1(a,b) = tMr(a). If a = 2, then Rae = —a,—p. Hence My(Ra) = (1,b) =
7(2,b) = tM7().

3. When My(a) = 2,n—1) € II, then @ = a; + 22" , @;. We have Re = —aj. Hence
Mr(Ra)=(1,n-1)=72,n—-1) = tM7(a).

4. When M7(a) = (a,n—1) € Il with3 < a < n, then @ = a1 + 23 @1 ;. We have
Ra = a; +2 X1 a;. Hence My(Ra) = (a— L,n— 1) =1(a,n—1) = TMT(a')

5. When Mr(e) = (a,b) € Il witha+b=n+1and2<b<n-2,thena =a; +2 3] ol +
»2-a-b ;. It follows Ra = Y #* @;. Hence Mr(Ra) = (a — 1,b) = 7(a,b) = TMr(a).

6. When Myp(a) = (n,1) € II, then @ = >} 11 a;. It follows Rae = a»>. Hence Myp(Ra) =
n-1,1)=1(n,1) =1tMr(a).

7. When My(a) = (a,b) € Il witha =nand 2 < b < n-—2,then o = Z” | @;. It follows
Ra = a) +2a0 + 215 b+1 ;. Hence Mr(Ra) = (a—1,b) = 1(a,b) = tM7(a).

8. When My(a) = (ab) € Il witha < n 1l <b<n-1landa+b > n+1, then o
ar+2 X5 i+ 34 b o Tt follows Rer = a1 +2 £ ai+ 327 2 o Hence Mr(Ra)
(a—1,b) =1(a,b) = M7 (a).

The proof of this lemma is completed.

O
Using the dimension formulas in the proof of Theorem 3.7, we have the following fact:
Lemma 5.5. For any positive root 8 and any i, [ : «;] = dim[—é?zg};[;;fﬂﬂ))
Lemma 5.6. The T—compatibility degree satisfies the following conditions:
(—a; | B)r = max([B : ai],0), (1
(Ra || RB)r = (@ || B)r, 2)

forany a,f € ®¢ ,anyl1 <i<n-1.

>-1’

. 1 .
Proof. By the definition, (~a; || fyy = SDEALE L dlmlfi‘i’ggﬁ[a(lgfﬂﬂ”. Then by

Lemma 5.5 it equals [8 : «;] if B is a positive root, or 0 otherwise. This proves that (1) holds.

_ dimExt}(MrRo).Mr(RE) _ imMEXt- My M)
From Lemma 5.4, we have (Ra || RB)r = dimEnd, (1, (k) = AmEnd, (c3 @) =
dimExt}- (M7 (), M7 (8))

dmEnd 1, @) (a || B)r- This proves that (2) holds.

O

Proof. of Theorem : From Lemmas 5.5, 5.6, the compatibility degree (—||—)r is the same as
(—|l-) in [FZ2]. It follows that a, are compatible if and only if M7(a), M7(B) form a rigid
subset. Therefore M7 induces the desired bijection from A(DC) to A(T)).

O
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Let ®8 be the root system of type B,_;. Then (Dg_ | 1s the dual of (I)g_l via @ — a". Then
(@ || B) = (BY || @) (Proposition 3.15 [FZ2]). Then we have the following corollary (compare
Theorem 3.5. in [BMV]).

Corollary 5.7. Let ®8 be the root system of type B,,_1. Then the cluster complex A(®P) of ® of
type B,_1 is isomorphic to A(I'y).
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