Coherent sheaves on an elliptic curve and braid group actions. 

                Igor Burban 
 Abstract:

    In my series of lectures I am going to present a classification of

indecomposable  objects of the abelian category of coherent sheaves on an elliptic curve  using the  technique of braid group actions on derived categories.  This approach  will be applied for the study of symmetries of the  Hall algebra of an elliptic  curve. 
Lecture 1.  Coherent sheaves on affine and projective varieties.

Content:  In my first lecture I am going to introduce the category of

 coherent sheaves on an algebraic variety and discuss  its main properties which will be necessary in the particular case of an elliptic curve. Basic notions will be illustrated on the simplest example of a 

 projective line.  

 Prerequisites: I would be quite  helpful to have some basic knowledges in commutative algebra M. Atiyah, I. McDonald, Commutative algebra, especially   chapter 3  "Rings and modules of fractions"  and chapter 9 "Discrete valuation rings and Dedekind domains". A detailed description of the category of coherent sheaves on a projective line can be found in P. Baumann, Ch. Kassel “ The Hall algebra of the category of coherent sheaves on the projective  line”  J. Reine Angew. Math. 533 (2001), 207--233, see also arxiv:  math.QA/9906037.
General references about coherent sheaves (advanced):

 R.Hartshorne, Algebraic geometry, Chapter II.5.

 J.-P. Serre,  Faisceaux algebriques coherents.  Ann.of Math. (2) 61,  

 (1955). 197--278.

 Lecture 2. Coherent sheaves on smooth projective curves.

 Content:  In this lecture further basic properties of coherent sheaves 

 on smooth projective curves like   the Riemann-Roch formula, Serre duality, Harder-Narasimhan filtrations, relations  with graded modules over graded rings  will be  discussed.The special case of an elliptic curve will be considered  in detail.

Lecture 3. Derived category of an elliptic curve.

Content: I shall introduce  an action of  SL(2,Z) on the derived 

 category of coherent sheaves on  an elliptic curve and classify  with its help  all indecomposable objects of this category.
Literature:  In this talk  I shall follow the exposition of chapter 2 of I. Burban, B. Kreussler, Derived categories of irreducible projective curves of arithmetic genus  one,  math.AG/0503496. A classification of indecomposable vector bundles on an elliptic curve was  first time obtained in  a work of  Atiyah  

M. Atiyah, Vector bundles over an elliptic curve.  Proc. London Math.

 Soc. (3)  7  1957,  414--452.

  General construction of the braid group actions on derived categories:

 P. Seidel, R. Thomas,   Braid group actions on derived categories of

 coherent sheaves,  Duke Math. J. 108 (2001), no. 1, 37--108, see also

 math.AG/0001043 .

 Lecture 4. Hall algebra of an elliptic curve.

 Content: In my last lecture all previous structure results about the category of coherent sheaves on an elliptic curve will be used to study the  Hall algebra of this category. I am going  to show  that the action of SL(2,Z) on the derived category induces an action on the Drinfeld double of the Hall algebra by algebra homomorphisms.

 Literature:

 I. Burban, O. Schiffmann, On the Hall algebra of an elliptic curve, I 

 (math.AG/0505148).

M. Kapranov, Eisenstein series and quantum affine algebras, Algebraic 

 geometry, 7. J. Math. Sci. (New York)  84  (1997),  no. 5, 1311--1360, see also  alg-geom/9604018.

          From cluster algebras to triangulated categories
                      By  B.Keller
Abstract.

In this series of lectures, we will present (finite type, reduced) cluster algebras and explain some aspects of their relation with the representation theory of Dynkin quivers. We will start by introducing cluster algebras and giving examples. We will then state and prove Caldero-Chapoton's formula which expresses the cluster variable associated with an indecomposable module in terms of the geometry of its variety of submodules. This will be followed by the passage from the module category to the derived category and the cluster category. Finally, we will present the cluster multiplication theorem, which expresses the multiplication in the cluster algebra in terms of the triangles in the cluster category.

Prerequisites: 
Gabriel's theorem, Auslander-Reiten quivers of representations of Dynkin quivers, the basics of triangulated categories, derived categories of representations of Dynkin quivers, their Auslander-Reiten quivers. 
Useful reading:

 D. Happel's book and Gabriel-Roiter's book (especially chapter 12).
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                     Cluster categories 

                        Idun Reiten
  Abstract.

 The cluster category of a finite dimensional hereditary algebra is

defined as an orbit category of the associated bounded derived category.

We discuss basic properties and tilting theory for cluster categories,

comparing with properties of the associated hereditary algebra and the

associated derived category. We also discuss the corresponding cluster

tilted algebras and their relationship to tilted algebras, with special

emphasis on results proved by using derived or triangulated categories.

Prerequisites/References.

   Definition and basic properties of derived and triangulated categories

  (Happel's book)

  Almost split sequences, AR-quivers( books by Auslander-Reiten-Smaloe, Ringel)

           The structure of some derived categories  

                        By C.M. Ringel

Absract: 

The lectures will outline the structure of some derived categories D^b(A), where A is a finite dimensional k-algebra (k a field), and of some related triangulated categories.In particular we will consider in detail the case where A is hereditary or canonical (obtaining in this way hereditary triangulated categories).Also, we will present the structure of D<sup>b</sup>(A) for A a gentle Algebra (according to Vossieck and Bobinski-Geiss-Skowronski this yields the classification of all discrete derived categories). We also will discuss some examples where A is self-injective. In addition, we will focus the attention to the embedding of mod A into D<sup>b</sup>(A), and to derived equivalences, thus to tilting modules and tilting complexes. 

Prerequisites:  Basic results in the representation theory of finite dimensional algebras (or, more generally, artin algebras), see the book of Auslander-Reiten-Smalo. Parts of Happel's book on triangulated categories.

